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MARIO PIERI’'S AXIOMATIZATION OF GEOMETRY

REZA REZAVAND

ABSTRACT. In this paper, we discuss the method of the Italian mathematician, Mario Pieri, for axiom-
atization of geometry, which is based only on two undefined terms, point and motion. We examine the
postulates proposed by him, definitions of various geometrical concepts and some important theorems

arising from those postulates.

1. Introduction

After the conclusion of a long debate about the fifth postulate of Euclid known as the parallel
postulate in the early 19th century and the emergence of non-Euclidean geometries, the attention
of mathematicians was drawn to other postulates of Euclid and the question, whether or not, in
general, the set of postulates presented by him is a satisfactory system of principles, was taken into
consideration. The first person who tried to present an improved system of postulates for geometry
was Moritz Pasch, a German mathematician who did this in 1882 in a book called Lectures in New
Geometry [3]. From his point of view, some important geometrical concepts in Euclid’s book, such as
betweenness of points as well as the congruence of geometric shapes are not precisely defined, nor are

principles established for the exact identification of these concepts. The undefined terms for Pasch at
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the beginning of the discussion were points and line segments, to which were later added the concepts
of flat surface and congruence of geometrical shapes. From Pasch’s point of view, line segment as
an undefined term is preferable to line because it is more tangible, and by introducing line segment
as an undefined term and establishing principles for it, it is also possible to define the concept of
betweenness of points at the same time. Regarding congruence, Pasch got his idea from the concept
of rigid motion, and according to him, congruence between two geometrical shapes intuitively means
that one of the them can be moved in such a way that it fits properly on the second one. Of course,
the problem in this regard is that geometrical shapes can not necessarily be moved independent of
each other. For example, if two shapes have common points, with each movement of one, the other’s
common points also move. Of course, Pasch overcame this problem in this way that if there is a third
shape that can be moved with respect to the above two shapes and fits both, then both of them will
also be congruent. Of course, the concept of motion for Pasch was just an intuitive idea to build the
concept of congruence and formulate the principles related to it, and in the ten postulates that Pasch
established for congruence, no name of motion was mentioned.

The next person was Giuseppe Peano, an Italian mathematician, who in 1889, inspired by Pasch’s
work, wrote a booklet called Principles of Geometry [4]. The above work was almost a rewriting of
Pasch’s principles and theorems in logical language. Of course, the topics related to congruence are
absent in this small treatise. Five years later, Peano expanded his previous article to a considerable
extent in another article called the Basics of Geometry, which is more detailed, and added explanations
to it [5]. But the most important difference between this and the previous article is the topics
which are related to congruence. In this part, Peano, after referring to principles of congruence by
Pasch, took another method and instead of congruence, he introduced motion itself, as an undefined
term and established principles for it. Unlike Pasch, whose perception of the concept of motion was
really a physical movement, Peano considered motion as a mapping that corresponds points with
properties reflected in principles. After introducing motion and its principles, at the end of the article,
Peano presented a relatively detailed discussion about specific types of motion, including reflection,
translation, and rotation.

The next person was Mario Pieri, another Italian mathematician, who went even further and claimed
that it is possible to define other geometrical concepts with only two undefined terms of point and
motion. In 1900, almost simultaneously with Hilbert’s Principles of Geometry, he wrote an essay
called the Treatise on Point and Motion [6] and he used the above idea there and tried to prove all
the theorems of the first three books of Euclid. Some of his basic principles regarding motion are
similar to Peano, but he has followed a different approach. In this article, we examine the method
used by Pieri and review the postulates introduced by him, concepts based on these postulates and

the important theorems derived from them. For more information about Mario Pieri and his role in
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development of mathematics, refer to [1, 2]. Especially in [2], there is a translation of the Treatise on

Point and Motion in English, which is also used in writing this article.

2. Main Results

Throughout this section, a, b, c are distinct points. Pieri in his monograph first introduces some
postulates to explain the nature of points and motions. The first concept that he defines by means of
motions is the collinearity of three points. He calls three points collinear if there exists a pure motion
that keeps all three points fixed. Next, he defines the line joining two points a, b as the set of points
which are collinear with them and defines a plane abc as the set of all points on any of the lines that
connect a to points on the line bc or connect b to the points on the line ac or connect ¢ to the points on
the line ab. His most important tool for introducing the geometric concepts by motions is sphere. In
his sense the sphere through b with center a (denoted by b,) is the set of all points x, such that, there
is a motion that takes b to x and keeps a fixed. Next he introduces some postulates about intersection
of lines and spheres and defines reflection of b across a, as the point that lies on the line ab and on the
sphere b, but different from b. He mentions a postulate which guarantees the existence of a motion
which carries a onto b and maps some point of ab to itself and calls that fixed point, the midpoint of
a, b denoted by a|b. Next he defines a circle as a set of points that lie on a sphere and at the same time
in a plane that contains the sphere’s center. Then he says the pair (a, ¢) is perpendicular to the pair
(a,b) (denoted by (a,c) L (a,b)), if there exists a motion that maps ¢ into a point different from ¢ but
belonging to the line ca and keeps the points a, b fixed. He calls two figures congruent to each other,
whenever there exists a motion so that the one figure is transformed precisely into the other. Next he
defines the polar sphere of the points a, b as the sphere aq, = b, and says the point z is internal to
a sphere b, when there exist two distinct points on the sphere having x as midpoint. He says a point
x is between a, b if a,b,z are collinear and z is internal to the polar sphere of a,b. Next he defines
the segment |ab| as the set of all points that lie between a and b, or that coincide with a or with b.
By introducing the concept of betweennes, the rest of his approach is similar to standard axiomatic
methods and he introduces the concepts of ray, triangle and halfplane similarly. He concludes his

paper with a discussion of continuity principle.

3. Summary of Conclusions

In this article, we have briefly examined Mario Pieri’s method for axiomatization of geometry by
two undefined terms, point and motion. The concept of motion was first used by Pasch as an idea
to introduce the undefined concept of congruence. Then Peano directly used motion as one of the
undefined concepts and used it to define congruence. But Peiri’s method was unique in that he

considered point and motion as the only undefined terms and defined other geometric concepts by
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them and according to what was discussed in this article , it can be concluded that his effort was quite

successful.

[1]

= e Y

REFERENCES

E. A. Marchisotto and J. T. Smith, The Legacy of Mario Pieri in Geometry and Arithmetic, Birkhauser,
Boston, 2007.

E. A. Marchisotto, F. R. Consuegra and J. T. Smith, The Legacy of Mario Pieri in Foundations and
Philosophy of Mathematics, Birkhduser, New York, 2021.

M. Pasch, Vorlesungen tiiber Neuere Geometrie , Teubner, Leipzig, 1882.

G. Peano, I Principii di Geometria Logicamente Esposti , Fratelli Bocca Editore, Torino, 1889.

G. Peano, Sui fondamenti della geometria, Rivista di matematica, 4 (1894) 51-90.

M. Pieri, Della geometria elementare come sistema ipotetico deduttivo: Monografia del punto e del moto,
Memorie della Reale Accademia delle Scienze di Torino (series 2) , 49 (1900) 173-222.

Reza Rezavand

School of Mathematics, Statistics and Computer Science, College of Science, University of Tehran, Tehran, Iran

Email: rezavandQut.ac.ir

94

http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

axel> 5 L)
FOoY-YYYO (o, SINLLE £FAV-YYFD o(ol) Lls
Vod-91) s ((1FoF) ) skt 8 als
The Author(s) \foY ©

http://math-sci.ui.ac.ir http://www.ui.ac.ir

St ol sy 4 4miin 53l gy o
Lols, Lo,

p3the 33 2 (soen g5 &S dwiin (g3lugo g 50 Jol sl (U Olas by m sole Sl 4 i ol s 00 Se
LSslf 9 (ewd alisen rthiA gji)bﬁ 9 3\ lzsz (%4 :L@_i:g 4£j*bjﬁ Ll}“" 'riﬂ;JiLSA ‘J":QLSA g;S;;-, abads oais gjfjas
foadte SR iz 350 s sl o) 51 el & blad 5|

doddo -\

(Bl gloawiin j5eb 5 w2355 03 bl 53 (38 ol 4 psmge uadBl oy ool ST s 51 ey
L;~.¥¢L§‘ lzﬁﬂjs oA 43[)‘ Ll}“g\ 4L gomn L5A5;<151949 k;[ 45’4Ji~&9 C;ﬁ‘ 9 K% &Tal?- L)"‘%TLgt L15~9‘ JfL*" L C)ls‘J:a‘éli) 4€>j3
s G S B S S s 'Cﬂ-"bf{‘ﬁ 5 e o b asl o i Cols) (esbse Jeol BBy
& g 2S5 AMY Jle s oy ST ohsl, T AL upe xS Bl1 dusin g €L 35 o 5550 Joo!
5 bl o e 51 i g nlin 51 o ool o 51 L[] s ploil 4 L n ol cbaie i s ol
385 ki gy Syl 6 5 sd i ynd 535 bt 6 ¢ o3l Sl DS s e ST Uil B e
CE.»‘..:ALM aols! s 455‘93‘1:}5)\4?34.1::.33 Eow glal s ué“tﬁd“z’ NRARE-IRE] r.:m\.m ol DJ:J‘)‘SCJLJ r:.a\.u o
‘Jﬁ} 3yl CA:.”J‘ L IR WANE-TRV Y rj@.u u\}.&o L UL’, cu’bb“ Jh.s)\ .\ibﬁulﬁa\ L}LT@ é‘..k.,\ C,\:LG 9 &0
S Olgisn Olosen 0l (152 (Jpol by 9 00l o250 5o Olsisty bsosly (Bime b Sl (el (sl 5 sale
I 5 o Ll sl b 5l 5 28 Sl o S8 psaie 51 AL (Bl LB syge 0 58 (ime 5 |, blE
S9s Wb)jbg/ﬁsb oS~ 6\43354.3 I RTU Jﬁ.".- 95 3 L;sl 0‘336“ S el (s Qﬁ\ 4 LS"}G':’JE"‘J‘\ PRV
J}.Egr.mg&....ws lﬁj}—‘wmdgjbﬂécﬁw‘w‘bJ‘) S u&}.ﬂ.&(ﬁ‘)b 45615\.:..4 42...]\ .njf@f.k;np:()&i
MQTJ.,:S:\:;“SJ}L;\AJ;Q\Jdﬁgjwb&de\jbéo\j&dw‘émﬁcwdﬁy&ﬁd.&m
o Ll S e S s s K Siite blis (G S L bansl sl Siie bli S 5 81V s 8
érjﬂi»ﬁﬁxﬁﬁtedﬁ&géﬁg}iiﬁ@%éﬁﬁbﬂug}ﬁﬁ‘45>J5¢J5-‘-ﬂoﬁ‘xa}5~ioﬁ‘
rﬂ.u Q:}L...J\jl..:\ 6‘)'.’ (§3 94 s gii/\.ej.o ‘UZL“: sy <S> rﬂ.u < '“\:"’chs” Bl &\5):3‘55 ol &l ‘.>.>)§
wiis (S g3luse pdsm ol o sle sl LS5 SlLe
S Losaams thaly pands us
s Wi g 5
SR AERAHIEFERL S 7ANAL ST IR 23 72V SR CC R

No0AY (1FoF) | n)les & camale 5 2y 0,25 s asle s & dmtin (65 o gign ool gl s el 4 ¢ o
. http://dx.doi.org/10.22108/msci.2024.139419.1615

"Moritz Pasch
40


http://math-sci.ui.ac.ir
http://www.ui.ac.ir
https://orcid.org/0000-0001-9383-2524
http://dx.doi.org/10.22108/msci.2024.139419.1615

jpctosiont o] \00—‘\0(\\‘0\“) \b_)u a‘\.xb/wbjs.a\quu ‘-\:’ju) 5]

CS o 3l ool g S g5 Ll Sk (1 2 S Lol es 5 5 o o & by o Jsol oo 5 Ll oLl

R 83

& pyusn SMzlS (2L DS 51 LWL AR Jle s oy QU ol 5l 45 am i
5 Bl g sikie 05 4 G S GLLS 5 Jpol ) ensisl e Tt 358 51 V] 58 Cidl s o
s £E g g b 0ls dmg Sl s b o (S hia ol LU 5 3l ssms 250 dber S o B8 LS
eb e Sos shdlis 5s 5y cam Jlo oy el ole SasST Ayl s Bl Clbl ¢ by o Eol ol
9 [M ool ol 54 Slud s gl by o5 LB 0l & 15 555 (3 dlie il 5 Jaie o camiin Slo
S 5l Cand ol s atlin Bl Sl 4 byye Sl gt SLSI (S i b i ) 5l o e
S olgea |y S8 555 (Blbal Sl glow 5 C3 5 i s (6508 Ghas (b b Gl CulbB Jgol 4 o) L]
S K lly (oS peie 51 RIS S L OWe S xds 0 sln Jrol 5958 (SBome st e o seie
2 oad pSxe Sl 53 8 ol Shs b sslus blis o | Lo & 25K plyea ) oS> 5l op (Ko
ozl £Sm ol 1530 5550 50 Slaie s Eo by e Gl 5o (o Usol 5 S8 by 3l g 25 L0
ls &l olgs 5 Jlaml bl
3 bl ol €58 sl 5 S 53 o el 511 L S s G larsly Sos Mo sple gm0
590 SLLES 5038 o5 [ i alin ol (T sl Shassdsn Usol w3y 5 S8 5 aaid s o3 o pede
emosn e T s b s Jyol S (185 L plases Lo 5 V800 Jle s sl aasly Ul 4 1, s
SN o8l Jol LS s (gLLad (ol 3 S a5 €8 3,80 Lol s 1) (358 sl 5 [A] 5,8 e 28> 5 b o
ol s el s €38 s Sslite s caolsl s Ly ol 5 alin (S osa s sl hil ol wp oS
5 gl b aal 5 yme 485590 Jsol S0 45 e300 DI (s 3330 s (S kg 0, L8 4 By, Ll
3 6om sole posas 53 s DL gl il W51 el cee SULES 5 Jpol ol lal Ly il i
& S 5 i b 5l slar 5 ([¥] s posas ¢ S el [V Y] 6 cul sl DLl s S 28

C,w,‘«:.e)fj\} sl AJ}AJ':.BAJLEA w‘ UZJK.S): Sl >4 ga g_;“‘.:‘ki"dbj

ol o ¥
r%é.};b@%& L":?‘J"LSJ:;’ rﬁ)wj\ﬁw)xbjjﬁ ‘Jdﬁhﬂjbﬁcﬁuy}odfa‘u@w‘))
w\:} u:..i\s @.ﬁj“igc)ﬁ)w&r&)w)b 4:«‘3‘ r}éjﬁj) &_iosg )ﬁd&é})bﬁjﬁ)b g:».w‘)‘).; 66"“
wblso OS> g dbais ¢ stio 93 o) ~r:.3‘bga.3 el obs (g &S a5 o0 3503l5 SLEN 55 5 Gl bl Ceansas (6 500
"\";@@\&‘ r}.g_auojb Uﬁ‘i‘ ‘J éj} clice ij*oo.{‘;:é‘)-’ Lﬁ}b)‘bwuwk}k_ﬁbgc&:u 90 r:'“’L“J:’L“
LSJ'“LBV*?”"“'L"'?')“ cr’:.éu.n CJ:" b)}ﬁ)}dj}‘)&@h‘é}é@m‘ uij) J\M\@&Jé\x 45@\}@0.«2);
22,5 (Byme 523 s b A5 550 o) (6o g 23,55 S b Loy |8 LS s JSCa (e G 5l
e 35z sm O3\ e (6 S alais N85 anly it S5 p 8V i) 3y e alain S s WYL Lo
3 S oS caale b el rjU Syl Cres % J&
2Giuseppe Peano *Mario Pieri ‘David Hilbert

http://dx.doi.org/10.22108/msci .2024.139419.1615 aYe


http://dx.doi.org/10.22108/msci.2024.139419.1615

o)
\°O—C\O (\er) \ BJLo—i: ‘C\ .\l? /WBJ‘SJL_:_) 4‘{).2.3 ] yJLA L;'}J L A 6)\... (59}.5}4« J.&‘

\y @by cabaits p 4y S8 > Sos Sles o Sos bl 4 e ) Seass Las K S p W TY ol

w3 g ol g ool il Ras 4 BB des degare 51 o0 0l (S e S asie bl b
ooy =7 SN\S 5 B 7w =y S o) sz p7 S S a2\ 2SSy VR ol
‘?:A\:’g_s“ SNy 1) Do)

ilon S8 K 38 0l esSe 5 Sl iy sSne (2 SC Olse S a oS 358 0n 4 Gb o S
i CS S6 (S g 2 S5 0T o

Slor CBlK ples S eadlin LS S5 g esSan LSS 8 (S5 msdse G5 Jeol p o s L
S 1SS Ko Dol ealige m S K Lol Sl S e s Sl ES i G Sles A ey O
-3)\3@&3C4\5\)4.\43;3396633¥4€C“\ 397 98 b yu C»ngﬁi&\» gk\iﬁn@pﬁé\ﬁ N J.o‘
S o S s 6 B |y e an p S BB\ sz ge (Gl SS 5 3N g3\ B @, by B\ LYLY ol
W el > &0 S sa )y conls S8 2oy a, b S Sus s pw

b S s BB OBL S cpl sl allion (g aein 5o b iy (sl laesie G58 ol 55
b)\bw&ﬁgb bbjdﬂb&@m‘a,bb&ﬂ bgbbwubjhs\ﬁ.ﬂ:u‘céb): bJﬁ@JAﬁl}
S e |y 358 kb (59, b oL ol 5ge Goub sl g sEse Bl 6500 bl ¢ b ul
Yoo )y el s ) o830 51 85 8 el s 2 S 0B gz gn s 2S5 g 2B (L& a,b,¢ BV ALY iy e
SR

j\@g;&\pﬁ\d;ﬁ@wﬁ:‘_j:bq sl sais Bl (yn g0 plain 31 o 350 s ,m8 3 S 0iS B>
wilyon boi o0 b s 52 ST a3l (55ln (355 ol 4
LS o) b\ aan 0\ g\ a5l oa nads il ab s\ b S b o a Jla) ks gplan L& a,b 8\ LAY (e

bty 4w Pla> 4S'5,S ol (g hm e ab = ba 5 2yls Glas ab Jlal & 0,0 blE 555 S s5d 0 s 2xlya
~J)‘J 4> 9 (lb)‘ CJL} &L&:ﬁ&\.\} a,b‘}i\.obwjbﬁd‘j é‘j)b}ﬁ«a‘ S4> g0 L}r&ab
Vﬁ'h\‘@b&i\ﬁi\&h%jawd\‘é\ﬁ .\°.Y @“J.%s

35 ab = cd sKT sl ab bax 4 gl plite dais 5 35 ¢,d 5 pleie Lli a,b 81 65,8 Sl (6 o
S p ) BT sl 5lite alaiigs a,b 814 sls L ol 51 e 3,38 0 o> G s oLt abaiis g3 a3 s
il s G CS o a o ks s S s p(ad) = (pa) (b) onls

ay http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

jpctosiont o] \00—‘\0(\\‘0\“) \b_)la—i a‘\.xb/wbjs.a\quu ‘-\:’ju) 5]

Sl sl e coleal L8 8 ks s 1) Kos dais g3 Jlasl 5 ol Lo g, bla 5 L ol 51 SO Jooly bsles
WQBSGA45.3\.5QW}@Q;&ﬁﬁJJem@ﬁr%()\ﬁ@ \JCA}JC}E‘, csj}g:)\:.sjsuibv .\.J»LGA
o S5y g0 ds 4y (Bl ES o o sete ez 4 50,5 e (S alie S0
L oy 0§ bhs> 3\ So p g9y LB aer asgame I\ be\;«\mbu a,b,cﬁ;Su'on ANVY Gy
oy oS o Maie ab b bAE )y s 5 S b Maie ac k> g9y L\ w0 )y b\ S b Jeaie e o> liia
V:.A\.\sa abc

(:3\5 abc axio 45 Sen ab,ac,be byhs &7 sl J‘-’r"r“ i 4w a,b,¢ SIS 55 00 0ans Sole @
S KK S axbo s woled i LSS - L abe, ach, bac, bea, cab, cba O\xio pand 53 - Xiawd
u(abe) = (pa)(ub)(pue) »&T aisl bfab«h& awa,bcycS>Sop S é‘}).}j.}ﬁ sl g amio SO
->je.xy=\j'>

5 ol 5 sl b ool 31 S lae ) s sialss LSy o b i Sl iy o 2
pgad DU 5 568 4 (Som o
R\ @ \ abe, abd S\oio NS i\ ab Gj\b 3 abe 3\ g\ d la:(.ca):.c L& a,b,c S\ VLY alad
cabe = def 883\ x2\s abe axis h’v"’x" B\& 35 d,e,fgk}vmx.'c B\ @, b, S\ iz i\

t35din 03505 Uyl 532 Ses sozdla; 53 Vsans ad D3I (g Lo & (sam
e @8\y abe amio 53 WS by de o> Do) L\ abe amis 3\ s B\ dye B\ NFLY el

Lol 55 wsyls bu\fdai?y olw Ja...gda.&jaxb chSL;éJMJJ 45&«.»\0;53 dﬁo\ér,as rngﬂémryrlf
-)\dsw w“]sﬁ bl ol wb\fcjcﬁy rj.e.o.» U"'L“‘J" \) ajs‘..\:.)‘jab\.) Cy@é)&b\dﬁ
cbj.fAGA os\s Q\..’J..s ba b\.u\atts QGJSJAQ\:\'CLA.\AE L.Sj-"' b) bd.\aju)\\).geﬁ g.\....l\a 6&\’5.\ a,bﬁ\ \OY &.Ai)as
SN a s pe Ta )y b L) gz e 2S o caal () (613) 4 Sgygba T psr (B aek a5 gaza 3 L) Djls
-b)\b@&

DL ML@CLMJ&L&BL}J@)& ngcK;Ta:b;| C}.&}M ri)\.u a,b‘bmxu b)ﬁ)ﬁwé‘,é 6455&3
@ @by T a#b 815 b € by oyl a,babii 33 5 sly S 5300 s (ol 4 0

05 g gom dln w8l o LS by, o 5a S sST ¢ € by 5 4bits 4w @, b, ¢ ST 6 sls LES (6 om e
G e 51 pa(ba) = (ub)g s&T asl oS G 5 plae bl a,b S &S sl olis il CS SS Cos
tallon sty ) g 40D
WS h pyd 3y aSe S p o &), adain § S p NPT 4liS

SaS 4 i s Sl Al 353 5355 4055 bbbl b ailgo s, 5 kb bl 5,50 3 sane Jool 55
3,8 Ko bl S oy Cond i S G340 o

http://dx.doi.org/10.22108/msci .2024.139419.1615 A


http://dx.doi.org/10.22108/msci.2024.139419.1615

oL
Vo020 (VFo¥) ) osled (4 ale fumole 5 (0L 4,85 ((6m sle (o) & ot Lo (5550 Jo

e ab 3\ oy @y 6353\3@&@\3\) a S s 34> 9 éf & WAL gl L& a,b S\ LAV Joo!
NS (oh g G35 )

b gl s 1y Sy ab s g by s S sET sl splite Ui a,b 314 555 0 s (395 Jol 51 ol
G9s Glabais & \y by i)y o SWB )y a g » Sgygbas KL IS 9 1,1 e o\ a,b 8\ \A.Y Jo!
plab a5 33 S\ \y SesSs ab ka5 by S S Solsay pib = vb SN (S 0 bl 35 3\ o ab
<8
L gl Ml ¢ 3o an ol a3 Zala S @ e DOl NS ey g L& a,b 8V VALY iy
s B ba Ya> g by oS S\ s S ol b

ST S g ab o> 5, b # b abai a1y by €885 o 1y @ dhis p eSS &S sl HLaS (6om e
blign (2 aske daips oy Jamy el 352y S el (Gam Jol Sl g b g U
LSA&C"‘\:\) CLb.\A;-J\ 6\4.\43333‘;{@ b‘u\) CLdSb)\b 3¢9 k.;SJ’ u\g;\’\ c.\l».:n\; éﬁ\.&}.&s b\s a,b;\ .Y°.Y J.qﬂ‘
-.})\.}

Jolis ¢ o> b 5l ‘JKD;S&J}L@ Sl 53> 90 ab > g9y ¢ dais a, b plate dbis g5 o gl s Oyl
LS, B3 ahaid 35 00 sy (Sl 0 aiilon € 4 o SouSG Q5L 0,0 g5 & gl s - wilis 55 a
il
alb S\ 5 el o b Yoy b Ly W ol 55 sl sy S0 s sy sl W& a,b SV YN

Jf‘ a,b,c%uﬁd\ﬁﬂ“aéﬂz&g:ﬁwﬁbCﬁfﬁw‘ybjbjhﬁ&ﬁﬁsﬁgﬁdﬁw
S5 3525 3550 53 GAm oS Sl B (S e Cod LBl psa gl uly) s oSSl e=§ Le=alb
AR oo JLE:.:‘ L gﬁi :\.\Lob; b bl Sl
Sp? bb\) awaj.xsshx}@:s U’Ab? 4;\) ab k> & S 90 G“S_p a,bi\&ﬁ%jbﬁé\j YYV@
a8 3 b ) b e
Gy w )y € g a s o0 K8 W8, a,bk\?&écm\;yydf&a,b,c&e\;@uﬁé\i VY Jo!
i\ oo Blia abC axmio 33 Gusgs ) b

.bbﬁ‘},h;n b}’? 63)431.&?:40 bv\-ﬂstf Q‘Jj) 4> YAo °J"""4-‘ abJa;Jy abc axso cdbw‘)b é\jﬁ
50 ) b laas s |y SouSs abe axio s ca,cbéuaﬁa,b,cbrﬁb&&wﬁdu S5,8 ol G g
OLES O 31 o 0B 5 05U 22y 53 31 055003 amis 0] 5 b5 LU slus &S s go L3 gutmy Jool S o ko
S sl ol (28 el s S uiS E8s il o ¢ dbis LCL\ESAL_E; s (3sd bl sy L;r.:o g0 53 oS Abs oo
cﬁ ‘)ﬁ&"&“rz?Mb‘ﬂbcﬁﬁbéduw‘w)‘ﬁ J;:chﬁc@&»)b&‘.\} ‘)Jg‘.\g“ejsjb
C«x‘b&ﬁ)ﬁ&ﬂ@@‘@)) 4§>J|>§:..uﬁd..a‘rbjl:u c.\...»SL;A

49 http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

jpctosiont o] \00—‘\0(\\‘0\“) \b_)la—i a‘\.xb/wbjs.a\quu ‘-\:’ju) 5]

2 S 00 13S0 S DL i 558 S S\p) ps S ) DB asgesma s s So LYY (i a3
u:m\aﬁfgcﬁj\\)gai\bé\ﬁ Ca>\g30\.@}\ k&b@\.@\éé)y&)b J.;:\JQSAK;\\J;M;AO‘S;JA be\)
S
8\ de € caNay Sg908 3b\ abe axivs 33 €3\ Pl B\ d,e s la';(.sa\; L\ a,b,c 5\ .YO.Y ol
b i S 5 \ads €31 b |y SusSs cabeasin 55 )5 0 5 Ca s B3p LB Lo Sus D \say - d = e
S

2b ¢ sy glabaiiys \y SusS oy 0 $\oe S N8l i\ ab Ya> gay G\has € g e abait 53 a,b S\ YELY b
s 3n 1y o S O o 51 L3S s | oS Wbl ols - W3 ailge 08 g b bl 5550 53 gy
-r_j\n‘:)\}
S o fB by sy i 5 \y be B> by 5 S 83 (e € by y wil kbl L& a,b,e B) YV 4
o il adasy gs ) u:"f“\f"gs’“ s S g b Cb\lﬁ S‘l’ Sslsw
b bl s Soslizal bas G 4 s b 3L 51 5L (om o shiecnl sl ailige doles i a5 g o8
Zri)‘J ‘JJ.’“J
5 2uS ped fdg &)y abe asbo S i\ M Sa 1w (S > 559':9\3 L\ a,b,c 5\ YAY aas
Oo\say ppd = d eud 3 pud = vd '.YAJ\> abe asio 3\ d o\ g>ds dais g\ A& s s Ko e\, a, b b\s
0 Sund 335 daia 39> (G934 Bed Ao Sgygba s B3 ab yema Vo> Vs abe asio S S 9 8o
s N2 ab b gy syl een d, pd Yoy abais Yo\ )5 \an s pas 33 i\ o0 p\SS abe amio

adgl s Jya S a,m ubrcjd\j laoh ) welas ey r:‘guiﬁ: Lol sl cis S selas Sri\o;LJJb
@‘o&r@u‘%&b&id‘jdﬁb‘ﬁ&ow
a4, b8 3i\ 35250 2S > 8p L) sses (a,0) S & (a,0) Sax Vf“; a,b, ¢ p\en ot aw Ny VALY (a0
(a,c) L (a,b) Bt its S 53 gk pedd ca ka> gy Gevg 3 b Gkl 4 C g syls &8 LW,

$abis g ab k> ) glabais b/jbrﬁb L a,b,c 81 et 3 sl oyl 358 daly 558 o s S>lyn
sl on b> 5wl a3 g o8 ilsles 2 b (0,¢) L (a,8) o(a,0) L (a,b) (slan )5S sI85T sl ac las 5

A AVNCR RS Sjberb\ﬁb\gﬁwh\;eﬁhg.«&\)x:m&ksw adais 3 S rys a9y YoV iy
(a,c) L (a,b) Sg,sba
S 25 osede GLLAS Gy o

P LT Sgssba Sl sz g gy @ i Sy s NS Bl 7 s G py b Sy 7 SV .Y s
55 s D5 b O oz b SelaEs (xS 3 ) i ) S sy

http://dx.doi.org/10.22108/msci.2024.139419.1615 Voo


http://dx.doi.org/10.22108/msci.2024.139419.1615

oL
Vo020 (VFo¥) ) osled (4 ale fumole 5 (0L 4,85 ((6m sle (o) & ot Lo (5550 Jo

;\ 3.}.&\.\ abb S é\j‘x& 9 C\.a x\.&.h abc a>so )\ 6\4.\434 dj.\...l\.\ .E}(..h\; k}\‘b a,b,c;\ .\“Y.YA:..&B
Olpses > S6 gsy o 3 (S Dilsa i\ la:vaa a,c,d B\& 8N (a,d) L (a,b) (a,c) L (a,b)
S apee o b S s o G A ks S

e S8 o S selad Lad 550 55 (gamy ge 4
Nl W\ gids oS So s (@) L (a,b) Sigssbas i\ plaie B a,b,¢ 5\ P el

(na, pe) L (pa, pb).

| ool slaist g Lol s & wil o sl anin 33505 hate s Gy Juls (g dlin cams & Ll 51
Sn (e
L sz g abe amis ) 7 i Sy Blas AS3 sy kil B\ a,b,e S\ VY Lo
LYz aodo S g goas KL 35> 9 x,y,zla}?»\;dajsua\gg v.:»\3 wrm\) a,b,c,d dais gz YO.Y (o 20
Bl B daid Sz o S\l

Qﬁjmbrﬁb el 5 b o cplae Ll opl K0T sl iowals a,b,c,dblﬁ.’,;\«fcﬁm‘céb
-@\ﬁs%mdﬁuw;\ajl’;
WM\) d5 5)\5@&@&3\) a,béSC,...s\ SR k.;‘SJ’ u\i:\ Q...Sa\s Wvﬁa\.: a,b,c,dlo\:tl ;\ V?Y ULG‘
DR abc

LS o 35 ADC amio & 5 0313 (3555 Ab jsme S5 |y abd amio (G35 S8 Sos Sl
) @ Fpa GBS oy Bso aaih 53 m S e A..o\‘s?s: aaais 4 Suws \y e b\a YYY Gy

2,5 ol 1y 5 4l (6om Il allipe o bas dalal (gumy oge 0 540
&3\ s\ abe axis 3) Q)B paais 3 a3\ plaw abe axis 3\ Gk d g S:}vh\’: B\ a,b,c 8B\ YAY 4kl
s ) g s5es 30 ad & 83 85\ sses ac 5 abas ap S\
i SOy (S sgas abe asio 5y @ daid 3) V38 b aan 4 S pa k> (3 b anad S\ gihe Zoo WYALY L e
el abCamio m Jaj\s sges

O s S Tids ol fion camivo S 5 4ol o 51 58 5 amion S5 ol it o 51 45,5 b 5y g
Pj&meﬁjaﬁﬁ\j@\b;@cckmjkwmpgf\ﬁ‘ﬁabgwj\w 3,5 5908 dmio
53 s LSS L3151 g Sl s o il 5 s gls S (b oy 59) 85 S b amis S ST
3,5 a5 5 Oy |y sl LB r}.@.ud_,:.g c@\.é.é dwdid
USRI CA N I D PO P VCA WPV SN SR W I RS VSR S5 U
DL Ko S8\ 3

Vo http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

jpctosiont o] \00—‘\0(\\‘0\“) \b_)la—i a‘\.xb/wbjs.a\quu ‘-\:’ju) 5]

RN DIV PV RRUPgt: W I A SRS W KU LN PUPY
tams ) B a bk g e oy PV G

SFr(a,b) = agpy = bapp-
St (g5 sbay B\ i a,b B\ 5 oo 0, b B\ Sy 3pes s S\ 0,0 B B S\, B8 S

o i dais Sow B s S a=b& S50 5 Sfr(ab) = Sfr(ba) S c.b\j 55 on 33ua\s (B0 s S
-355

LS sl 1l s i b5 6 5 o8 3 ssbiossl sl il BB s St daly S 50 o8
35 250 S S 093

.».S.\\a Sy e aJS S Jf.\‘s:"“ 4.\434 9 u\gﬁ QC».»A\ é\3 ba u§ 093 .’L’A.\a.?u ?ﬁ; a,bd.\aﬁ 9> B 6\f leY @”JN“
225 35700 S g5y S 33 g N 3s V3 B5b oS 3 o 2 el S B\ 53 ) Yy el @ S5y
3G 35 ) Yy i 2 Sig5bn,

il e sty 35 e 1 Lol 5 b
0953 <388 S g9y s g 35,0 & 5 ) 3) @\-'>\u¢-~\o~\053>\-1~\3\-:3 basS 59y S dais » FY.¥ 42
3 V35S s s s S om0 i e @, b bl B s o ) e
a)S Cj\"\iojjb éjsda:ua\gjh @A\JW (_;\)5 uﬁ\agS\lj\ C)B\iojja\jwé\l)\ 6\4}93_; .fo.Y uﬁﬁ“
SCANPES PR &\ Salads o el

b s S Qbaijm\;‘bvm a, b,z 8 a,boﬁx«\aﬁvﬁﬁ a,baais g5 o\ (FEY o
W)y a, b b\ ) SoL\ st 0,0 e S b\ as gazma 3\ o) Dils by a Moy ko> 0y es 5y 0\ a,b

ab] = [baf ¢ g2 90 epaop DS [ab] s\ s )5 35 as sazeae
..\.::Lw L &63J}:’L@o dnjj)\@g)bj:w\ L;"Ji? 3590 33 (G J.a‘ 93
Jab], ac], [be| @\ 3) (S 535 \ids 448 35 S 88 ety Yoo 5\ 0, b, 0, d L& BV PV ol
S D€ s o2 5 0,C o 2 oS 35 357y S g 83N BN 0, s € g Al 4w 0, b ¢ B\ LFAY Jol
baso)l an n sy Bl5aes Jeol o s 5580 d ahai oSl g ol 5 (LS ol saiS eSS ol ! s
ez 51 S O badasoyy Jgeme (ol 51 (S G g 281 359

Saos o[be| \s Jac] oy dais g |ac), be| C |ab] 883\ ¢ € |ab] € wi\y Qo Se a,b,c Wi B\ FAY 4l
Jab| = |ac| U |be| "y-l)\= 9 s D, € g 50 05 Cad 0, € oy D B2 b\ 25 s cpas 33 02\ e [ab]

http://dx.doi.org/10.22108/msci.2024.139419.1615 \o¥


http://dx.doi.org/10.22108/msci.2024.139419.1615

o)
\°O—C\O (\er) \ BJLo—i: ‘C\ .\l? /WBJ‘SJL_:_) 4‘{).2.3 ] yJLA L;'}J L A 6)\... (59}.5}4« J.&‘

e sid hyme o) 6 same s 5l o byl (6l Sl Ggpme 3l Jol 4 o gany o
a,b,cb\iss\éi@.m Jelis 5553855 @, b w3\ abc asbo 3 > R «.a,b,ck‘;e\l«bﬁuﬁé\ﬁ AL W
XS 5 33 by o N @€ o ) 0\ Gsb bax S8 s

|ab|, |ac|, [be| Loz o, 4w 51 G Laidd &S 5,0 555y o> a,b,cbeb«h&m&u o 3 Sos Oylew
iloe 5l Sl wlin L s 4 (Coins ot Ghyme b S o
z e (LR a5 gaze ) Caad Sole @ Cans 3 [ab] 2> 0y s g B\ g\ b a,b 3\ ONY Gy
3\ |ab] s G\ [ab] gy € (b\& a5 gaze 3\ T D\ b Cansty @) ‘E;-(.:J a2 33 -0 € |bx| S5y bas
-r.:&)ksh o\.fl.o; ‘abﬁ\é\i\) ngﬁ b(.:; -&J\} )\JB bCﬁM
SN Y sz P s Pl 4 73 amiogd Bl O3 o gl p g s Sy SV OVY e
s QW [P\ 53 amiod S flad g 5 il s S b o8\ [py| b o)y 7 Sigsgny
Sgygba T b\E as gezn 3\ S D y\s |ab, \acd\ab@; Dz w913 WS\ e b\& a, b, ¢ S\ OV
a3y s pepaee O Gbe s\ L), 35 sl S i\, [bef oy faz b s 7 £ a\y 5 @ = a s
el on 4200 o akaid 15w\ Wl ) (S (g3s &S 4y ) it o B\ jab, lac &) G\e s 3 22\ @ B5b
2B b Sy 5 b e bl S 4 ey s sl b S\ e S Bsp sy 883 sy b by L& 8N
S\ @ el b b

L 3l obaie o 4 |y 5 ol (S o o ST sl L) L fed] 5 Jab] 81 oS sl LaS (g s
ol bdl S ol sz se (28> o0l aidl Blbal LB e w5l 50 S pies S g0 b a0 1) ol
35lge oo
Bl 3 (S8 S0t s g S 885 [ab] < Jed] SN w0 £ b S ws\y B\ a,b,c,d SV OFY Gy e
39790 G d g walais Sos S\lsa i\ oI 0, d s gl )y Sos abai g a3\ b 0, d b\ ) Soaya,b
b B\ W8 [da| s fex|\s |ab| Sigssboas 35\

S 32\ 3790 S 8 n Gube < deef ?ﬁﬁ Wy k>l a, b, ¢ S dbe, deef osma Mgy &)y -00.Y i ya5
i S Sy e i def s e e S By e die 3 Juw )y dbesh b S
Aah G\ L6 dofa\s dex G\Woy 3\ SO\ Gbeass\y Sgygba si\ g0 doef 4y Hoxs T

oy A G Sy S Gakiial g leol ) Jols s pea oS85 il s L& a,bc S\ 07 iy e
NN B (o O\ss Jabe| s\ \s g FA\S&S" a,b,c b\& 3\ \o\> Eka )y oo é\j lbe| > 55\ g9y Sus
0, B 5 i sl [ab],facl, be] aenasy a e S Sy MBS 55 s s 35 e S 5t
Sl (g0 Al IS 30 635 S Bsp i 3) el o 5 aalon S 0 )y Qs M) g5 e sl )
3 5hsn 3l

o g 55 n €0 Jol lyen Sos szilan, s Ysene S s s (L5 5 ,5) Skl S e
Dy oo ol 4 bl bk o) 05k 352y s s e (s Jool & p5mge B ol S L

VoV http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

jpctosiont o] \00—‘\0(\\‘0\“) \b_)la—i a‘\.xb/wbjs.a\quu ‘-\:’ju) 5]

53 bl SO Jilus sgm s Ll s5e 55 5 ] €58 13 IR ‘Cbm bl shias Sl Lid e pls o CHM
ol 3 Goye adln ol Llid Cod ab i LB 555 S e (S ool Sl siitd (o 2b B
Sogo 28 g b dlin 53 (g g 38 ) s Jpol i Glaons Olssw by Loy bl Jol

S p—é G 5y (Swsy Jo 'r:’)}Tu'“ 2553 deolie S |, p—é 3350 b sl ol ol 51 50s

b & Bte 7 aais 83N b g a € hSgygba 2\ Bl ahis g3 a,b 5 waow S SS h B\ OVY ol
22\ b3 g\ o] = {2} 5 b Jsedee |az| — {2} S and & Zosd 35250 [ab] 1>

o s 55 2l bl (om o8 j3 Jy cos s ol bl Jals Laso)l sl 5Bl 5l & wsS s
-3¢l &i&wdﬁ @J\:doﬂ.:\f:u\g G oad JLQ—C\‘;J? S yess YU J‘a\ g0 3 ‘O‘:“””LS‘J? L4l o D gn
Loy ol 5l dhis G b e IS8 S b b s biesly SO gy 2 S w8 s 0l B8 o &5
x € |ab] — {a} dai /&3 o2\ |ab| La> 5\ 0955 BAE 3\ (L as gz 3 So kg e b\& a, b 8V LOAY Lol
S sy b\ G 0, A g B e D i B3 QM g V) Sgpsbar S 35250
W golan 2\ 5 L) @ e b Sgsbas

Slon @ ks s Ko i s i slael 51 0,6] € b o b Jolan |y Jab] B3 o)l 50y bl S g3y s
Gt B 25 08 4 & il wls bibasoslyay5n 0o 1y ey Sl s sl Olsisty S Sl (e oy
! ox"b;éﬂ

W3 NS P> Y p g 3L ay Cwwys |aay] ] 3N b by pliw b\ a,ay 08 o0 04T aas

a;—Y

NGO é\j ]an_\an| ‘\4"»)\.5: 1)) b o Sy ga nlia g @.x.a sas 0\ ‘a; = a=)

025 53 4l 4 o susse By pme 4ndd aBlige s Ses bl b2 asse 50 cage sl 4 (g Al i L
S35 ol (o5 b 4l ol canin Slasie GLOLS 51 (5 50 eS|y K0S G50 0l 9o b ils oo
i el S LG sl 2l by s (5515 Jeol & (551 o) DU (g1 S I s ([ 0] 535 0 2ol e Bl
Wl 93,850 pls 55 4028 4 (sl il (g el B F e 0 S (g bs S 5 23 51 Olsie Lol o
cas S N8N s 3 ol ) > ds [ab] 5y 0 w2\ abla> 50y P& ¢, d 5 plen V& a,b S\ Fo.Y 4nid
S B, Sy a,b L S

xS s Y
S48 ‘J QSJ.?}MDM.J u.a‘)a}‘ r:..hhu Lﬁum ad)‘.wu_c}.o}n L}‘a‘d‘f’dﬂ &3)_)\.&".}‘4;4.1&.0 w‘_):
sxlawl 3y40 LBL.L.:‘C%LB SIS wnﬁrﬂmdgﬂd‘fts‘“\i‘ u\}.&m U’I:Lg L...uy“ ‘.xl:‘ CSJ} r}g.u 'rib‘bJ‘J"éL?‘UJi’
Skl a3 g L0l 5 58 sa il st i ya enlie 51 (S Olseas ) it s5bay Sy e 23513
Saxiomatization

http://dx.doi.org/10.22108/msci.2024.139419.1615 \of


http://dx.doi.org/10.22108/msci.2024.139419.1615

Vo 40 (\\°°Y’) \ BJLo—i: 6:\.\1? /WBJGJL_:J AfJ..'.:: ] jJJLA L;'}J L A 6)L4 (593.5}4« J.&‘

sdts i, elio S plsieg ) 08> 5 dbis Sag s 4 paie 50 2l 5 o ey Jy 2858 gLkl
Rl SUSE W) 3550 > lie ol s 4l 4 o5 b g sse i o SS 4 | e2lee Lo b S ks s
el ol ssgy sealeiise WalS ) (296 68 sy a5 el @ Olion (SIS Gy si3n ssdge ol o
@3 do ad ol 4l @ o oy e 5l bRy ple (s bu g denis Jpol degeza SLaSI L ol s
33 [V shs ) anbas awicn sl Jgol 51 6,508 e goma” S o (2l lansl; AAYY JL s aey
6l sl ot atin (oolsds © 5 b oS sslital wsls 551l 5 Loyl Job g, Sh5hl gl s shasl 51 o]
b oo SoS l8aT s (b slanys 28155 5 358 My o pomn S 4 B33 ) iy DLl
2 8ows (SMSG) pl,ms SLsl, Sladlhs oy S (ond aas j5 pogase ud aby B0 Jsol lin Jyo!
(L 53 st i35l sl sylbial i,y G olse s 85 Sl Oy gy wlul 3 ae 5050 Sl 5

V] e 505 sl 5

&l

[1] G. D. Birkhoff, A set of postulates for plane geometry, based on scale and protractor, Ann. Math., 33
(1932) 329-345.

[2] J. M. Lee, Aziomatic Geometry, American Mathematical Society, Providence, 2013.

[3] E. A. Marchisotto and J.T. Smith, The Legacy of Mario Pieri in Geometry and Arithmetic, Birkhduser,
Boston, 2007.

[4] E. A. Marchisotto, F. R. Consuegra and J. T. Smith, The Legacy of Mario Pieri in Foundations and
Philosophy of Mathematics, Birkhduser, New York, 2021.

[5] E. E. Moise, Elementary Geometry from an Advanced Standpoint, Addison-Wesley, Reading, Mass.,
1990.

[6] M. Pasch, Vorlesungen iber Neuere Geometrie , Teubner, Leipzig, 1882.

[7] G. Peano, I Principii di Geometria Logicamente Esposti , Fratelli Bocca Editore, Torino, 1889.

[8] G. Peano, Sui fondamenti della geometria, Rivista di matematica, 4 (1894) 51-90.

[9] M. Pieri, Della geometria elementare come sistema ipotetico deduttivo: Monografia del punto e del

moto, Memorie della Reale Accademia delle Scienze di Torino (series 2) , 49 (1900) 173-222.

wila, Lo,

bl ol ol sl (osle ISIEls (SaalS ke 5ol sl susasls

rezavand@Qut.ac.ir

}O‘J@:’ b&b‘}uamwabnju)wu)tsckin J)\} \YIVVJLAJJL;} A5 JJ}:.A L‘)‘J@"”J" \\ﬂ;" JL«—’): .xsté) Lé)
JBasls Lol paass (6585 )9 53 WA Jlo s (g5 -0l &l lan s )] L;.»LL.ZJ\SCLL» 3519 WWAY JL s
,\..Llau.o ol a&ﬁ‘:&@\:&@g;ﬁ\ﬁdj .>J§&L§> 59l 5 \‘ﬂ/\/\dlﬂ))})ﬂzax;\gwjdﬁ S

5George D. Birkhoff

Vol http://dx.doi.org/10.22108/msci.2024.139419.1615


http://dx.doi.org/10.22108/msci.2024.139419.1615

	1. Introduction
	2. Main Results
	3. Summary of Conclusions
	References
	MSCI-2310-1615,ev.pdf
	1. مقدمه
	2. متن اصلی
	3. نتیجه گیری
	مراجع


