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NEW SOLUTIONS TO EINSTEIN’S EQUATIONS TO FIND WALKER
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SHAHROUD AZAMI

ABSTRACT. In this paper, we investigate the Einsteinian manifolds with parallel null distribution. For
this, we first obtain the equations that lead to finding the mentioned manifolds. These equations
are known as Einstein’s equations. Then we reduce these equations by using Lie symmetry method.
These equations are known as Einstein’s equations. In this method, we first obtain the generators
of the symmetry algebra and then calculate the differential invariants for each of the generators and
calculate the group invariant solutions of this equation. In addition to this, we also obtain the optimal
system of the one-dimensional sub-algebras of these equations. This optimal system helps us to have

a classification on group invariant solutions using conjugate mapping.

1. Introduction

Many physical phenomena around us are modeled based on a differential equation. The role of
differential equations, especially differential equations with partial derivatives, is very prominent in
various sciences, especially in physics and engineering sciences. Obtaining the solutions of such equa-
tions has been of interest to mathematicians for a long time, and so far various methods have been
presented to solve differential equations. One of the most powerful methods is Lie symmetry method,

which was first described by Sophus Lie in the late 19th century [9]. The main and fundamental
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concept in this method are Lie groups. With this method, the order of ordinary differential equations
can be reduced, differential equations with partial derivatives can also be reduced in special cases, the
solutions of equations can be classified and etc [4, 12]. In short, it can be said that the symmetric
group is a group of transformations that affects the independent and dependent variables of the equa-
tion and covert the solutions to solutions. Therefore, by having a symmetric group and a solution to
the equation, various solutions of that equation can be obtained. The important point is that in some
systems of partial differential equations, all symmetry reductions are not obtained from the classical
symmetry method. This caused many mathematicians to search for ways to generalize Lie’s method
so that with the help of these methods they can obtain more solutions of the equation. Ozyannikov in
[13, 15] generalized the concept of group invertible solutions and called this group of solutions partial
invertible solutions. The difference between these solutions and group invertible solutions is that their
graph is not completely invertible under the group of assumed transformations.

There are more recent generalizations of the concept of group irreducible solutions, which can be
referred to the method presented by Blueman and Cole [3], and it is called the non-classical method in
group irreducible solutions. In recent years, the solutions of many important and practical equations
in physics have been obtained by the partial invariant method, and this method has attracted the
attention of researchers in this field [1, 2, 11].

In this article, we are going to get the partial solutions of Einstein’s equations and compare them.
Einstein’s equations are equations whose solutions determine the metric of a special type of manifolds
called Walker manifolds. Walker manifolds are manifolds that have a null parallel distribution [5,
17, 18]. These manifolds play a very important role in modeling physical problems. In this, the
role of 4-dimensional Walker manifolds is very important. These models express the fact that matter
determines the geometry of space-time and opposite to the motion of matter, it is determined by the

space meter tensor [16, 19]. Einstein’s equation system for 4-dimensional Walker manifolds is:

c22 + a2 =0, bao —ai1 =0, c11 + b2 =0,
(1 1) 2c93 — aci2 — 2a24 + baga + 2cajo — 622 — agcy + asby + ajco =0,
co4 — beaa — beag — cerpxr — acyy — baz — a1g + carp — crea + azby =0,

2c14 — berg — 2b1s + 2¢bia + abiy — 12 + bacy — bieg + arby = 0,

where a, b, and ¢ are function with respect to (x,t,y,2) and the metric of 4-dimensional Walker

manifold is determined by

0 010
0 0 01
(1.2) 1 0 a ¢
01 ¢ b
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Due to the importance expressed about Einstein’s equations, many efforts have been made to solve
these equations in recent years. In some studies, solutions of this system of equations have been
presented in special cases. For example, if we assume that the functions a, b and ¢ depend only on
y and z, we can define a hyper-para-Kaehler structure on the manifold which is Ricci flat. Some
other special cases have also been investigated, for instance, a = b = 0 and b = ¢ = 0 [5]. Also, the
case where the functions a, b and ¢ depend only on x and ¢ has also been investigated [8]. Also, see

[6, 7, 10, 14].

2. Main Results

We prove any two-dimensional sub-algebra of the symmetric algebra of Einstein’s equations, with

exactly one of the following sub-algebras is conjugated

Vll (X1, X3+ aXe + BX7), V12 (X1, Xo + aX5 + 5X7), Vi% (X1, X5 + aXy),
Vil (X1, X3+ Xe + €X5 + aX7), V15 (X1, Xo + aX3 + 5X7), V16 (X1, aX7 + X)),
Vi (X, X7),
Vi (Xo, BX7 + aXe + X3), V2 (Xo, X1 +eXy+ BX7), Vi:(Xo, X4+ aXy),
Vi (Xo, X3+ eXy+aXy+ Xg), V§:(Xo, X1+ Xg+aXy), W (X2, aX7+ Xg),
V3 (Xa, X7),

V:% (X6, a X7+, X3), V:% : <X6,X4>, Vg : <X6,X5>,
Vél 2 (Xe, X1+ aXy), Vg : (XG,X2>, Vg : <X6,X7>,

Vi : (EXl +X6,X2>, VZ . <€X1 +X6,X5>, Vi’ . <€X1 +X6,X7>,

Vé : <X5,X3 + aXg + /BX7>, Vg : <X5,X1 + aXg + B)(7>7 Vg : <X5,X6 + OéX7>,
Vgl : <X5,X7>,

Vﬁl : <€X2 + X5, X3+ %X6 +OZX7>, Vg : <6X2 + X5, X4 —I—aX7>, Vg’ : <6X2 —|—X5,X7>,

V71 (X4, X3+ aXg + 5X7), V% Xy, Xo + aX3 + 5X7), V? Xy, X6 + aX7),
Vi (Xy, X7),

Vi (Xy+eXy,aXr +2X6 + X3), Vi:(eXi+ Xy, Xo+aX7), V3:(eX)+ Xy, X7),

Vi i (X3, X7+ Xo), Vi:(Xs3,X5), Vi: (X3 X1),
Vi o (X3, X6 +aXq), Vi: (X3, Xq), V§:(Xs,X4),

Vi (eXo+ X3, X1), Vi (eXo+ X3, Xy), Viy: (X3 + Xo, X7),
Vilo : <X2, OéX7 + X3>,

Vi (eXy+ X3, —2X7 + Xo +eX5), Vi 1 (Xz+eXy, Xo+aXy), Vi :(eXy+ X3, X7),
Vfl {eXy + X3, X35+ X6 + aX7), V151 c(eXy + X3, X0 + X)),

V112 : <€/X4 =+ X3 =+ €X2,€IX2 + X1>, V122 : <6/X4 + X3 + EXQ,X7>,
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where a and 3 are constants, ¢ = £1 and ¢/ = +1 and € = 1 or 0.

In the following, we calculate the partial invariant solutions of the Einstein equation system.

e For the subalgebra (Xi, X7) the invariants are {t, g, £}, so the dependent variables are

(2.1) a=a(z,t), c=ag(t), b=af(t).

Then the corresponding partial invariants solutions are as

a=-cy a=cy+cit
1) b= (cy+c3t)ey 2) ¢ b=c5+ Beit
c=cycy ¢ =cyc1 + (c2 + cit)es
2.2
(22) GZM c3 (aZC4+t03+clln(cz+t)
C1 2
B cg(t + c2)
3) b=cs5(ca+t) 4) b= T
c=cy \0205—1—0@

e For the subalgebra (Xa, X7) the invariants are {z, 2, £}, so the dependent variables are
c= ag($)7 b= af($)7 a= a(l‘at)'
Then the corresponding partial invariants solutions are as

c
a=cx+cy, b= clch + (0—5 — c%@)ln(clx + ¢c2) 4+ ¢, ¢ = c3(c1x + ¢2) + ey,
1

e For the subalgebra (X5, X7) the invariants are {¢, ‘32;%, %er‘”} so the dependent variables are

b(g(t) — x)? b
a= bt + =D pa ), o= (gt) - )"
Then the corresponding partial invariants solutions are as
o= (c1 + eat®) (@ — ¢3)? —(A), b= ca+ 027537 o= (c1 + cat®) (z — 03)7
t3 t t2
where
1 c1 C1 .2 2cot c1 (2) 1

(N2 _ (e (D) 12 4 (S 2) O _
O () 4+ ()0 avBian (2 (G -

e For the subalgebra (X4, X7) the invariants are {z, =2tct, at272;“;t;+bx2 }so the dependent vari-

A= (5 + cq)t(In(t + (

))-

ables are ,

t t t
@ =a(w,1), b= a2 f(z) +9(2) + ), = o~ + [(2))
Then the corresponding partial invariants solutions are as

. cl—i-czx?” - (e1 + cox®)(t + c3)? (B). o= (c1 + coz®)(t + c3)

z 3 2

9

108 http://dx.doi.org/10.22108/msci .2024. 140664 .1643


http://dx.doi.org/10.22108/msci.2024.140664.1643

Sh. Azami, Journal of Mathematics and Society/ 10 no. 1 (2025) 105-124

where

CLVEN2 _n(—a( YD) 422 4 (3 4 2v/Btan—1 (225 () _ L
P (a2 40+ (D) +2vBran (2O -

e For the subalgebra (X9, X+ X7) the invariants are {z, a%, =5}, so the dependent variables are

B = (¢5 4 cq)z(In(z + ( )-

c= GQQ(:E)’ b= a3f(x)’ a = a($7t)a

Then the corresponding partial invariants solutions are as
4(t+c1) 43(t +c1)? dea(t + cp)?
= 3 b= 10 €= 3
(cox + c3) (cox + c3) (cox + c3)

where ¢; are constants.

3. Conclusions

In this article, after stating the definition and the method of obtaining the solutions of differential
invariants for an equation, we obtained the two-dimensional sub-algebras of the symmetric algebra
of Einstein’s equations. Then, using it, we calculated the solutions of the partial invariants of these
equations and proved that these solutions are different from the solutions obtained by the Lie symmetry
method. In fact, it was proved that these solutions are non-reduceing. Based on this, new and valuable
solutions were obtained from one of the famous and widely used equations in physics, Einstein’s
equations. These equations actually determine the metric of Walker manifolds, which play an essential

role in space-time modeling.
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