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CUBIC SEMISYMMETRIC GRAPHS OF ORDER 40p

MOHAMMAD REZA SALARIAN AND JAVANSHIR REZAEI®*

ABSTRACT. A simple graph I is called semisymmetric if it is regular and edge-transitive but not vertex-
transitive. A simple graph T" is called cubic whenever it is 3-regular. An important research problem
is the classification of semisymmetric cubic graphs of different orders. The purpose of this article is
the classification of semisymmetric cubic graphs of order 40p, where p is a prime number. We show
that for p # 3,31 such a graph Does not exist. Suppose p is a prime number, Folkman showed in[13]
that there is no semisymmetric graph of order 2p or 2p®. We show that if I' is a semisymmetric cubic
graph of order 40p, then p = 3 and I is isomorphic to a semisymmetric cubic graph of order 120 or
p = 31 and T is isomorphic to the coset graph C(L2(31) : S4,S4). Our basic tools in this research are

automorphism of graphs, simple groups, solevable groups and permutation groups.

1. Introduction

Throughout of this paper all graphs are finite, undirected and simple, i.e. without loops or multiple
edges. A graph is said semisymmetric if it is regular and edge-transitive, but not vertex-transitive.
An interesting research question is to classify connected cubic semisymmetric graphs of various types
of orders. Folkman proved in [13] that there is no connected cubic semisymmetric graph of order 2p

or 2p?. cubic semisymmetric graphs of orders 4p?,8p? and 10p® have respectively been classified in
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[2],[1] and [3]. The authors of these articles have shown that there is no cubic semisymmetric graphs
of these orders. According to [23], only cubic semisymmetric graph is obtained for p = 3 and it is
gray graph with 54 vertices. In [18],it has been shown that there is no cubic semisymmetric graph
of order 4p3 and only cubic semisymmetric graph of order 8p? is obtained p = 3. cubic semisym-
metric graphs of orders 6p?, 10p?, 14p2, 20p?, 20p, , 6p°, 12p>, 34p> have respectively been classified in
[16],[19],[4],[11],[29],[23],[12],[18],[5],[10]. In this paper we will characterize connected cubic semisym-
metric graphs of order 40p. In fact we prove that if I' is a connected cubic semisymmetric graph of
order 40p, p prime, then either p = 3 and I' is isomorphic to the cubic semisymmetric graph of order

120 in or p = 31 and T" = C(Ly(31); S4, S4). So precisely, we shall prove the following theorem.

Theorem 1.1. Let p be a prime and p # 3,31. Then there is no connected cubic semisymmetric

graph of order 40p.

2. Main Results

In this section, we prove theorem 1.1 First we state some lemmas and prove some of them.
Notation and Assumptions: According to [7], for p = 3 there is only one cubic semisymmetric
graph of order 120 and for p = 5,7,11,13 and 17 there is no cubic semisymmetric graph of order 40p.
Thus we can assume that p > 19. In the remaining of this paper I is a cubic connected semisymmetric

graph of order 40p , where p > 19 is a prime. Set A = Aut(I).
Lemma 2.1. If O,(A) =1, then A does not have normal subgroup of orders 10 and 20.

Proof. Let {U,V} be the bipartition of I' and w € U. Then |U| = |W| = 20p and |4,| = 2".3, for
some r, 0 <7 <7. So|A| =|A,/|U| = 2"2.3.5.p. Assume that Oy(A) = 1 and let M be a
normal subgroup of A of order 20. Then M is intransitive on U and , I'ps is a %—semisymmetric
graph with bipartition {Uy;, Wps}. We note that ]%| = 2".3.p, and |Upy| = [Wps| = p. Let % be a
minimal normal subgroup of %. If % is unsolvable, it must be a simple group of order 2¢.3.p for some
1,1 <4 < 7. But since p > 19 there is no K3-group of such order. So % is solvable and therefore
elementary abelian, whether it is transitive or intransitive on the partition sets we have |K| = 20p.
The Sylow p-subgroup of K is normal in K and since it is caracterisitic in K, hence normal in A that
contradicting with our assumption O,(A) = 1. Let M be a subgroup of A of oder 10. Since M is
intransitive on U, we have that Ty, is %—semisymmetric with a bipartition {Uas, Wi}, |%| =27+t13p
and |Up| = |War| = 2p. Let % be a minimal normal subgroup of %. If % is unsolvable, it must be
a simple group of order 2¢+1.3.p for some 4,1 < i < 8. But there is no K3-group of such order (for

p > 19). So % is solvable and then elementary abelian, whether it is transitive or intransitive on the

partition sets we have |K| = 20 or 10p. The first case could not be possible and in the second case
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the Sylow p-subgroup of K is normal in K and since it is characteristic in K, hence normal in A that

contradicting our assumption O,(A) = 1. Now the lemma is proved. U
Lemma 2.2. We have either |O,(A)| =p orp =31 and I' = C(L2(31);S4, Sy).

Proof. Let {U,W} be a bipartition for . Then |U| = |W| = 20p and |A| = 2"+2.3.5.p, for some
r,0 < r < 7. Let N be a minimal normal subgroup of A, then N = T* where T is a simple group.
If T is nonabelian, since the powers 3 and 5 in |A| equal 1, we get that £k = 1 and N = T. Either
|N| divides |U| = 20p or |U| divides |N|. In the first case, since |N| is divisible by at least three
distinct primes we have |N| = 2¢.5.p and hence N is a simple K3-group. But the order of such groups
is divisible by 3. Therefore |N| is divisible by 20p. Again since the order of every simple K3-group
is divisible by 3, N must be a simple K4-group of order 2°.3.5.p. So N = Lo(11), Lo(2*) or Ly(31),
these groups correspond to p = 11,p = 17 and p = 31 . Since p > 19, N = L5(31) and the order of %
does not divisible by 3. Now I' is a N-semisymmetric graph. For each v € U and v € W by [9], we
have N, = N, = Sy and I' = C(N; N, N,). We note that by [24, Theorem 1.3], C(L2(31); S4, S4) is
a connected cubic semisymmetric graph.

Now assume that IV is solvable and hence elementary abelian. It gives us that I'y is a connected
cubic 4-semisymmetric graph of order %. We claim that |O,(A)| = p. Assume not and Op(A) =1,
then N = Zy, 7y X Zy or Zs and 'y is %—semisymmetric graph of order 20p, 10p or 8p respectively.
Take {Un,Wn} to be the bipartition of I'y and % be a minimal normal subgroup of %. Assume
that N & Z,, then |%| = 2/*1.3.5.p and [Un| = |[Wx| = 10p. If 4 is unsolvable, then it must be a
simple Ky-group of order 2¢.3.5.p that contradicts our assumption. If % is solvable, then % = 75, Zs
or Z,. If 2 = 75, then|M| = 10 that according to lemma 2.1 it could not be possible. If & =~ 7
the Sylow p-subgroup of M is normal and characteristic in M, so it is normal in A, contradicting
our assumption. If &L 2 Z, then M = Zy x Z5 or Zu, |47 = 27.3.5.p and |Uy| = [Wa| = 5p.Let
% be a minimal normal subgroup of %, then it is solvable and isomorphic to Z5 or Z,. The first
case by lemma 2.1 can not be hold and in the second case we have |O,(A)| > 1, contradiction our
assumption. This shows that N is not isomorphic to Zs and a similar argument also shows that N is
not isomorphic to Zy X Z5 . Finally we assume that N = Zs, then |%| = 2"t2.3.p. But there is no
such simple K3-group since p > 19. If % is solvable, then it is isomorphic to Zs, Z3 X Z3 or Z,, which

implies that |M| = 10,20 or 5p and each of them is impossible. Now the lemma is proved. O

By lemma above, in the remaining of this paper we assume that p # 31. Then a Sylow p-subgroup

of A is normal in A.

Lemma 2.3. Let M be the Sylow p-subgroup of A and % &~ G. Then we have
(i) For each vertex u, A, is isomorphic to a subgroup of G.
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(i) A= G xg M for some homomorphism ¢ : G — Aut(M).
Lemma 2.4. Let M be the Sylow p-subgroup of A. Then % is mot isomorphic to As.
Lemma 2.5. Let M be the Sylow p-subgroup of A. Then % is mot isomorphic to Ss.

Now we can prove our main theorem. We note that Fyg is the unique cubic symmetric graph of

order 40.

The proof of theorem 1.1. : Let " be a connected cubic semisymmetric graph of order 40p. By [7] we
assume that p > 19. Let A = Aut(T") and M be a Sylow p-subgroup of A. We have |A| = 2"+2.3.5.p
and by lemma 2.2, either M < A or I' = C(L2(31);S4,S4). So we assume that M is normal in A. Let
U, W be a bipartition of I'. Then we have |U| = |IW| = 20p and M is on both U and W intransitive.
Now I'js is a connected cubic %—semisymmetric graph of order 40. Set G = %. Since 'y is G-
semisymmetric, we get by [7] that it is G-edge transitive and hence it is symmetric. Thus 'y = Fyg
and G is isomorphic to a subgroup of Aut(F4). By [7] we get that |Aut(Fs0)| = 480, so we have
|G| = 272.3.5 < 480. This implies that 2"+? < 32 and G is intransitive on U. Therefore |G| < 480
and 0 < r < 2. Hence |G| = 60,120 or 240 and G is transitive on both Uy and Wj,. This gives us that
G is a transitive permutation group of degree 20 and of order 60,120 or 240. We note that Aut(Fy4)
has a subgroup H = A5 X Zgy x Zs of index 2 and G is a subgroup of Aut(F4). So GNH is a subgroup
of index at most 2 in G. Assume that |G| = 60. Then using Gap we get that G = A5 or Zs x A4. The
first case due to lemma 2.4 is not true and by the structure of (Fy9) we get that G is not isomorphic to
Zs x Ay. Now assume that |G| = 120. Again using Gap we obtain that G = S5, Zo X Ag, Sy X Zs, Z5 x Ay
or D1p X A4. By lemma 2.5, G is not isomorphic to S5. By the structure of Aut(Fyg), we get that the
only possibility for G is to be isomorphic to Zo x As. If G = Zs x Ajs, then G has a normal subgroup
K = As and 3 does not divide the order of % This implies that I'j; is K-semisymmetric which is
impossible. Now assume that |G| = 240. Then G is a subgroup of index 2 in Aut(F4). By this and
Gap we get that G = Zy X S5, Z4 X A5, 7o X Zy X As or Ag X Z4. Assume that G = Zy X S5 and set
T = Z(G). Then T = Zy and (I'pr)r is %—semisymmetric. Now let B = % Then B = S5 and for
each edge {u,v} in I" we have |B,| = |B,| = 12, also each subgroup of B of order 12 is isomorphic to
A4. This gives us that (B, By) = (A4, A4) that is impossible. A similar argument shows that G is

not isomorphic to A5 X Zy4,Z4 X As or Zo X Zo X As. This completes the proof of theorem 1.1. O

3. Conclusions

Corollary 3.1. We assume p is prime and I' is a connected cubic graphs of rderdQOp:
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(1) IfT is a semisymmetric graph then p = 3 and I is isomorphic to a semisymmetric cubic graph
of order 120 or p = 31 and ' is isomorphic to the coset graph C(L2(31) : S4,S4)
(2) IF p # 3,31 then T is symmetric

TABLE 1. K,-Simple groups of order 2! x 3 x 5 x p

4. Tables, Figurs and graphs

Group order

Ly(11) 22 x3x5x11
Lo (2%) 24 x 3 x5 x 17
Ly(31) 2% x 3 x5 x 31

FICURE 1. Semisymmetric graph diagram Sio9
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