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KNOT THEORY, FROM PAST TO PRESENT

EAMAN EFTEKHARY

ABSTRACT. In this paper, which is the first paper from a trio on important developments of low dimen-
sional topology in the past 100 years, we review the history and major developments in knot theory.
This historic account includes the initial attempts at formulating some of the main questions about
knots in a mathematical language, putting the definitions and arguments in a rigorous mathematical
framework, and employing tools from other fields of mathematics to extract interesting and intriguing
results in knot theory. The study starts from Tait’s work in nineteenth century and reviews the im-
portant steps taken before the introduction of gauge theory. In particular, we will review the prime
decomposition of knots and various polynomial invariants constructed for knots and links. We finish
the paper by discussing some of the important conjectures in knot theory which have surprisingly sim-
ple statement. We also review some of the recent developments around the aforementioned conjecture,

including some theorems including contributions from the author.

1. Introduction

This is the first paper from a trio (including the present paper, [6] and [5]) which described some
of the major developments in low dimensional topology in the past 100 years.

Among topological objects in low dimensions, knots are distinguished as objects with extreme
intuitive simplicity as well as significant topological complexity. Knots have a long history in different

civilizations [3, 8]. Nevertheless, the first mathematical/scientific attempts at understanding knots go
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back to 18th century, when Sir William Thomson (Lord Kelvin) used knots in his model for atoms[14].
Later, Mathematicians got interested in the study of knots as well. In particular, Gauss introduced
the notion of linking number in 19th century. In 1867, Tate introduced the first table of knots, and
ordered the knots according to their crossing numbers. He also presented the first complete list of
alternating knots with at most 10 crossings [10, 14].

The work of Tate is distinguished from other approaches of his time, and some of the concepts and
questions he introduced remained in the center of attention for more than a century. In particular, his
conjectures (which were proved in the second half of 20th century) are of extreme importance [10].

In last years of 19th century and the first few years of 20th century, algebraic topology came to birth
in the work of Poincaré, and in particular, the concept of fundamental group was introduced. The
fundamental group of the knot complement later proved to be a very strong knot invariant. Among
other developments in the beginning of 20th century , which influenced the progress of knot theory are
the representations of the braid groups and the introduction of a polynomial invariants by Alexander.
Moreover, Reidemeister’s theorem on how different diagrams of a knot are changed to one another,
paved the way for a more rigorous and reliable approach to constructing knot invariants.

Classical methods were used in some of the main developments in the later years of the 20th
century. In 1954, the prime decomposition theorem for knots was proved, which is probably one of
the most important conceptual theorems in knot theory. Jones polynomial and HOMFLY polynomial
were constructed in 1984. Moreover, the progress in low dimensional topology resulted in tools and
developments in knot theory. This line of progress started with the influence of gauge theory on knot
theory.However, in this paper we focus on the era before the introduction of gauge theory.

In the last section of the paper, some of the major conjectures and open questions in knot theory
are reviewed. We have selected the conjectures and open questions which have simple statements, and

are thus accessible for a wide range of audience.

2. Main Results

The main theorems and developments covered in this paper include the following major results. We
start with Tate conjectures, which were formulated towards the end of 19th century and motivated

several later developments:

Conjecture 2.1 (Tate Conjectures). Suppose that L is an alternating link. Then the following are

true.

o The number of crossings in every alternating diagram of L which does not have any nugatory

crossings is precisely the crossing number c(L) of L.
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o The wirth numbers of every two alternating diagrams of L which do not have any nugatory
crossings are the same.
e Fvery two alternating diagrams of L which do not include nugatory crossings are changed to

one another by a finite sequence of flypes.

Schubert presented an important contribution in 1954, which is called the Prime Decomposition of
knots [13].

Theorem 2.2 (Prime Decomposition Theorem for Knots). Every nontrivial knot K in R3 may be

written as the connected sum of prime knots. Moreover, if
K =K\#- - #K, = K{# - #K,,

are two decompositions of K to (nontrivial) prime knots, then m = n and there is a permutation

o € S, such that K| and Koy are equivalent.

In the beginning of 20th century, the relation between knot theory and the study of braid groups
was an important line of research. In particular, the following theorem of Alexander from 1923 is

considered an important step:

Theorem 2.3 (Alexander). For every link L, there is a positive integer n and a braid b € B, so that
the closure of b gives L.

The contribution of Alexander did not stop here. In 1928, he introduced the first polynomial
invariants for knots [1]. His construction used the work of Reidemeister [12] and the previous work of
Artin on braid groups. To every diagram D of a knot K, he associated a n x (n + 2) matrix A’,(t)
with monomial entries, called the Alexander matrix. By removing the last two columns of A’,, he

obtains a square matrix Ap(t), and defined
Ag(t)=det(Ap(t)).
Here = indicates that the equality is modulo multiplication by a factor +t* for some integer k.

Theorem 2.4. The polynomial A (t) is an invariant of the knot K, up to multiplication by a mono-

mial £t*, and does not depend on the choice of the diagram D.

Conway normalized the Alexander polynomial, and got rid of the ambiguity (of multiplication by
a factor £t*) [4]. For other new knot polynomials, mathematicians waited more than 50 years. Jones
introduced his polynomial in 1984 [9], while 4 months his construction was generalized to give the
HOMFLY polynomial [7]. By a skein we mean three links K, K* and K~ which have diagrams that
are identical outside a small disk, while inside that disk they look like Figure 14 of the paper. The
construction of HOMFLY polynomial may be stated as the following theorem.
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Theorem 2.5 (Existence of HOMFLY polynomial). We may associate a polynomial Pk € Zla, z| to
every link K so that

o If K and K' are equivalent then Px = Pgr;
e For the unknot O, we have Pp = 1;

o For every skein KO K=, KT we have

1
*PK+ —CLPK— :ZPKO.
a

Although HOMFLY polynomial is capable of distinguishing many knots from one another, there
are ways to change a knot K to a different knot K’ which shares the same HOMFLY polynomial. In
particular, mutation provides one such operation. For instance, Conway mutation changes the Conway
knot to Kinoshita-Terasaka knot, as illustrated in Figure 17 of the paper. For a knot invariant, it is

always an interesting question to verify if it distinguishes between mutant knots.

3. Conclusions

The paper concludes with some open questions and conjectures in knot theory, with different fla-
vors. The open questions include the following question about the existence of an algorithm for

distinguishing a knot from the unknot.
Question 3.1. Is there a polynomial-time algorithm than can verify if a knot is non-trivial?

We do not know of any nontrivial knots with trivial Jones polynomial. If the following conjecture

is true, the above question may be answered positively.
Conjecture 3.2. The Jones polynomial of a non-trivial knot is nontrivial

The crossing number of knots is the source of many questions as well. Let us denote by N(c) the

number of non-equivalent knots with at most ¢ crossings.

Question 3.3. Does the limit

Q=

lim (N(c))

Cc— 00

exist? If so, what is its value?

It seems that the crossing number behaves pretty well under connected sum. Nevertheless, proving

the following natural conjecture is still wide open.
Conjecture 3.4 (Additivity of Crossing Number). For every two knots K and K' we have
C(KI#KQ) = C(Kl) + C(KQ).

The best known result is the following theorem, which is due to Lackenby [11]:
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Theorem 3.5. For every two knots K and K' we have
c(K1) + (K.
(1)152(2 < (K #K) < e(I) + e(K).
Let u(K') denote the unknotting number of a knot K. The additivity of u(K) under connected sum

is also wide open.

Conjecture 3.6 (Additivity of Unknotting Number). For every two knots K and K' we have
U(Kl#KQ) = U(Kl) + U(Kg)

It is not even known whether for a pair of knots K7 and K5, the unknotting number of K = K 1# K>
is always at least a fixed multiple of u(K). The following theorem of Alishahi and the author [2] is

considered a significant progress in the direction of Conjecture 3.6.

Theorem 3.7. For every knot K, there is a lower bound t(K) for uw(K) so that for every two knots
K and K' we have
RKi#R, > max{R,, R, }.

Moreover, for the torus knot K =T, , we have t(K) = min{p,q} — 1.
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Figure 1: Ashtamangala, or the eight auspicious symbols, includes Shrivasta (the endless

knot). In the above illustration of Ashtamangala, Shrivasta appears in the top row as the
first symbol from the left.
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Figure 4: The trefoil knot (left) and its mirror (right). These knots are also called the
right-handed and the left-handed trefoils.
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Figure 5: Diagrams for some simple knots, whose crossing numbers is at most 8. The achiral

knots are illustrated darker than the chiral knots.

j\;aﬁgﬁwsﬁadue;“\s\o.\:ﬁjﬂqVO‘JA%A;S\;:- LsﬂﬁaduafoTja SO S sl Cans S5
el asls u:.i\.u Cewds o> 6L”°J§
d»bu‘jjgx ‘J@th;wﬁ? s lais Sr)bigbﬁu\h‘j.’?@\.bb;d})x LAJS,.J cMaju\f“deS_}jLuLo&
08 S el g 31 i Jaalpd ol s 35 (a8 R s olae S Uslae ysbas ol 1,808 6, 55T 51 (glebais
OJL&T:RV%RVQTJMS‘;\;P@\?QL&; —K=70K:8 < R"L Ll 390 2l g s e K0 S) — RY
RY sl gL 156 G (2ales (6l s on i3 T(@y, v, wr) = (=@, 2y, 2y) b S Sl J)‘v\ibw‘}s‘@T
Stwly 53 935 g s cajfgii & s SO oaysl Casw g1, -3 g A o5l e;ﬁ)\.s}os AS-’“)"&JJAM
WUOthgjigd)}Lig cﬁ;@JE.BJJ 5_9.36»03‘.5 u\.&a Ty :R" - RY l.:dsbw.\:.l;‘w&“dj) ’U)‘J‘,gg_i:“
b s K psas  Coalond Ol 61655 ¢ 035 ppas s o oS0 (25 sslleny sl Pgnp S
Q&&M&&‘bb s ox‘bj\dt.ki*}b J.AL’LJZS\:\:- cj“j.@')‘&?uﬁ fvf“)@“&j c..\..SGoclaz \cvj.\}f‘j:)‘,b‘b

-

S S Cand S o k3 |y o K s S (bl s i 338 55 5 8 e b mu(K(S)) 0lin 55

Perossing  diagram  immersion “*transverse **preimage

http://dx.doi.org/10.22108/msci . 2024 .140066. 1631 YA


http://dx.doi.org/10.22108/msci.2024.140066.1631

s
ot o] \v;—\"v(\f“r) \ UL@—: “\.\b/wl?JL;.olfJ 4_»“‘)....".' gj}fa‘ \34:..2:\5)‘ ngaJSiJ“,E

5 slosas G 5 supn Ailge a4 .S B 1y 3yl (5528 6 L) 05l 4 Sl oS g iy 5l sladlsn et 5|
S Como oo kg 1 (2ol s 51 0l5ee wlin s5be oS TOS

o;ggij\ iz slaylsges s b,a8 slaws sl s asls u:.i\.oa o5l ajfda\.uﬁ sy u’_":b,)\;jd 0 Jﬁ-ﬁ BX
sae b g0 €88 T8 sue K 5 8 G5l iz sl lssel s San 6lyiS slass J31as a casl Ssline w5
538 s0s b sloe S5 o gl g 5 s, o)l YL Y LS sus S g 5 Lol o sb4 a0 5,38
$lr S sladsus 55 b r:.a:\y olis e(K) L1y K 58K a8 sae -wiloas osls ol ¥ IS s S s ¥
Soom 3 eplnley Lsdie B LG s (S b e (gt <o B L S ol S i 4 b S
O JS2 5 Sola e S IS slp ccnl s asVle it alss alb b S Jsir s (S lds of gl oy 508
23 J3lsas Gl glsea & (035 5 camsoe OLES 1) 05 508 sue (S S o pdin aalicl sue 53 5 gdie s o
ol ams o 0L el ol on b T 38 e o o S e 3 by o S Bl 0,8 0 113 eslil 5,50 (£1ISL
ol 538 sae Sl 28 ¥ Samsplis Vyy g ol Vol J38 s Sl Jpam 55 (25 3l dumsplis ¥
el VN

Sl o 8 VL B 51 S o o W85 808,38 0 51 e b 0l 0,5 sl 503 G (69 alait G gors by
JASEC SEVPIRC UK N NG NPV RV G YR VRTR SO JOgN - FON [ I SR LS (A
bl s ool & n58 he KusG 5 (st 05 hsger G 5, S 2lapleS S wigd g0 Easl )38 5 RSN
Calie s g0 G 51 skie R ;385 5 Lay38 05 5 sldlos 408 605 & s8lun b 5 hi 5 5SS L
Mostiae s 515G wps ol gl s (o ayiSs 5 b)iShy, wlos ol s ol sl & el 5ls5a ™5
i ol g G bl S e Use

s ST sl 65 128 50 o L loia 31 s il o a3l g s oo € lisls ¢ (33l iy
128 S s 5s CF 51 gl goma s Olyiees 0l

ST = {(z,w) € CT [ [|2[I" + lw[" = \}.

Uslan 6““."‘).’ 4o gozo

P=wl zweC

S slaw S B olas Z(p,q) b e J3) B & Cod 5 Sl (oo sslasl g pol s S, C s
sy S 53 53815 b 1y 5l §5° 68 wlige Sesty T\ {o} 51 gammY (shiad 25 (S i Z(p,0)
0Las T(p,q) b ol & cssiion a3 (p,q) g5 51 O sloizr o8 (sam=) Lo ol & S gl 0T 51 (g
1 3525 T(p,q) Slseiz 05 oo sl € (556058 oy o5d00 s o Lbdisai ool 13 S sbples sl waly>
g el 0 8 T(p,q) kb J3l o & Cons 5 p ST oS slul s5l50 805 p s 0l iy g Sl )
Q5 P S dﬁ(w 5253 b Sl ol o sloadlsn slaws S Gl Consts W5y S (Dppocn) 6 5
slas S ol snd esls olas g3lge 05 A s rLsS Dian? (S8 ol sl sad el plas £ s s w8l
Jbo aiglipr Cla 4 oo sladlie Szl 515 s S8 |y oo 851 s 5 o sl 51 (S5 sl

b py b sl e S Dbl et Cda e S 0 S e (gl i 0T 5 e S Ss b
Sor i oo @ 1y sl oo 4 o) il Y JSE le 5 o0 DB 4 L pn b plen i

Hare J“’crosmng,‘ number

46

over crossing !

A . 4 . . 49 . 5
Tunder crossing “*alternating knot diagram *’alternating knot *’torus

knot *'complete twist 2pretzel knot

V4 http://dx.doi.org/10.22108/msci.2024.140066.1631


http://dx.doi.org/10.22108/msci.2024.140066.1631

koAb ;
VFY oV (1For) | oyl o b famals 5 3, 0t 5,1 )

q full twists

.;j.ﬁ@ <>l 65‘5“’ iﬁ‘: D yd r\.& M q;l;g\ \; T(p,q) 6‘°J1‘“‘..~’ an .?JSJ.
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Figure 8: A nugatory crossing (right) and the process of changing a diagram by performing
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Figure 12: The values corresponding to the neighboring quadrants of the ith crossing, in the

positive and negative crossings.
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Figure 13: The first (right), second (middle) and third (left) Reidemeister moves preserve

the ambient isotopy type.
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Figure 14: Three links which have identical diagrams outside the illustrated disks form a
skein, which consists of three links K —, K° and K.
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Figure 15: The image of S in S! x D? which is used in the construction of the Whitehead
double (right) and a satellite knot for the knot 4; (left).
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Figure 16: The bridge number of the trefoil is equal to 2 (right). The connected sum of

two simple knots (left).
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Figure 17: The Kinoshita-Terasaka knot is changed by a mutation, called the Conway

mutation, to the Conway knot. These two knots have the same HOMFLY polynomials.
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