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ABSTRACT. GAP (an acronym for Groups, Algorithms, and Programming) is a computational discrete
algebra system that can be applied as a practical tool for transformational music theory. In particular,
this software offers theorists tools that are not easily accessible elsewhere. This tutorial demonstrates
how to use GAP to generate algebraic group structures utilized by music theorists. Additionally, it
explores how these structures can be applied to the study of transformational theory using familiar

concepts derived from the Klumpenhouwer network and Neo-Riemannian theories.

1. Introduction

GAP (an acronym for Groups, Algorithms, and Programming) is a mathematical software package
that has great potential as a tool for researchers and students of transformational music theory.
Whereas many computer resources are available to music theorists in the investigation of pitch-class
set theory and serial theory—pitch-class set calculators, matrix generators, and the like—few, if any,
permit users to construct, analyze, and manipulate algebraic systems themselves. Such techniques,
however, are an increasingly large part of the transformation theorist’s methodologies. It is often

necessary to consider concepts such as the subgroup structure of a group, or to determine a group’s
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automorphisms. Whereas one can do such calculations by hand, the speed at which GAP performs
them can dramatically increase efficiency of time for research. From a pedagogical point of view, GAP
provides students of transformation theory a resourceful and effective environment for experimentation,
and a means of providing preliminary empirical proofs for their results.

GAP was developed by and for mathematicians and other computational scientists. It began in 1986
as a project by four students at RWTH Aachen University, in Aachen, North Rhine-Westphalia,
Germany: Johannes Meier, Alice Niemeyer, Werner Nickel, and Martin Schonert. Its first public
release was in 1988, with version 2.4. Since that time, it has undergone a number of revisions, and has
assumed worldwide recognition, (1) although it has not received much attention in musictheoretical
research. (2) GAP 4.4.12 is the latest version. It is free and is available for Windows, Macintosh, and
UNIX operating systems, along with all its documentation, at https://www.gap-system.org. An

interactive online version is also available via Sage.

2. Main Results

Throughout this tutorial we use certain orthographic (i.e., notational) conventions, which sometimes
differ from those commonly used in music theory. In some instances, these conventions are required
by GAP; at other times, they are not necessary, but are more consistent with standard mathematical
conventions. For instance, although it is not required by GAP, we represent all operations with lowercase
letters: g == (1,2,3), h:=(1,2).

This notation differs from the common practice in music theory of using uppercase letters for certain
operators, such as 7,, and I. For these particular operators, we instead use t" and ¢, respectively.
Operations also appear in cyclic notation. In the case of g above, the parenthetical expression (1,2, 3)
tells us that, under g, the integer 1 moves to 2, 2 moves to 3, and 3 moves back to 1. The result is a
permutation of order 3 (i.e., a 3-cycle). In contrast, under h, 1 moves to 2, and 2 moves directly back
to 1 (i.e., a 2-cycle, or involution). Then, the composition of g and h, gh = (1,2,3)(1,2), sends 1 to 2
under g, but then 2 back to 1 under h. Hence, it fixes (or stabilizes) 1. Further, it sends 2 to 3 under
g, where it remains under h; and it sends 3 to 1 under g, and 1 to 2 under h. Overall, it stabilizes 1,
sends 2 to 3, and 3 to 2, so gh = (2, 3).

We use multiplicative notation rather than additive notation, even for abelian (i.e., commutative)
groups: g X h, or gh (rather than g 4+ h). Furthermore, GAP uses right-functional orthography (i.e.,
read from right to left). That is, in the composition gh, perform g first, then h. This practice differs
from the left-functional notation commonly used in music theory, where, for instance, the operation
T, I means invert first (I), then transpose by n (T5,).

We represent sets, groups, and other algebraic structures with uppercase letters: G := (g, h). Here,

the angle brackets signify that G is the group generated by g and h. Additionally, we give functions
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that map such structures to one another (morphisms) with Greek letters; but as GAP reads only ASCII
characters, we spell out these Greek letters: pi : GP* — H, where gP* x hP* = (g x h)pi , for all
g,h €G.

In GAP, we use exponential notation for functions, as in the example above, rather than prefix
notation, which is more common in music-theoretical writing. In other words, we write GP?, rather
than pi(G). In this case, GP! indicates a function pi that maps G to H, where gP* is the image of g
in the mapping, h” is the image of h, and so on. Such functions may be homomorphisms, as in this
example; isomorphisms, which are one-to-one; surjective homomophisms; or automorphisms, which
are isomorphisms of a group to itself.

Right-functional orthography is also consistent with GAP’s use of exponential notation for func-
tions. The product of functions alpha and beta (in that order) applied to a structure G receives the

exponential notation:

(Galpha) beta — Galpha.beta

whereas in prefix notation we would have:
beta (alpha (G)) = beta.alpha (Q)

reading from the right to the left.

In cases where gh indicates a composition of group elements that act on a set S, or on a member x
of that set, we once again use exponential notation, such as Sg”, or z¢g", rather than prefix notation,
such as h(g (S)) or h (g (x)). Finally, because we use multiplicative notation, we also use exponential

notation for exponents in the usual sense (powers):

gxg=g* gxgxg=g°,

Throughout this tutorial, GAP commands are given in red, and GAP’s corresponding output appear
in blue. All commands are entered at the GAP prompt gap > (see Figure 1) and end in a semicolon

(followed by [enter]). GAP commands may be typed with or without spaces. In GAP, we may define

various objects using the standard notation :=” for definition. These objects include operations:
gap> g = (1,2,3);

(1,2,3)

gap > h = (1,2);

1,2)

GAP places the output on the line(s) below the defining commands. In this case, the output confirms

the definition by redisplaying the cyclic permutations that g and h represent.
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trans 1.0,
Packages : TomLib 1.1.
bap>

FiGUurE 1. The GAP welcome screen

We may similarly define algebraic structures:

gap > G := Group(g,h);
Group([ (1,2,3), (1,2) 1)
gap > N = Subgroup(G,|g]);

Group([ (1,2,3) 1)
Again, the output confirms the structure that is being defined: the group generated by ¢ and h in
the first case, and the subgroup of G generated by ¢ in the second. Notice, however, that the output
alone of the second command does not indicate that N is the subgroup of G generated by g.

We may also call objects from one of GAP’s libraries:
gap > D_6 := DihedralGroup(6);
<pc group of size 6 with 2 generators>
Here, the dihedral group of order 6 is a purely abstract algebraic structure, not a permutation group
such as G above. The output confirms the size of the group, tells how many generators GAP uses to
build the group, and references a particular type of abstract structure: a “pcgroup.” The term “pc” in
the output does not abbreviate “pitch—class”, as appears commonly in music theory. Rather, it stands
for “polycyclic”, a type of group structure that includes the dihedral groups. Then, the elements of
the D are not permutations, such as (1,2, 3) and (1, 2), but rather compositions of abstract generators
f1 (of order 2) and f2 (of order 3), as seen in the output of the following command.

We may define morphisms and other mappings:
gap > pi = IsomorphismGroups(D_6,G);
[£f1, £f2 1 > [ (2,3), (1,2,3) ]
The output for this command tells us that GAP has located an isomorphism from Dg to G; otherwise,
the output would indicate fail. Figure 2 provides a mapping for all six elements in each of the respective
groups.
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F1GURrE 2. Mapping of Dg to G under pi

We may display objects, including those defined previously:

gap > g;

(1,2,3)

gap > List(G);

[ O, 1,3,2), (1,2,3), (2,3), (1,3), (1,2) 1]

Whereas the output to the “g;” command above displays a single cyclic permutation, the output for

“List(G)” presents all six group elements in G. The empty parentheses, ( ), in the output that follows

the latter command denotes the identity element of the group—for example, the trivial permutation,

which sends each member of the set on which G acts (i.e., the integers 1, 2, and 3) to itself.
Additionally, we may determine products, factors, quotients, etc.:

gap > g * h;

(2,3)

gap > g " 2

(1,3,2)

gap > DirectProduct(G, D_6);

<group of size 36 with 4 generators>

gap> G | N,

Group([ f1 1)

In GAP, we may perform various functions, arithmetic and otherwise:

gap> 1 x 2 x 3;
6

gap > Size(G);

6
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and run various tests:

gap > Size(G) = Factorial(3);
true

gap> g *x h = h x g;
false

gap > IsAbelian(G);

false

We may enter two or more commands on a single line (each followed by a semicolon), and GAP displays

their respective output on adjacent successive lines:

gap > H = Subgroup(G,[h]); Size(H);
Group([ (1,2) 1)
2

Long commands may be broken by [enter| before reaching the semicolon. In these instances, GAP

continues the command line on a subsequent line with a simple “>” prompt:

gap > Size(Inner AutomorphismsAutomorphismGroup( [enter]
> AutomorphismGroup(G)));
1

The syntax of the above command is complex, but follows a certain logic. In a series of parentheticals,
we are asking GAP first to establish the automorphism group for G (AutomorphismGroup(G)); second,
to determine which of the automorphisms in this group are inner, hence derive from conjugation by
a group element (InnerAutomorphismsAutomorphismGroup); and finally, to display how many of
these inner automorphisms exist (Size). The output tells us that the inner automorphism group for
G contains only one member.

We may suppress output for a command that would normally produce it by following the command

with two semicolons:
gap > List(H);;

GAP stores a history of command lines for any one session. Users may recall a previous command
by using the 1 (up-arrow) key repeatedly as needed, and/or with the | (down-arrow) key, to scroll
through the history. Finally, to end a session, we use:

gap > quit;

Help for GAP users is available in several ways. First, the GAP website offers a number of online manuals,
including tutorials, F'AQ, examples, and instructions for joining the GAP Forum e-mail distribution

120 http://dx.doi.org/10.22108/msci.2025.139767.1621


http://dx.doi.org/10.22108/msci.2025.139767.1621

Robert W. Peck, Translators: M. Shams and S. A. Mohammadiyeh, Journal of Mathematics and Society/ 10 no. 2 (2025) 115-162

list. Help is also available within a GAP session; one may find help on a particular topic by typing a

search term preceded by a question mark (again, the semicolon is not used):

gap > Torbit

Help: several entries match this topic - type 72 to get match [2]
[1] Tutorial: Orbit

[2] Reference: Orbit

[3] Reference: Orbit Stabilizer Methods for Polycyclic Groups
[4] Reference: Orbits

[6] Reference: Orbits!operation/attribute
[6] Reference: OrbitsDomain

[7] Reference: OrbitLength

[8] Reference: OrbitLengths

[9] Reference: OrbitLengthsDomain

[10] Reference: OrbitStabilizer

[11] Reference: OrbitStabilizerAlgorithm
[12] Reference: OrbitPerms

[13] Reference: OrbitsPerms

[14] Reference: OrbitStabChain

[15] Reference: OrbitPowerMaps

[16] Reference: OrbitFusions

[17] Extending: Orbits

[18] Extending: OrbitsishOperation

[19] Extending: OrbitishFO

[20] New Features: OrbitGenerators

[21] New Features: OrbitGeneratorsInv

[22] New Features: OrbitGenerators0fGroup

At a subsequent GAP prompt (which need not be immediate), we may enter the number of the entry

we wish to read, following a question mark:

gap > 12

<0rbit( <G>[, <Omega>], <pnt>, [<gens>, <acts>, ] <act>)

The orbit of the point <pnt>is the list of all images of <pnt>under the action.
(Note that the arrangement of points in this list is not defined by the
operation.)

The orbit of <pnt>will always contain one element that is *equal* to <pnt>,
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however for performance reasons this element is not necessarily *identical* to
<pnt>, in particular if <pnt>is mutable.

gap > g = Group((1,3,2),(2,4,3));

gap > Orbit(g,1);

[1, 3,2, 4]

gap > Orbit(g,[1,2],OnSets);

tf1, 21,011,311, 01,41,02,31,[3,41,[2,41]1

(See Section "Basic Actions" for information about specific actions.)

> Orbits( <G>, <seeds>[, <gens>, <acts>][, <act>] )!

{operation/attribute}

> Orbits( <xset>)!{operation/attribute}

--- <space> page, <n>next line, <b> back, <p> back line, <g> quit --

GAP then prompts for some form of continuation or exit from the manual; for example, n or q. The
[space], n, etc., are not followed by a semicolon (nor by [enter|). On encountering an error, the output
provides a description of the problem, whether it is syntactical:

gap > Size(Group(g);

Syntax error: ) expected

Size (Group(g);

or logical:

gap > G/H,

Error, <N> must be a normal subgroup of <G> called from
<function>( <arguments>) called from read-eval-loop
Entering break read-eval-print loop ...

you can ’quit;’ to quit to outer loop, or

you can ’return;’ to continue

brk>

In the latter instance, we are given the opportunity to exit the description by typing
brk > quit;

at the break prompt, or by continuing the description:

brk > return;

Error, <H> must be contained in <G> called from
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oper( super, sub ) called from

Index( G, N ) called from

oper ( super, sub ) called from
NaturalHomomorphismByNormalSubgroupNCOrig( G, N ) called from
NaturalHomomorphismByNormalSubgroupNC( G, N ) called from

Entering break read-eval-print loop ...
you can ’quit;’ to quit to outer loop, or
you can ’return;’ to continue

brk>

Entering either brk > return; return; or brk > quit; at this point continues or quits the description
accordingly.

Users may also access GAP on the World Wide Web via the mathematics software system Sage:
www.sagemath.org. Including GAP, Sage has interfaces for Mathematica, Magma, and several other
mathematics applications useful to music theorists. Therefore, in addition to computational discrete
algebra, Sage may be used to study other algebras, calculus, number theory, cryptography, numerical
computation, combinatorics, graph theory, and the like.

SO e ssg o

Home Publithed Log Settings ReportaProblem Heip Signout

Tozgle

Untitled

Save | Save & quit Discard & quit

g = (1,2,3);
(1,2,3)

FIGURE 3. A sample Sage Notebook

To work in an online GAP session in Sage, create a notebook (or edit a pre-existing notebook). First,
go to www.sagenb.org. Then, either sign in to an existing account, or register for a new one and sign
in. For a new notebook, click on [newworksheet] and title it. This takes you to a worksheet (see Figure
3). From the drop-down menu near the top, select gap sage is the default). Type a GAP command into
the first cell, and click on the corresponding [evaluate] link to display its output. A new cell appears,
in which you may type the next command, and so on. You may save your worksheet (by clicking the
[save] button), and publish your worksheet (by clicking the [publish] button). The latter gives you
alU RL, through which others may view your notebook. For example, a notebook GAP — MTO which
contains all of the commands in this tutorial, may be found at http://ssagenb.org/pub/1117/ .
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Now let us build some familiar music-theoretical groups using GAP. In this section, we generate
the transposition group T, the transposition and inversion group T/I, and the affine group TTO that
includes the transpositions, inversions, and various multiplicative operations. We also examine how
GAP can model these groups’ actions on pitch classes and pitch-class sets, and how they relate to
various abstract algebraic structures.

Call T the musical transposition group (mathematically, a translation group). T has an action
on the set PCS of twelve pitch classes (residue classes of the infinite set of chromatic pitches under
enharmonic and octave equivalence). We may use GAP to model groups such as T , using a permutation
representation on some subset of the positive integers. Such representations in GAP do not incorporate
the integer 0, to which the pitch class C is usually mapped. Instead, we map pitch class C to the
integer 12. Put

C# =1
D=2
Eb=3
B=11
C=12

Hence, we may define a unit transposition ¢ (translation), a pitch-class transposition “up” one semi-

tone:

gap > t = (1,2,3,4,5,6,7,8,9,10,11,12);
1,2,3,4,5,6,7,8,9,10,11,12)

We may compose operators using multiplication, such as ¢ with t ((7h with (77):
gap > t x 1

(1,3,5,7,9,11)(2,4,6,8,10,12)

We may also use exponents for an operator composed with itself, as before:
gap > 1°2;

(1,3,5,7,9,11)(2,4,6,8,10,12)

We may show inverses:

gap > t"—1;

(1,12,11,10,9,8,7,6,5,4,3,2)

gap > (t°2)"—1;

(1,11,9,7,5,3)(2,12,10,8,6,4)
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We can use t as a generator of a group, T:

gap > T = Group(t);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12) 1)

The output for this command confirms that T is the group generated by ¢, where t is the permutation
(1,2,3,4,5,6,7,8,9,10,11,12). T is isomorphic to the cyclic group of order 12, Cis:

gap > IsomorphismGroups(T, CyclicGroup(12));

[ (1,5,9)(2,6,10)(38,7,11) (4,8,12), (1,4,7,10)(2,5,8,11)(3,6,9,12) ] ->
[ £3, f1%f2 ]

GAP can determine the orbit of a pitch class under the members of the T group, shown here using pitch
class 1:

gap > Orbit(T,1);

[1, 9, 5, 11, 7, 3, 12, 8, 4, 10, 6, 2 ]

GAP can also display the orbit of an unordered set of pitch classes (a pcset), such as a C major triad

{0,4,7} (recalling that we use the integer 12 in place of pitch class 0):

gap > Orbit(T,[4,7,12], OnSets);

rc4, 7,121, [ 4,8, 111, [3,8,121, [2,6,91]1, [1, 6, 10],
(2,5,100]1, [1,5,8],[5,9,121, [1,4,97], [3,7, 101,
[2,7,1171, [3,6, 111]

One way that we might use GAP as a tool for music theory is in the study of Klumpenhouwer networks
(Lewin [17], Klumpenhouwer [11]). Klumpenhouwer networks, or K — nets, are directed graphs with
nodes (vertices) labeled in the set of pitch classes and arrows (edges) in the T/I group (see Figure 4):
gap > t°2; ixt"3; i"b;

1,3,5,7,9,11)(2,4,6,8,10,12)

(1,2)(8,12) (4,11)(5,10)(6,9) (7,8)

(1,4)(2,3)(5,12)(6,11)(7,10) (8,9)

FIGURE 4. A sample K — net

Following Philip Lambert’s ([14]) analysis, Figure 5 presents the first six measures of Arnold Schoen-

berg’s Sechs kleine Klavierstiicke, op. 19, no. 6.
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FIGURE 5. Schoenberg, Sechs kleine Klavierstiicke, op. 19, no. 6, measures 1 — 6
(following Lambert [14])

Another area of music-theoretic research for which GAP is useful is neo-Riemannian theory. This
theory deals largely with contextual operations on the set of consonant triads, or Klange. To that

end, define an arbitrary consonant (major or minor) triad as an unordered pitch-class set (pcset):

gap > CM := [4,7,12];
(4,7, 12]

Call the orbit of a pitch-class set under T/I a set-class (in this case, the set of pcsets to which a C

major triad maps under the elements of the T/I group), and label the set-class of consonant triads K:

gap > K = Orbit(TI,CM,OnSets);

rc4, 7,121, [1,5,81,[5,8, 121, [2,6,9], [4,7, 111,
(1,6,91, (3,7,10]1, [3,6,10]1, [ 2, 7,101, [3, 6, 111,
(4,8, 111, [2,5,9]1,[3,8, 1], [2,5,101, [5,9, 121,
(1,4,871,[4,9,121,[1,4,9]1,[1,6,101, [3,7, 121,
(1,5,101, [3,8,121, [2,7,111, [2,6,111]1]

K, as a set, has twenty-four members (twelve major triads and twelve minor triads, all represented

above) on which T/I acts:

gap > TI_K := Action(TI, K,OnSets);
Group([ (1,2,4,7,11,15,19,23,22,18,14,10) (3,6,9,13,17,21,24,20,16,12,8,5),
(1,3)(2,5)(4,8)(6,10)(7,12)(9,14) (11,16) (13,18)(15,20) (17,22) (19,24) (21,23) 1)

We can arrive at an isomorphic structure on [1...24] that is perhaps more intuitive. Let [1---12]
represent the pitch classes that function as the roots of the major triads, and let [13---24] represent
the roots of the minor triads, where x and x + 12 belong to the same pitch class. (That is, 1 and 13
both map to the pitch class C#; 2 and 14 to D;...,12 and 24 to C.) See Table 1.
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TABLE 1. Alternate mapping of K to [1---24]

13 — C#- 1 — C#+
14 — D- 2 — D+
15 — Eb- 3 +— Eb+
16 — E- 4 — E+
17 — F- 5 +— F+4
18 +— F#- 6 +— F#+
19 — G- 7T = G+
20 — Ab- 8 +— Ab+
21 — A- 9 — A+
22 — Bb- 10 — Bb+
23 — B- 11 — B+
24 — C- 12 —» C+

3. Conclusions

This tutorial endeavors to introduce some of the utilities in GAP to the music-theoretic community in
the context of familiar transformation-theoretical concepts: transformation groups and their actions,
Klumpenhouwer networks, and neo-Riemannian theory. Therefore, it presupposes a basic—but not
advanced—understanding of these concepts, and no prior knowledge of GAP. After an initial section
that describes the basics of the GAP environment (how to input commands, interpret output, get help,
etc.), we generate the transposition group T, the transposition and inversion group T/I, and the affine
group TTO. We examine how these groups act on the set of pitch classes and on sets of pitch-class
sets, and perform various tests that relate them to well-known abstract-algebraic structures. Next, we
use GAP to study Klumpenhouwer networks, generating the automorphism groups from which K-net
isographies derive. Finally, we consider the Schritt and Wechsel group of neo-Riemannian theory, how
it relates to the transposition and inversion group, how these are subgroups of Hook’s [9] Uniform
(and Quasi-uniform) Triadic Transformations, and how to generate other related groups of contextual
operations.

The preceding discussion is intended to demonstrate GAP’s usefulness in studying transformational
music theory. Whereas most of the examples recreate well known models, it has not been our purpose
here to discover novel results. Nevertheless, GAP may function quite effectively in the pursuit of new
theoretical systems. Moreover, it can be a valuable tool in transformation theory pedagogy, affording

teachers and students an environment for experimentation with either existing or original concepts.
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el g 2] \5‘\'—\\0(\\‘0\‘)\'wkicw.xl?/mb}u_élw«wi&miw &_x:“cu.wﬁ r OLQ"J:A“X) IES)

ol sl s gl 1y olaasl rf‘js@ s ;b Cand o 5 |y GAP sbopled Sepl sl VO

ol 0 2555 (GG GAP s G o wilgion biaals onlnly ol (Jsame (e o bl &p500 Laple §

Slagtin 53 alial s ym sbapled oLt eJln (gl oS oo gy Glail sl Sl [y Lo G oslsiion )

4l ol (38U sl 5 oleyd 5l Lsh e e “SampleGAPprogram.txt” s Job s j5els s> ool 0=
e V:.Ssa ssliu| GAP cuis

gap > Read(“SampleGAPprogram.tzt”);

Lol sloul Jpers sbay ais w0l opl Jols S Glagle b iz e )l (255 o 0l pl Sadl il &8
Ll sa 5 5800 sl g3 slalp iz SHLs) 3 5L ol Glaple b 4 il s 4 el e s
bl oniman o 5 28 Lol | bagygasl cms 753 1) (BLST i)l S Sl (Solasy |y (20l sbapled
L s Lsdion et 7 Caalhe b J8 51 oS35 5,8 00 ks s olejd Ol GAP S il ols S Jols ail 5o

iy od OLL & U805 4

gap > # This is a remark. It is not a command.

3,05 (9> & YU s ol s Szl S3 0 ()‘U
5 sl GAP syl dusl sl ujiws 53 GAP 5,8 6l ks sla sy U Help udS V2.Y
$lr eldendl s 5 ble FAQ Gsels s> 550l glanygs Juld S w8 oo sl ) oWl slaialy sbazls
¢ o 33 50 GAP iz G J51s 5 Help uldS .l GAP il (Juwsl) 40bL1, B o d & P
s 3l53) 48 by Il ol bslon s Sl 2355 b ols 6 505m el |y Help ol S

(5550 ool U589

gap > Torbit
Help: several entries match this topic - type 72 to get match [2]
1] Tutorial: Orbit
2] Reference: Orbit
3] Reference: Orbit Stabilizer Methods for Polycyclic Groups
4] Reference: Orbits
5] Reference: Orbitsloperation/attribute
6] Reference: OrbitsDomain
7] Reference: OrbitLength
8] Reference: OrbitLengths
9] Reference: OrbitLengthsDomain
10] Reference: OrbitStabilizer
11] Reference: OrbitStabilizer Algorithm
12] Reference: OrbitPerms
13] Reference: OrbitsPerms

[
[
[
[
[
[
[
[
[
[
[
[
[

Cegd ol (Jle gl xS 0 § ot 511 4l GAP o 552 5,053 el Lol e 53 b by wls sad S bl s S boles |y glod ool GAP Sl (61"
3513 51,8 C:\gapard\bin\ s 53 59y (2,8 iy s > Leial,
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VEYIN0 (Vo) ¥ olad Vo sl famals 5 (o5 4,5 (bt s s, (sl GAP 3l

[14] Reference: OrbitStabChain

[15] Reference: OrbitPowerMaps

[16] Reference: OrbitFusions

[17] Extending: Orbits

[18] Extending: OrbitsishOperation
[19] Extending: OrbitishFO

[20] New Features: OrbitGenerators
[21] New Features: OrbitGeneratorslnv
22]

22] New Features: OrbitGeneratorsOfGroup

5)\5 J\j.« Cm&l.c)\ o= (&:«»u:d)\:d d)90 Al.o\éXl,» Q S GAP Cwll.cy QJJB}- Lg\j b (§3909 (ks ol uic..n
i

gap > 72

<Orbit( <G>[, <Omega>], <pnt>, [<gens>, <acts>, | <act>)

The orbit of the point <pnt>is the list of all images of <pnt>under the action.

(Note that the arrangement of points in this list is not defined by the

operation.)

The orbit of <pnt>will always contain one element that is *equal®* to <pnt>,

however for performance reasons this element is not necessarily *identical* to

<pnt>, in particular if <pnt>is mutable.

gap > g = Group((1,3,2),(2,4,3));;

gap > Orbit(g,1);

[1,3,2,4]

gap > Orbit(g,[1,2],0OnSets);

(1,20, [1,8],(1,4],12,8],[3,4],[24]]

(See Section ““‘Basic Actions” for information about specific actions.)

> Orbits( <G>, <seeds>[, <gens>, <acts>][, <act>])!

{operation/attribute}
> Orbits( <xset>)!{operation/attribute}

--- <space> page, <n>next line, <b> back, <p> back line, <q> quit --

[space] 38 -q 4 n (Jle gl 35800 Jas )y Linly azlS 5 29 5 b JSS i 0516 51 GAP ()L
i sgob 0L & ([enter] wlS'L & 5) S8y b bopl 51

"\":’LLSJ’””}" c..\.k:.)wﬁb\%&Lw‘jﬁou)))b&wo)‘wﬁ‘fjf -\V*
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t <0
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VEY=VVO (VFo¥) ¥ osles oo uls Janals 5 col ) 4 dd cassama E A e ol e oSy

gap > Size(Group(g);
Syntax error: ) expected

~
7

Size(Group(g)

gap > G/H;

Error, <N> must be a normal subgroup of <G> called from
<function>( <arguments>) called from read-eval-loop
Entering break read-eval-print loop ...

you can ‘quit;’ to quit to outer loop, or

you can ‘return;’ to continue

brk>

ke i b o (e 5z le b e b ) s05e0 5
brk > quit;

epan wobsl o5 pson | e b ols S al 8
brk > return;
Error, <H> must be contained in <G> called from
oper( super, sub ) called from
Index( G, N ) called from
oper( super, sub ) called from
NaturalHomomorphismByNormalSubgroupNCOrig( G, N ) called from
NaturalHomomorphismByNormalSubgroupNC( G, N ) called from

Entering break read-eval-print loop ...
you can ‘quit;’ to quit to outer loop, or
you can ‘return;’ to continue

brk>

b aSoo g aalsl b oakas ool 53 brk > quit; b brk > returng yswss 35 05,5 3515 b o s e bl ol
b 0Lk

i 2l SOUL b 5 oy e 6t 4 b st el GAP 4 ol s oS ALY
sbal s gly oel8)38 6l)ls GAP rw‘ o Sage il €ils i www.sagemath.org sl L Sage
Sage (oplply -aiid dbe wse 03l a5 ol Sl Ko L, el paiz 5 Magma (Mathematica
ehiel sak (JISS) 5 Jabis Olas oo ol gadlllas 1y SlaslbngnnS 1o oslle Col (Sao
355 sl o s slaasls b 5 B (545 (LS5 cgsne Slaslons (5, K50,
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SDCE. The Sage Notebook

Toggle Home Published Log Settings ReportaProblem Help Signout
Version 4.2

Untitled Save | Save & quit Discard & quit
Fie.. - Action.. - Data. <~ gap  ~ [ Typeset ey Worksheet | Edit | Text | undo | share | Pubiish
g = (1,2,3):

(1,2,3)

evaluate

Sage dxio €50 ¥ S

Figure 2: A sample Sage Notebook

Coilasl a8 G L) wcS sbul Sage s Ml GAP cats G s 5 6l cuslasl a5 & VALY
Sl b wsd spm 50 Olus &G 3ly (upms a9, www.sagenb.org byl o dul - (acS C&L@\ ) seun3
Cilasl 228 S gl 0l ol 5 “war S8 S new worksheet” (655 asd 2y 5 4SS ) suan
Vo Sosp (2588 Sy 51 “gap” (aee b ¥ JS2) wasoe €11 1 e S8 Gl eSS SIS s
“SUnl” s Cevaluate” W o9 s so Jol Jskw g3 |y GAP (b (Sl (58 i “sage”) aiS ol
3 st O 33 1 g 0lagd ailBoe S 3p5an oL war oo S SIS T s il e bl
Die 5 SASL) w8 Ol s (B33 e save” (i SUSL) 0,53 1) s Sl IS S 5 mensy
2l ole s 1y se S aslg of gb 5l € wss e URL G s 4 L S (“Ob” o “publish”
545 3L http://ssagenb.org/pub/1117/ 53 Sl o Saw “GAP-MTO” S8 (Jlia 5l i 5,8
el sgelags il 33 3920 sLolesd ol Juls oS

TTO 5 T/I T oy ,S el ¥

T 15008 (e ol 55 il GAP 5 aslial b 1y Ll gk (isn sloos S 51 (o (J> VY

Sbdes 5 osSan (b il b e Jals sﬁ,j@ Cewsts |y, TTO 281 5.8 5 T/T Sl 5 il 658

SLatass Gbaas sazme 5 oUes sladets 603y (535 ey opl Glades (s3lodie 5250 igran -l (ilis o 5
S it |y it s s Sl sl b ol LS| (5090 5 GAP (sl gy oLios

$baaess POS gassomn 5 T Y oligo (JUsl 5.8 S o oily S5 51) (lbse Sl i s S LT LYY
LSL“C"'" 9 &‘:r‘a LSJ'J‘V"’ Cod &“ﬁbjﬁélﬁuﬁd J’| L;at:m\s (§48 300 a.x&\.o:fe\,» LSL‘”-’J) u\.;SL;A J4.c d\fnjb; rbra
ok Gl » il s Sl elinl b T ks by S g5ledas gl GAP 5l cl (Ko (o0

S g plen s plaSs ol L 1y b JUisl G iy s 51 b “ Yt 1 s e 5L #2157 olsiee o 31 Ysane s 0l e 5 o e @ oblansl) Y
.\..;Ln@ 65\; ‘:le})i”:: J...at\.t- r‘.& 9 .x.Su,. l;-\gl? 48 g0 &S:J'J) \)fa.'\r- 9o s u:.q.;b] 45&‘; BERECE
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\5‘\’—\\0(\\‘0\‘)\’aJL«i.c\O.xl?/wl?jwélwg,:.sng &.&:‘acu.wl r ula"):ﬁcsig ‘9 Xml

-JJKBGA \Y@&éb.\.&@ ‘J Crbrﬁdw ‘é‘ﬁ)’ A AJ;G&)B)J ‘) J}:&@ e qu\J.:

A.:.Ri.b )‘J§ .\“.\“

C# =\
D=

Eb=Y
B =\\
C =Y

3 i K6 rb‘.m St il s S 45“.“;5‘_5.3,,3#5 ygots |y (JEs)) taxly il cul (Saan gyl 5
G
gap > t = (1,2,3,4,5,6,7,8,9,10,11,12);
(1,2,3,4,5,6,7,8,9,10,11,12)
et 0B sl S sS B 3l aslial U Ty S p50a Ypame S ol lahas sl 680 sl o £ S s
AR B S \ﬂ@. Y cY4-3 \ rbrbéw 4 ol !CM.:‘LS))J JLoi;gitc.m.ssn L)L‘:*’Lfﬁj’ -Jj..iw 421.&3.:
-Jbﬁwﬁ \ L \*‘93}3@ 43..2& \YO

(TyLTy) Lt usk cr:‘.f;,:SJS o e sleslid L b Shee el (S 1LY
gap > t * t;
(1,3,5,7,9,11)(2,4,6,8,10,12)
35 0B gloaait 51 (6,505 5 5 o b glodait 51 8 (S5 il 595 Y Joli gl b ol (29 Sanil b &5
FEVLIOW.Y ‘Jm w“)xs u,aL.a‘J.s @uJﬁb e '-U‘:\fgs'“

gap > t°2;
(1,3,5,7,9,11)(2,4,6,8,10,12)

s é.Ja.«c Ty 6[.&%)4&)) tY cl?u.s'“‘).)

i Iy gap >Tmodulo glisly gaulS . Cus 655,0 b SBlasl 6l 358 0 Souzes 31 b 4 o bl s QTC)A bl ol ileg ol & 5w GAP (> 3™
b Sl Sas (87 (im) 05 ome & hailleos b dbual s ayls LU, Lo 6,380 b gl aen & 5505 GAP s San (slims iz 77 St Caalle

03 L3 | (3 VO F (250) oo SO b (e L VY (25)
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koAb T
e VEY=N10 (Vo) ¥osled Vol fanale 5 (o0l 4,83 (ohad (Rmse g0 85 (sl GAP Ssalss>

T (e Uil 3 Syson 1) g gyly Cul San R Ay

gap > t"—1;
(1,12,11,10,9,8,7,6,5,4,3,2)
gap > (t°2)"—1;
(1,11,9,7,5,3)(2,12,10,8,6,4)
Sl o sl Sl (San o)l Ciles Ty (= Toy) b ()7 =t s Ty (= To) bt Sos sl v

oS el 5
gap > (t°2)"—1 = ¢"10;

true

:Fﬁﬁj&" T s w5 S dge olgeas t 5 r”.;\jsu,a AAY
gap > T = Group(t);
Group(] (1,2,3,4,5,6,7,8,9,10,11,12) )
Sl b ool o S cal b dsy siiadg S TS w0l ol ol s
il C3u K (Cyy) VY 48,0 659509, S b Tl (A, Y, ¥, F,0,2,V,A,4, 0,11, 1Y)
gap > IsomorphismGroups(T, CyclicGroup(12));
[ (1,5,9)(2,6,10)(3,7,11)(4,8,12), (1,4,7,10)(2,5,8,11)(3,6,9,12) | ->
[ £3, f1%{2 |
b 33 5l 5559 C12 4 T 51 30,0 G S w8 o0 ols GAP (J3l sl Sl ainsls plo g opl 59,5
4 byt dge S Ss o sloa ool 51 i (Jenl b o Sl JLol | ail” oLy (D) oyl
Pl ol o) oS on ad 5 55 L T 3 5o & w28 o sslizal (T 5 T) ¥ 5 751 GAP (oS s WS ST
(rlply (Gl 5galsgs plossm 51 L (Dbl (a8 5 558 ol GAP il s sty PVl b sl Laslso o
GAP 515 sl s 5 ain VY (4550 (5393 25,5 3,00 (slolge 5,80 0 F1.£2 5 £3 4 |, adse o] GAP
el 35Sy S 525 ol 3 e €50 S 555 00 ST Ton it (5 5 0

gap > Size(T);

12

ot o3 Lol ol
gap > List(T);
[0, (1,9,5)(2,10,6)(3,11,7)(4,12,8),(1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,11,9,7,5,3)(2,12,10,8,6,4), (1,7)(2,8)(3,9)(4,10)(5,11)(6,12),
(1,3,5,7,9,11)(2,4,6,8,10,12), (1,12,11,10,9,8,7,6,5,4,3,2),
(1,8,3,10,5,12,7,2,9,4,11,6), (1,4,7,10)(2,5,8,11)(3,6,9,12),

el 3900 33l s S8 IS sba W S0 Bn aiS a5 “gap > (£72)7 — 157 ¢9> GAP gl jd s 53l 8 a"

A http://dx.doi.org/10.22108/msci.2025.139767.1621
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(1,10,7,4)(2,11,8,5)(3,12,9,6), (1,6,11,4,9,2,7,12,5,10,3,8),
(1,2,3,4,5,6,7,8,9,10,11,12) |

45,0 53 6595 6,18k IS8 @ 1y ol ol GAP « > 9,5 ol 5

£ Mt 0 Y T 0 (T, Ty, T, T, .. )

cCM»‘)yL}» w‘ 859> J\ le} cCJE w‘ U‘“’L‘“‘ B fol.‘.c w}.’CM»JgJ ‘_;‘Jg GAP Nl ‘Jv-; ML&:) -bj&u.a
(-o5ds0 S5 gam gloidy s (g5lecde ol Lol

pBe saaid 5l oslinl b bl s a8 e Top S glael o | o b (5405 G Jlo 5500 GAP ALY
il sud asls las

gap > Orbit(T,1);

[1,9,5, 11,7, 3,12, 8, 4, 10, 6, 2 |

Cod (o 358 00 B0 T oy 8 pole Co rbr.:e Saaxs S Sl rb\..a Sbdass gas gomn slael Joli jlue ol

55395 rLJ,'\ o3l b eeS 5 pments 5 558 00 €25 0w ) T (Ty) Cos 5 A &0 ) tM(T)) o ) 0\ ot (T0)

SV GAP (gdewsty (755 plpn (5403 (3locinm Sl € 25 bl s a8 e ag Ul oBen slo gl 5

POS 2 T Joo S ool 5 esMea 2553 00 4ot Vb lanS s “List(T);7 plod (25,5 53058 polie (3lucssw
o ) Jli! g5 5l

gap > IsTransitive(T);

true
5n €Al len ladeds (s4s sazmn g2 03315 Pl 4 ) pLs (suais

ot 5555T S sl cams il 35 1y (o (slaid 1 3,00 4 pares o slae sl n GAP N ¥
Z(ﬁAJSabU.‘Z.w‘JM rbras 64.63!.3 6\?9 \Y c:."uo J..\.c)“ 45.5}.3@ LSJJ"’L’..) {°,\°,V}Jjjl.» C

gap > Orbit(T,[4,7,12],0nSets);

[[4, 7, 12], [4,8, 11}, [3, 8, 12], [2, 6,9],[1, 6, 10],

[2, 0, 10],[1, 5,8], [5,9, 12],[1,4,9], [3, 7, 10],

[2,7, 11], [3,6, 11]}

a3 e olis ) u,ob‘.a Sbaess (gas game (Wl ¥ olg @ 55l J5ls € Mo sbods game 55) (29,5 el s

J}jLo F# ‘JﬁjL" _D U}jl.n Ab U}jl.n E ‘)35L‘° C 35}%@ 4:.&& U:"'e"‘J: b}ﬁdL&C‘Q}JJ}j\A C@‘M@ })js.\’g

\Jjjjl.n C@\M@ "JJS‘SLS’.L"’JKL*; 6)\....:;»3}& c‘.:..\:m )ijo @‘MM .5)35\»)‘\3: rw @;Lj‘sﬁsﬁ Cpedd 9

45.’.:..2\.: £ 47‘93 (ol ﬂr&:u)b oA 5‘)‘ u:.fi}b L}JJA chSL;o ‘ﬁ‘)iﬁa tf.:.o u‘.’.‘wi"“ LgL#abJ;Tui‘ 6‘;:

) 03 S 518 S i (s3lect e s 35290 sla Shee 4 bsa e (sbapy gl s 53 (I ol 53 S ola Shae

il saesame G olgear ) {0, F, V) (GAP Sl 3525 b oS Sty a0 55 b 58 000 €8 S 5 s (g5l

b 53 4S5l AT 127 las s adse Gl s Dol b Lol oS g0 5 53 g sb5e ool s pLee sladeds )

.r:;SQSA C».él.’“).) Lb rlt,!: &.ii cg..'))jww‘
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koAb T
VY=V (Vo) Vosled Vo il Janale 5 (o0l 4083 (s (e g b8 sl GAP S5l

w5l o sl of sy T Jue S g5ladie | ol sloeis sassame slajlie wlsion GAP . NNY
:{O,\‘,/\} as‘b‘é\ @‘MM .U}ST

)

[[4,8,12],[2,6,10],[1,59],[3,7,11]]

gap > Orbit(T,[4,8,12],0nSets);

Sl 098 slasl cos Wlge {05 AY o sl S wnse olis | s3] slisan 5,87 Sl 2o (bl s
3 tT[Ty] o350) 098 cpl e (Slon s olie 15 «ans Ugl badegoma 5l aesazme ool » T Jor w352 €215
e 13590 039380 lasan 5,581 Sz o (s aies aeis LG L [T e 5l ($4[T4]

(o580 2lll L b T glaJos (510 GAP 53 oz ) 48 oo ) 1 w8l o (g ATY

gap > i = (1,11)(2,10)(3,9)(4,8)(5,7);

(1,11)(2,10)(3,9)(4,8)(5,7)

55 ) b S solil o s ol i 5 5l 45 S o oS Uy galin (slatadd slasps akh o ol s

\AQTLSPJJ» SaS o Bis 1y F g [Cawsl VY sl GAP 5 &S] o rbrm Sbaats SO sbaygs (> 9,5 9 (63959 (Sus!

sl b ol sl abioanly 185 51 GAP ol 51 ol posMe (st 1356 LolSens]

3o oA 53 55250 (ISsL e (54550 15 0lsen 1l b WSl S5 6l Lo (1S5S g S e
yhe pl o 5 itT Oypoe (Iy L) Tyl it &ppoe (I L) TV sleJos (Jbs (gl 25200 ol

S e wdg |y T/ Sl 5 il »})fcrm depui gt WY
gap > TI1 := Group(t,i);
Group([ (1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7) ])
Y¥ 550 25 5209 S L T/T -olos Soslial 55,8 ol Sl (sl S amnn oLt ) b Jos (slasss (25,5 3lss
sl C3u S (Dry)

gap > IsomorphismGroups(TI, DihedralGroup(24));
[(1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7) | ->
[ £2, f1*£3%f472 |
e GAP S w8 ple (2> ool ol ol 1 Oy 0 T 51 250,80 SO SVY isu 55 plasd (o5 wilen
s oo )l abs e slaey S il sladdge e o | (253G (S wles g e)ls Dy 4 T/T 51 (30,
Sl LT 51 58 Kol [T\ Waa U 1y T s t7T4] 5 £7[Ty] slaalsn GAP (V.Y o 5) Sk Jle BV,
i[L] 5 t[T\] sladse 51 Sl cams o rl.?u‘\ Je cpl 3 1) oS iz GAP c(ri‘o;‘)sebu.’lm‘ 59,5 cpl iy
5 S 3, 0 IVAVLFT 5 1Y Dy 5,2 0985 sloadge & |y bidse ol ¢ 230 3G oplpls kS oo ssli) T/T 61,

58 n (5510885 5 0,53 GAP sabuls

(33350 ol (5 (hmgo slaeiig 13 My b M g0t Ygana) [, [V] Gessn 3m op2 sbadee VY

g b (Vo] s im0 sl e U [YFTLUl 5 [YPLLYYLLYOT oo 5 5l cslasgn s s g 5850 50 soom 5 M Joo S (sla 2 S5 sln"
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gap > m = (1,5)(2,10)(4,8)(7,11);
(1,5)(2,10)(4,8)(7,11)

J.SL;A B ‘) 63&& 6\.&:)3.3 6?3,;36;3),3,\;56@ %E ‘J ﬁ‘“ﬁs)b 6@@)35 Lfo’ﬁf.’ Jb..\.;m GAP)

Loy 35 o8l DY 5 sl sazme 3550 YA 54350 51 TTO 55,5 S ¢ o T/T 4 o Jlasl - NO.Y
!

gap > TTO := Group(t,i,m);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12),

(1,11)(2,10)(3,9)(4,8)(5,7), (1,5)(2,10)(4,8)(7,11) ])
95 ooy S piins 0 L TTO el 595 dw abiwsty 00iiad 5 05,5 TTO S ans oo ol glajd ool (25>
il S0, (D5 X D)) A 5 7 $45 0 42

gap > IsomorphismGroups(TTO, Direct Product( [enter]

> DihedralGroup(6), DihedralGroup(8)));

[(1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7),

(1,5)(2,10)(4,8)(7,11) | -> [ £2*£4, fI*3*4*5, F1*£5 |

(5 g o0 &S £0 5 £V, 1Y, I, 1F g, & TTO & Ly o m[My] 5 4[L] £[T)] soadge (slojd ol 5,5 5o
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gap > t°2; 1xt"3; 175
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(1,4)(2,3)(5,12)(6,11)(7,10)(8,9)
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Figure 3: A sample K-net
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gap > AutTI := AutomorphismGroup(TI);
<group of size 48 with 4 generators>

Colo gl GAP Sums o L1 oladse sae 5 Sl FA (450 51 25,85 Aut(TT/T) S sos o0 o\i5 > 9,

CrSe TTO L (5550 Jos T/T 3 3 YF 5 8) 03,5 ) 6,5 w2 (W] id & bslen siS on sslic] ]
:‘.:A\JGA W s, alpha Lol 5 Gl

gap > alpha = IsomorphismGroups(TTO, AutT1);

(1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7), (1,5)(2,10)

8)(7,11) ] ->

[ (1,6,11,4,9,2,7,12,5,10,3,8),

(1,6,11,4,9,2,7,12,5,10,3,8), (

(1,6,11,4,9,2,7,12,5,10,3,8), (

(1,8,3,10,5,12,7,2,9,4,11,6), (

3)(4,12)(5,11)(6,10)(7,9) | ->
,2)(3,12)(4,11)(5,10)(6,9)(7,8) |,
3)(4,12)(5,11)(6,10)(7,9) | ->
2 )

[
(4,
[
[
[
[ ,2)(3,12)(4,11)(5,10)(6,9)(7,8) |,

(1,
1
1
1

Aut(T /1) 4 TTO ;| Sslie 35S Sl (Sao GAP s a3l oLis (“Sample GAPprogram.tat”) ol es asl ;s o> 5,5 5 454567;'9&15)3 sl (53,0 €SS ol S3TT
5, F(0,A) s FO\Y,0) FO,Y) g lks—pl o |, TTO O:jThj;‘m} it sl Cul (Sen (Jla 5l tams jolazsl alpha 4wl ol gasdlas r\f.‘as »
s gap > hyp_t = (t°7) alpha (B3 BIF feba s S 5 0F s ssmge cioyas b il 5 ) Gl Gged gl s ) (6,508 iyl S s
O:’WT Sage Cuilasl ezl 53 S il ()l same (w4 (W VY s s meyl Jes (ols S ol Cos) cgap > hyp_i := i alpha * t"alpha

s Dyl Sl PRI Wgd e el “GAP-MTO”
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[(1,6,11,4,9,2,7,12,5,10,3,8), (1,3)(4,12)(5,11)(6,10)(7,9) | ->

[(1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7) ] ]

59,5 5| sBu s> 4w @ alpha Cos 1y (M 5 I (Ty) mog i ot So) sShoads uﬂ,sﬁilj STTO sadg GAP
(> 7 05 0 o)) 2ar os agdu g opl S a1 Aut(T/T) 558 SouSo b 5,000 T/1
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S (T by To) 1Y a1y 10 &S 55 n €385 23 p355 4 alpha Cos (1) 0 ¢ o -2l FOL VY Lol [VV] o)
alpha o5 (Mp) m «Zolg 5y xS e slgin ) FOV),Y) sl (W] osd S 0, 0 (Ir & 1y Is) it" & 1 it"
F(0,) sl W) S5, 0 (I w Ly Tg) i Lyt 5 (Ty a1y Tp) tas ) 10 S s58 00 s 30355 4
S a5 1y YA 540 51 AUH(T/T) 03,5 o hmints U8, )5 BN, W) (F(L ) bl oS n sl |

Sl AUt(T/T) g« T/ 1 55855 Jals TTO 5 ool Sy So TTO b Aut(T/T) Sglosl 510 .8

Joli 55505 ool psbige (T/I-51' b) Hyp(T/T) 1 058505 ool sl Couy G T/T L S 2l (25555
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S 558 QLI T/ ol (sov 05 Sl (San wanely (e 1) aiolpe Cost 1 = VY b 51 & (ol xS

T/I ks 3o yn s comzmad 5 80l 095,05 cpl oo S oot F(V, V) ox «Cunl alpha Cos H(TY) g

FOV,Y) s Sl alpha Cos (1) 1 g oS 558 O

gap > HypTI := Group(t”alpha,i”alpha);

<group with 2 generators>

S anson olts ) b S (1 alpha” (JEa s12) 0losb cpl 53 €85 58 ol 58S oS 555 o PR A ST

52355 ss) wa3n 1y it 5 L) paine =58 Bpo (2 cnlily o (23 G bl s
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s 3

gap > hyp_t = (t"11) alpha;

[(1,6,11,4,9,2,7,12,5,10,3,8), (1,2)(3,12)(4,11)(5,10)(6,9)(7,8) ->

[(1,6,11,4,9,2,7,12,5,10,3,8), (1,3)(4,12)(5,11)(6,10)(7,9) |
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gap > hyp_i = (i"alpha) * ((t"7) alpha);
[(1,8,3,10,5,12,7,2,9,4,11,6), (1,2)(3,12)(4,11)(5,10)(6,9)(7,8) | ->
[(1,6,11,4,9,2,7,12,5,10,3,8), (1,8)(2,7)(3,6)(4,5)(9,12)(10,11) ]
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Figure 4: Schoenberg, Sechs kleine Klavierstiicke, op. 19, no. 6, measures 1-6 (following

Lambert 2002)
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Figure 5: Two positively isographic K-nets from Lambert 2002
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Figure 6: Two negatively isographic K-nets from Lambert 2002
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Figure 7: Recursion between network (a) and hyper-network (r)
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Figure 8: Network (b) relates to (c) by t10, but congruent nodes relate by ¢°.
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SIS 3,2, 8 4 cmigad 500 oz (€) 53 1) oSy Sams s ol | oo s & by 0 slayss (25>
25l )Ll 1(To) b gs0 & S a5 (“(12) " (17) 7 oJlen (512) 0losb ol 5 2o

S pslises s80T sl VY bl Lais Tnn(T/T) o3\l 5 YE U ol Hyp(T/T) goslssl 1 \5.¥

o L Hyp(T/1) & oS o 1) beta sy 8 (oo e G Sl San ool b oS o5 55l e 53005
15,0 Inn(T/T)

gap > beta = ActionHomomorphism(HypTI, InnTI);

<action homomorphism>

ras & S Hyp(T/I) yols ;| < o) beta gaws ams oo olid |y s3u 00 SO i Bro ola g ool 59,5
i) ool (Wi 0 &S Inn(T/1) Slen

bl s il s (it ol g sin 5 5 ool i) Aol g 3,51 6 5.5 08 o Sl b ([1) S (VY] b Sl s 57
bl Cest Hyp(T/T) 535 316 8 sobizd o Shos -l 51 15 () ssls 5Latls ([MA] s
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e \9Y—\\O(\Y°Y) Y#JL«-::: ¢\° Jl.:-/wu}u.ob”)gfﬁ (doade t_x:.,.. cuaaaiv r Ol‘.’J:‘ ‘s%) IES)

gap > ker__beta := Kernel(beta);

<group with 1 generators>

gap > Size(ker__beta);

2]

45‘._“93@ s List” Hlag sl eslawl b .casl Hyp(T/I) pais g5 Joli a0l ol plis >3 & jsbolea
wws (To—pl 5 T l) () 5 (8°) sl Shae— ol Jols jzie g3

gap > List(ker__beta);

[ IdentityMapping( Group(] (1,2,3,4,5,6,7,8,9,10,11,12),

(LI 10)39)ES)6,7) ),

[(1,6,11,4,9,2,7,12,5,10,3,8), (1,10)(2,9)(3,8)(4,7)(5,6)(11,12) | ->

[(1,6,11,4,9,2,7,12,5,10,3,8), (1,4)(2,3)(5,12)(6,11)(7,10)(8,9) ] ]

«“IdentityMapping( Group([1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7)” &, seots 5> 9,5 3 (t°) |

Sadss L (1) enledl 253 e 0980 35> 4 1) 098 st o g Sl T/T (J30 555 S 35d 00 ol

Se b s 45@\; g g e s (Iy 5 Ty) it 77 = it® 5 12 & 3 a0 S ams oo Ll it () 5 t5(Ty) s T/1

rols oy S SG (7 Zentrum) S glasl il sl C»«Me Sadlrols (Shs sl o &5 el ol L Hyp(T/1)

235, b 7535 S@K& Z (Hyp(T/1) = {{t') ()} «cdogpl s w5 bl 055 ole ol b S wzs

s & Z(Hyp(T/1)) sae 53 o (g S cpicSis Cuols G b 5l) cl pow sde Lol ol L& (605 paie b

Wb oo &S Inn(T/1) Sles
gap > ker__beta = Center(HypTI);

true

LT Lt \gcy}ﬁ L kel ol fost b6 oW T/T s c@b el r:.‘}‘jsda:’ E N LA
bl ssls oLas i 5 £ sbge 55, sl 53 & whatel Coses (T
gap > t°(t°0) = t"(t"6); i (t"0) = i"(t"6);
true
true
T hel sty e (Sonly b o) ioler US p ilie slasl b L
gap > t°(t°1) = t"°(t°7); i (t"1) = "(t°7);
true
true
gap > t7(ixt"4) = t"(i*xt"10); i"(i*xt"4) = i"(i%1"10);
true

true

s K3 sl WU 5o (sl 1) sy e

e il ST o5 4 50 e "
r:.Sg_)fa Lmajrn JSas gl el b o \)O'\GQ....,; e o (gap > IsNormal(HypT1, ker__beta); true) Cusl Jloi 895,35 € -SGJ;J)'\ v
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. @
. \5‘\’—\\0(\\‘°\°)Ya)k‘i‘\°.\l.>/wl?,$’ilﬂj43fm‘&.x,36@~y LS‘ﬂJE 6‘).' GAPJ’}a\:j';

Sloy S ga ks -0

sas ysbas 4 i cpl ajls oS s ls o s GAP S el S g 3o 31 (5503 (0357 SlansS el N0

2Bt (48 g0mn o siincpl gl wayls H85m T TSNS 6‘3‘r*° U slaoy I 51 loas sazms 45 bgy o olsime sl Jus b
S a5 55l b (saeks e semn G g0t s ((S25) 5 (L (Sh32) 5a3le (18) slsids 6‘5&

gap > CM = [4,7,12];

[4,7,12]

95k Cr‘fwbm s by rbrm Sbaess (sas sormn (Il 13) 03y (a8 gezme SO T/ S | rbra Shads (S48 sazma e
15 iz L L slon (B (glass S (g0) s sazme 5 anly (5550 €315 T/ 105 5 polis 2

gap > K := Orbit(TI,CM,OnSets);

[[4,7,12],[1,58],[5 8 12],[2,6,9], [ 4,7, 11],

[1,6,9],[3,7,10],[3,6,10],[2, 7,101, [3,6, 11],

[4,8,11],[2,5,9],[3,8 111],[2 5 10],[5,9, 12],

[1,4,8],[4,9,12],[1,4,9],[16,10],[3, 7, 121,

[1,5,10],[3,8,12],[2, 7,11],[2,6, 11]]

»? L“OT(LJ SPT (gu,-:b“-w 235\ 5053k (KL;:UM 235 1Y) Zel 2 Y gLy g s0e S Ol K (40502
Y S e 5 Dygots T/T o1 53 oS (il ssls 2ales YU

gap > TI_K := Action(TI, K,OnSets);

Group([ (1,2,4,7,11,15,19,23,22,18,14,10) (3,6,9,13,17,21,24,20,16,12,8,5),

(1,3)(2,5)(4,8)(6,10)(7,12)(9,14)(11,16) (13,18)(15,20)(17,22)(19,24)(21,23) ])

slasl ol gl K call cdd> s 5K 0 [YF -] e slael 4 |y K 31 5ae YY (GAP 45&5@ sanlin >9,5 5
sl ool (To 9 Ty) 0 5t gt saiad 5 T/T 55 8 (6l &S Cesl VYUY 25w y3 su &SI} (i y5 bl s gl bl s
AL s 5V a5k Crlfali',\ e pelasl L8 olyd > 5 5o 8\3 20w gas50me Y ol w1y 4550 slasl 3]
Ll VN s B85 YL ol [, 7,8] 0s3le DB YL Ll [0,A VY] s F B Y Ll [V, 0,4 us3le C# 8
(L) i 5 60 o0 la aolsl Oy podts W9y ol 5 e Y b, Fo Fu b Y oY ) ) ((T)) £ adge ol pls ag aals> 0
Sz 5 (2Bt sy 3 ol 51 Gasd ¥ sar s bl ) ot ws) en L5 e 04 L Y K]
Lol S cwl K sae VY 5 ol Jos b Sosem ol saait Yo 51 slade oz T/ 558 Jos -ams o S 1 gl Ll

o 3 S gamma

Sl b s b stoin 55 [F] 508 ool 8, 5180 wns el 33 [V0] (55 (k3 LI 51 (gmn slaaiz w5 el SlonssiS (5,085 3 suas 51 ) Jalis [VF] ) U™
i ol s (gl 53 1555 0 s 5 )

Neo-Riemannian Theory, Journal of Music Theory 42, no. 2 (1998)
(‘_>):A 208 a2l o https://uww. jstor.org/stable/i235025 sls,b 4 a5 oo plimdille) Cuslsud asls olams| Slay g Slesdse o
“=7 505 595k r@@“‘-‘ lac sama gl “H+7 :L&j\gw Slassss g4, elea acS Slssls gam ployd ganllke 5> C rl}ra saexs gl LY e e % :J:Ulfm
(onlnly 8 b s gl s Sas 1) ol GAP S 5y50 5 ‘r:.'gubi;..,\ GAP 5 iw L;hsr\.} L sl ol 5 r:.»‘_,Ssu a8 e 3litl 5 rlf@bu ds sazn s
(ol 1y “s5L C (Lf" e oloyd s “CM” (Jls gl ) rf.Sde sslil 9350 rtfél)g “M” ;)
4l opl 5o 1) (Soline (5lucine x5 wams oo olas] “SampleGAPprogram.txt” gasllas r\f.'.n 2 Yol Kl il Ci6 GAP .Y Cndse b wlas™
gap > pi= w579 b el ol 55 1) 053 ssmse Ly 7 op slaches b Dann oaloliy s553on a5 Y0 5o o slion Con w S5 5 5 St Slanss slades sl
-.&T@a Cewsty “GAP-MTO” Sage slaaly saxlS s aolin Cundgn S LS r:.Suf,aG gap > 1:=w=*s"5; 3 gap > 1 1= w;

3 Klénge
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)
VEY=VVO (VFo¥) ¥ osles oo uls Janals 5 col ) 4 dd cassama A e oles e oS5 vy o @

Yf V] o K el .Y Joue

Table 2: Mapping of K to [1---24]

C+ — G- — 9
CH#+ — ¥ Ab- — Y
D+ — ¥ A- =Y
Eb+ — V¥ Bb- — Y}
E+ — ) B- = Y¥
F+ — \0 C- = Yo
F#+ — M\ C#- — V¢
G+ = Yy D-  — Y
Ab+ +— YY Eb- — A
A+ = WA E- =0
Bb+ — V¥ F- =Y
B+ — Yo F#- — ¢

gap > gamma = IsomorphismGroups(TI,TI__K);
[ (1,2,3,4,5,6,7,8,9,10,11,12), (1,11)(2,10)(3,9)(4,8)(5,7) | ->
[(1,2,4,7,11,15,19,23,22,18,14,10)(3,6,9,13,17,21,24,20,16,12.8,5),
(1,8)(2,12)(3,14)(4,16)(5,10)(6,18)(7,20)(9,22)(11,24)(13,23)(15,21)(17,19) |
o) Oygol JAMMA S5 1yt gl

gap > t__K := Image(gamma,t);
(1,2,4,7,11,15,19,23,22,18,14,10)(3,6,9,13,17,21,24,20,16,12,8,5)

oS xS ) Oyeeon |y gamma Cod i eab

gap > i__K = Image(gamma,i);
(1,8)(2,12)(3,14)(4,16)(5,10)(6,18)(7,20)(9,22)(11,24)(13,23)(15,21)(17,19)

Y el 4 gae o () 0ol 05,531 (525,55 € 5l [YF. ] (505 il ol K T/T Jas Y0
gap > S_24 = SymmetricGroup(24);
Sym([1..24])
gap > IsSubgroup(S_24,TI_K);

true

Setigla i oy SL ol K T/T Joo 51 Sve 53 5lasSin S a8 a olo [VF] b s 5450 55 SelS ames
T el e sk (S/W)

Loy T Lol S8 a3l 1y e cbole,d l5in GAP (Jlocul b .ol (gap > Size(So4); 620448401733239439360000) Y 45 m 3 S 03,5 s «Sre™
350 )\Sﬂg
Sybn bale T/L5 pae o b S ol [ \] 5 oKl ol Jols K 5 T/T Joe g1z Srr 53 5LaSa™
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oo 1
VY=N0 (VY0 F) ¥osled Ve ale fanals 5 (5L €25 (ks (e 542188 (12 GAP 5l >

gap > SW = Centralizer(S_24,TI__K);
Group([ (1,2,4,7,11,15,19,23,22,18,14,10) (3,5,8,12,16,20,24,21,17,13,9,6),
(1,3)(2,6)(4,9)(5,10)(7,13)(8,14)(11,17) (12,18)(15,21)(16,22)(19,24)(20,23) ])

4 G @ bse by ol (anan 0L SIW gladdge plyienr b ol Judiy 9 Co b S S (20 il 2)
ol (5 w3l o) e Ky T/T Jae ol 55 55 0 0l 4 el sl 2280l 15,
gap > IsRegular(TI__K);
true
bty delta |y iy cpl [F] Sl Sy o 5L b
gap > delta := IsomorphismGroups(TI__K,SW);
[(1,2,4,7,11,15,19,23,22,18,14,10)(3,6,9,13,17,21,24,20,16,12,8,5),
(1,3)(2,5)(4,8)(6,10)(7,12)(9,14)(11,16)(13,18)(15,20)(17,22)(19,24)(21,23) | ->
[ (1,2,4,7,11,15,19,23,22,18,14,10)(3,5,8,12,16,20,24,21,17,13,9,6),
(1,3)(2,6)(4,9)(5,10)(7,13)(8,14)(11,17)(12,18)(15,21)(16,22)(19,24)(20,23) ]
Jos ¢ 53 dbgrin sy Sl b badse (25, Shle (GAP Sgy5bas 5,0 S/W 4 |y T/T ddelta S o)ls 55
s oo olis K gl

by delta Cos b pgas (3o\g Coyi) s Y0
gap > s = Image(delta,t__K);
(1,2,4,7,11,15,19,23,22,18,14,10)(3,5,8,12,16,20,24,21,17,13,9,6)
o8 (obaw 5Ly 35 Vb Caons & (of 5 553l O (B 53l € p8) 03,500 G gabemsty 1 5o3le 8 Sl glaos S i)
sl delta Cos i paas |y woeenl posVe 58000 ol 4 (b 5 o5e D 8 5 Cp18) Sl ples (gabesr 1) g
gap > w := Image(delta, i_K);
(1,9)(2,13)(3,14)(4,17)(5,18)(6,10)(7,21)(8,22)(11,24)(12,23)(15,20)(16,19)

Steyore S w0 | a3k rlfsit‘“ Gaesaze o ol ol iy S w ‘Srub T R V-t 3 R PRGN AL E e
233 € pl8) A\ s a S8 1, sl g3l S oo sl oty T 35 &8 oSl 5 s i o s o8 it
i aalsl oy s 2395 ol 9 3,0 0 ([ GH# rlf]”;:.» Ab rlfst._: Iy ossle C# rlf) Waol,¥s (s Grlfq D)
35250 SIW lsh cpl S w5800 o b Olajd (ol 63555 53 Sag walsx My 9 Zoh Glacaz s wsT 55 (ol S

A8 oo i 1y V.0 s

Syt Olon b 25800 (20585 (L 030 5 (ol 03,2 «(83130 03.2) 8BS (oo o g L S Byl oy - ¥.0
2,5 i

gap > p = wx*xs'T,

(1,20)(2,16)(3,15)(4,12)(5,11)(6,19)(7,8)(9,23)(10,24)(13,22)(14,21)(17,18)

gap > r = w*s 10;

(1,17)(2,21)(3,22)(4,24)(5,23)(6,18)(7,20)(8,19)(9,14)(10,13)(11,16)(12,15)

gap > | = wxs"3;

(1,5)(2,3)(4,6)(7,9)(8,10)(11,13)(12,14)(15,17)(16,18)(19,21)(20,22)(23,24)

1552 iy 25 U595l 51 (S5 Doty Sl S [B] (058 S 5180 B e (55505 ade (sl Jes sV
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e \9Y—\\O(\Y°Y) Y#JL«-::: ¢\° Jl.:-/wu}u.ob”)gfﬁ (doade t_x:.,.. cuaaaiv r Ol‘.’J:‘ ‘s%) IES)

gap > hp = lxpxl;
(1,13)(2,17)(3,18)(4,21)(5,22)(6,14)(7,24)(8,23)(9,10)(11,20)(12,19)(15,16)

S o Jos ‘jﬁ b slos S so Susl ;o9 Tos S Jl> 0.0

gap > T_K := Group(t__K);
Group([ (1,2,4,7,11,15,19,23,22,18,14,10) (3,6,9,13,17,21,24,20,16,12,8,5) ])
503 Byyme 03,8 K 5 T Jos (51, Ser s 3lusSin -imspo olis Ky of Jus P&a 53 (T)) 1 adge gloyss (255 sbis

il [A] Sso T (GLUTT) o158 obaw JWs) YAA gas somn r\.‘« o Slayss ga ks 5
gap > CinS_24ofT K := Centralizer(S_24,T_K);
Group([ (1,2,4,7,11,15,19,23,22,18,14,10) (3,6,9,13,17,21,24,20,16,12,8,5),
(3,5,8,12,16,20,24,21,17,13,9,6), (1,3)(2,6)(4,9)(5,10)(7,13)(8,14)(11, 17)
(12,18)(15,21)(16,22)(19,24)(20,23) ])
gap > Size(CinS_240fT_K);
28]

ool oV 51 29,505 S/W &

gap > 1sSubgroup(CinS_240fT__K,SW);

true

batess VY] o8 (5 el Sigased Wl & sl oty [YF ] (55 ) sl le G il o520

Sbate sazn laaiy s [V AW ucS (28 5 S o Jas L3le o8 b (slats oz (slaniy) Olysts S ans oo oLt |y (sl

V5 Y Gt b saais 4 VY5 ) (sxs) As)\;gbérbrmd‘w’éowqx—i—\Y;xoﬂ:«fngwom \J)j:.“..»r\f@bm
[Yf N o K ol call ¥ Jsue

Table 3: Alternate mapping of K to [1---24]

CH#H+ — C#- — Y
D+ — ¥ D- — ¥
Eb+ +— ¥ Eb- — 10
E+ — ¥ E- = \7
F+ =0 F- =Y
F#+ — # F#- — A
G+ = v G- — )4
Ab+ — A Ab- — Yo
A+ — q A- — Y
Bb+ +— e Bb- ~— YY
B+ =\ B- — Yy
C+ =Y C- — ¥

(i :Uniform triadic transformations Caiss™

http://dx.doi.org/10.22108/msci.2025.139767.1621 \oF


http://dx.doi.org/10.22108/msci.2025.139767.1621

koAb T
VY=V (Vo) Vosled Vo il Janale 5 (o0l 4083 (s (e g b8 sl GAP S5l

oS Lol (—) 5 b 1, S (1) sle So € {4, ol ps Swlad by (0,17, 67) S8 & S gLUTT V.0

:¥e "“‘56‘
gap > minus = (1,13)(2,14)(3,15)(4,16)(5,17)(6,18)
>(7,19)(8,20)(9,21)(10,22)(11,23)(12,24);
(1,13)(2,14)(3,15)(4,16)(5,17)(6,18)(7,19)(8,20)(9,21)(10,22)(11,23)(12,24)
gap > plus = minus 2;

0
gap > t plus;
(1,2,3,4,5,6,7,8,9,10,11,12)

)‘9.1:40 r\f@bm 6““‘“‘}"’“ X3 2 9 E[’&:‘g@ C)b}e “co?” J& L b (J«SLSA J«C [\Y . \] S T\) t Q‘)b 45
gap > t minus;
(13,14,15,16,17,18,19,20,21,22,23,24)
a8 o sl [YF VY] @ ae e SGalen 1) VY-V S8 o s “lgn” Jos b to.};cj.ﬁjﬁ L gaas &l

(Y] ) S5 2 0 Sonpp Sdad 5 d = (+,0,0) [Vo] sl & gdaly w5l ) LUTT el (Seo -AD
S (g3lede 5 Dy pots GAP 53 nhp = (=Y, 4)

gap > d := (t"plus)”b = (t"minus)"5 * plus;

(1,6,11,4,9,2,7,12,5,10,3,8)(13,18,23,16,21,14,19,24,17,22,15,20)

gap > nhp = (t"plus)”3 * (" minus)”9 * minus;

(1,16)(2,17)(3,18)(4,19)(5,20)(6,21)(7,22)(8,23)(9,24)(10,13)(11,14)(12,15)

e slasl ol e Sos e 3 YW e s MG LAWY s W 4 e 5 P 0 e SO Y oleyd sl o5

8 5 oyen F o8 e G o8 5 555 0ol 5 553 B o8 a3l F 08 s3le C# o8 4 i (531380 58 s

AT VAR Y S cu S J PP VIR EERVSNPORP WA J PRSP F WS (92 Olajd m55 yose 53 -l o, lal s e 53 45w B

C (88 wols a5 a6z s 1 s losma 3T I 5 655,800 ¥ 0 VY 5 5580 €30 VY & ¥ 635 S0z
5055 n dola g F (\fb;}ju D (K Oyee B (g\fwju

WUTT & | Jyere o83l Jos 55 cooss |, QQT rb 4 5855098 e Yoo Jlo s [A] S wsMew 4.0
SY a2 ool 55,5) Sy sty [V N] 2 S eos LS5 T/T g5l s 0t 5 09 8 ol il B a8 g0 Joao

S oo Jos (Sl (1Y) 5 () 2Kl 55 Joli
gap > QTT := WreathProduct(TI, SymmetricGroup(2));

<permutation group of size 1152 with 5 generators>

:H Llewwd [‘V] JMGLTS/I a};&u 6))‘3 de@f}‘ ALJAJA wil.kjo;ﬁxj e cQTT

G Ct s o D-(2,14) & |, D+ (C#-(1,13) & |y C+ o sl 22850 5 Sbols ol (g5lse gldsls Jool 13 wond Cisyms gan olajd s & (minus) Juolis Joe ™
s5bin asls [4] Sia 8L b izt 9 65l 56 s 163 bl 5o 5 Sl 3y (PLuts) oz o ccnlnly - oSl 5 2,85 C-(12,20)

Jols a5, cnl Sl 51 sii0n i [ 95/ 103,57 5 42 o oo ISl S 5ty St G Lol sl (Bt 5lats gora (535 S sasion €11y (25 S ([F] SUS
557 S s ety (ZuLd S JSES gl € X8 e amslie il SO iS5l (el g ST c_,élj) s oSl 033193 el Jols g e Ll o a3l
28 goon QTT 555 ¢ 350 55 b ooy S ol [A] Ssp 55 o |y e, “T/W
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VAT (VF0F) T olad (Vo s fumals 5 3 80 ctptams op s cpmad 0 0larstn oSy 5 5

gap > schritt = t plus x (t"minus)”—1 * plus;
(1,2,3,4,5,6,7,8,9,10,11,12)(13,24,23,22,21,20,19,18,17,16,15,14)

gap > inversion = i plus* 1 minus x minus;
(1,23)(2,22)(3,21)(4,20)(5,19)(6,18)(7,17)(8,16)(9,15)(10,14)(11,13)(12,24)
gap > SI := Group(schritt,inversion);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12)(13,24,23,22,21,20,19,18,17,16,15,14),
(1,23)(2,22)(3,21)(4,20)(5,19)(6,18)(7,17)(8,16)(9,15)(10,14)(11,13)(12,24) ])
gap > IsAbelian(SI);

true

2l gen 838 Gog L T (cois) (b W8l Rl iy Jsomo Sl Joe oM [W] (55le8° Vo0
S oo I5lon (b slaas sama 51 slose pore

gap > 1215 = m plus x m minus x minus;
(1,17)(2,22)(3,15)(4,20)(5,13)(6,18)(7,23)(8,16)(9,21)(10,14) (11,19)(12,24)
gap > 1216 = (m*1i) "plus * (m = i) minus * minus;
(1,19)(2,14)(3,21)(4,16)(5,23)(6,18)(7,13)(8,20)(9,15)(10,22) (11,17)(12,24)
gap > 1217 = i"plus * i minus * (t"minus)”6 * minus;
(1,23,7,17)(2,22,8,16)(3,21,9,15)(4,20,10,14) (5,19,11,13)(6,18,12,24)

gap > 218 = (m*1i) "plus * (m = i) minus * (t " minus)”6 *x minus;
(1,19,7,13)(2,14,8,20)(3,21,9,15)(4,16,10,22)(5,23,11,17) (6,18,12,24)

gap > 1219 = m plus x m minus * (t"minus)"3 x minus;

(1,17,4,20,7,23,10,14)(2,22,5,13,8,16,11,19)(3,15,6,18,9,21,12,24)

3ol VY (sam pis S Lslen Y (5350 (U (slang Sl g (1S sn Jus Y

gap > TI215 = Group(t plus = t minus,i215);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12)(13,14,15,16,17,18,19,20,21,22,23,24),
(1,17)(2,22)(3,15)(4,20)(5,13)(6,18)(7,23)(8,16)(9,21)(10,14)(11,19)(12,24) ])
gap > TI216 := Group(t plus x t minus,i216);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12)(13,14,15,16,17,18,19,20,21,22,23,24),
(1,19)(2,14)(3,21)(4,16)(5,23)(6,18)(7,13)(8,20)(9,15)(10,22)(11,17)(12,24) ])
gap > TI217 = Group(t plus x t minus,i217);

Group(][ (1,2,3,4,5,6,7,8,9,10,11,12)(13,14,15,16,17,18,19,20,21,22,23,24),
(1,23,7,17)(2,22,8,16)(3,21,9,15)(4,20,10,14)(5,19,11,13)(6,18,12,24) ])

gap > TI218 := Group(t plus x t"minus,i218);

Group([ (1,2,3,4,5,6,7,8,9,10,11,12)(13,14,15,16,17,18,19,20,21,22,23,24),
(1,19,7,13)(2,14,8,20)(3,21,9,15)(4,16,10,22)(5,23,11,17)(6,18,12,24) ])

e :Contextual inversion operators caiss

N g )t L cl San cois S

.jj_,“

Y

5 3) Sl st a2 (VY L OPY AOY sl S5) (55 bl 5o sadalyl s SE 6 3Sbs 5l (i, - i, i) [V sslesS psmn sl Sl 55138z ™
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gap > TI219 := Group(t plus x t minus,i219);
Group([ (1,2,3,4,5,6,7,8,9,10,11,12)(13,14,15,16,17,18,19,20,21,22,23,24),
(1,17,4,20,7,23,10,14)(2,22,5,13,8,16,11,19)(3,15,6,18,9,21,12,24) ])

dime b F dsar) oS paiie GAP Sa585,5 abulS 5l aslizal b1 laes S cnl 51 G 5o (530K b) wilgiee JI>
(DT

gap > IdGroup(TI);
[24,6]

gap > I1dGroup(T1215);
[24,5]

gap > IdGroup(T1216);
[24,10]

gap > 1dGroup(TI1217);
[24,4]

gap > IdGroup(T1218);
[ 24, 11 ]

gap > I1dGroup(T1219);
[24,1]

W paie UM 5 Yo gljf& g Sps ooy olik ¥ Jpus

Table 4: Isomorphism classes of the nonabelian subgroups of order 24 in M with an element

of order 12
T/T = Y45 = Dy
T/Iy = [YY,0] = DsxCk
T/lys = [Yf,Ve] = DyxCy
T/Iny = [Y5,¥Y] = Dic
T/Iyn = [YEW] = QO xCr
T/Ina = [YF\] = CrxCy

3513 )Wl Gy 3 O peliates 20 4 “Cr X Gy 5 A 5430 S8 ez 05,54 “Qn™ () YF 530 (635393 09,5 & “Dics™ sl o F Yy 5™
Sy SS YY (6450 09,5 035 GAP (60l 83 53 s0iss s 058 (paaiicds gl T/ T oS sl oyl oo a0 S ams o sLis | [YF, 8] Jlais cgap > IdGroup(TI);obJés?b.&m
hazs a8 “GAP-MTO” Sage slewly gamlS 55 bual s sus 8l 5T gle b Cain cg epl 51 6l siis oo Sage sl oS 55,5 sbulS ol
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S oa Joo [V \] 2 Sy (gebamse S Sl TTO Sl gpile 0 SO M- 555 g5l S
gap > M = WreathProduct(t(TTO, SymmetricGroup(2));

<permutation group of size 4608 with 7 generators>

i 3l) GUS S/ T 058 5o ol M lany S5 0lysar 33 VY saie paie S L Y sadi hTop 850 A0
) Jlie S (VL 410
gap > IdGroup(SI);
[24,9]
ot O S Ss 0

S/I=[Y¥,4] = Cyy x Cx

.YAbj.i‘.@ J‘;\f‘} a.).;l‘}} © w,& u‘}.&ﬂu e S bJ:’LA:-;LB P | P
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