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ABSTRACT. The aim of this work is the numerical study of the Rabinovich-Fabrikant system and
its generalized model, which shows the occurrence of very rich dynamic behaviors with the interac-
tion of three parameters of the generalized system. In particular, we observe the period-doubling
bifurcation phenomenon leading to chaos, which has rarely been reported in previous works in the
Rabinovich-Fabricant system. The complex dynamic behaviors of the system are investigated by using
the Lyapunov spectrum, the parameters dependent bifurcation diagram and different sections of the
phase space. This study is based on the numerical solution of differential equations and their numerical
bifurcation analysis using Matlab software. The obtained results are new, because the generalization of
the Rabinovich-Fabrikant system of the current study was proposed and studied for the first time. The
generalized model describes the three-mode interaction. It can be used to simulate systems in radio
and electronics engineering in which there is a three-mode interaction and which include cubic non-
linear terms. In addition, although the Rabinovich-Fabricant systems simulate systems of a physical
nature, and in this regard, the coefficients embedded in them must be positive, its highly nonlinear and
chaotic nature, due to the presence of third-order sentences, gives them a unique quality to be applied
in secure communication. Resultantly, its artificial generalization with the use of negative parameters

which adds to the complexity of its rich dynamics, is of particular importance.
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1. Introduction

A dynamic system is classified into two types, discrete and continuous, in terms of time evolution.
In this paper, we will look at a particular continuous dynamical system known as the ”Rabinovitch-
Fabrikant system”, which was invented in 1979 by two theoretical physicists, Mikhail Rabinovitch
and Anatoly Fabrikant [1]. This system is actually a simplification of a complex nonlinear parabolic
equation that models different physical systems such as Tollmien—Schlichting waves in hydrodynamic
flows, wind waves on water, Langmuir waves in plasma. Having five equilibrium points, it is not
topologically equivalent to many classical systems such as the Lorenz and Chen systems (with three
equilibrium points), Réssler system (with two equilibrium points) and the like. In the following, we
will call this system the RF system, for short.

There are several reasons why this system has been noticed. One is the fact that it models a
physical system and, therefore, is not a synthetic model and can be used to model numerous physical
phenomena. Another reason is that due to its strong nonlinearity (due to the presence of third-order
terms in its mathematical model), a rigorous mathematical analysis cannot be performed on it, hence,
the system may show new and interesting properties that have not yet been reported. At the same
time, it creates serious challenges for the numerical methods of solving ordinary differential equations.

The mathematical model of the Rabinovich-Fabrikant (RF) system is described by the following

equations:
dx
=1 = T2 (m;;—l%—:n%) + azxy
dt
d

(1'1) % =2 (3&?3-}-1—1’%) + axs
d
% = —21‘3 (b + xlxg)

In the Rabinovitch-Fabricant (RF) system modeled by the system of ordinary differential equations
(1.1), @ > 0 and b € R is the bifurcation parameter.

Since it is currently impossible to fully analyze this system mathematically, most of the research
is based on numerical and computer analysis. Following this common practice, we will also, in this

paper, have an approach based on numerical analysis.

2. Main Results

Different dedicated numerical methods for ODEs, implemented in different software packages, might
give different results for the same parameters values and initial conditions. system (1.1) by Danca et al.
[2, 3, 4] has been studied. By numerical analysis, they showed that this system exhibits unusual and

very rich dynamics, including multistability. Here, we obtain their results with a different numerical
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approach. They used the 3-step predictor—corrector Local Iterative Linearization (LIL) method, which
is an implicit 3-step method [5].

In this paper, to calculate the Lyapunov exponents, we have used the MATDS software package
applicable in Matlab software by adding codes to get the desired output, and to solve ODE, the
oded5 solver implemented in this software with relative error RelTol = 107 and absolute error

AbsTol = 1077 are used. The step length used in numerical methods is also considered to be h = 1075,

2.1. Generalized Rabinovitch-Fabricant system. Recently, a generalization of the system (1.1)

has been presented and numerically investigated as follows [6, 8]:

% = [p (21 + 23) + q (—23 + 323) — 1] ;22 + az
% = [p (—:L'%—i—gl'g) +(](IL‘% -|—£L‘3) + 1] ,T1 + axs
d

T = 2+ o+ g)aaa),

This system becomes the system (1.1) with p = 1 and ¢ = 0. In this section, we introduce the following

system as a generalization of the system (1.1):

d
o =T (acg—l—}—:c%) + ax;
dt
d

(2.1) % =1 (3x3 +1- x%) + czo
d
% = —2z3 (b + w122)

This system becomes system (1.1) with ¢ = a. This generalization is simpler than generalization (2.1),
but it includes the same results in the detection of chaos and especially the process of converting the

bifurcation of periodic period to chaos. According to the relationship

Z 3]‘}} = (2z122 +a) + (¢) + (—2z122 — 2b) = a + ¢ — 2b,

The system (2.1) is dissipative whenever a + ¢ — 2b < 0.

We fix the parameters a = —1 and b = —0.1 and consider ¢ as the branching parameter. Therefore,
with ¢ < 0.8, the system will be dissipative and can be chaotic. Considering that system, (1.1) has
a special application in encryption and secure communications, generalizing the system and adding
to its complexity will achieve these goals and reduce the possibility of decryption and making com-
munications unsafe. In the following, we examine the complex dynamics of the system for a = —1,

b = —0.1 and some values of ¢ < 0.8.
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FIGURE 1. Bifurcation diagram and Lyapunov exponents of system (2.1).
2.1.1. Period-doubling bifurcation route to chaos. By keeping a = —1 and b = —0.1 and

changing ¢ on the interval [—0.82,—0.80], the bifurcation diagram and lyapunov exponents of the
system (2.1), in the figure 1 are drawn. It can be seen that for ¢ € [—0.8200, —0.8030] the system
has two negative lyapunov exponents and one zero lyapunov exponent, and in this interval we have
a Periodic Solutions, also for ¢ € [—0.8030, —0.8000] We have a negative lyapunov exponent, a zero
lyapunov exponent and a positive lyapunov exponent, so the system will be chaotic.

The bifurcation diagram drawn in figure 1a shows a period doubling route to chaos. In dynamical
systems theory, a period-doubling bifurcation occurs when a slight change in a system’s parameters
causes a new periodic trajectory to emerge from an existing periodic trajectory. the new one having
double the period of the original. This process is called periodic doubling, and its continuous repetition
is one of the ways leading to chaos

The bifurcation process of periodic period leading to chaos can be seen in figure 2.
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FIGURE 2. The phase space of the system (2.1) for a = —1, b = —0.1 and different

values of ¢, which shows the process of converting period-doubling bifurcation to chaos.

2.1.2. transient chaos. A chaotic but transient behavior is observed in figure 3. As the diagram in
figure 3a shows, this chaotic behavior lasts significantly, but after some time it disappears and leads

to a fixed point.

2.1.3. Coexistence of attractors. Figure 4 depicts the coexistence of some absorbers. Relevant

details are specified in the figure captions.

3. Conclusions

In this article, we studied the Rabinovich-Fabricant system and its generalized model numerically.
For the generalized system, we determined the occurrence of very rich and complex dynamic behaviors

with the interaction of three parameters. In particular, we showed the bifurcation phenomenon of
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FIGURE 3. Transient chaos in the (2.1) system for a = —1, b = —0.1 and ¢ = —0.5854.

period doubling leading to chaos, which was not reported before in the Rabinovitch-Fabricant system.

We have seen that by changing the bifurcation parameter in a very small interval, the evolution
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process of the system, with the continuous repetition of bifurcation bifurcation of periodic period,
ends from periodic solution to chaos. The complex dynamic behaviors of the system were investigated
using the Lyapunov exponents, the bifurcation diagram depending on the parameters and different
sections of the phase space. This study was based on the numerical solution of differential equations
and their numerical bifurcation analysis using Matlab software. The obtained results are new, as
this generalization of the Rabinovitch-Fabrikant system is proposed for the first time. The generalized
model can be used to simulate systems in radio and electronics engineering where there is a three-mode
interaction and which include third-order nonlinear terms. The Rabinovitch-Fabricant system simulate
systems of a physical nature, and in this regard, the coefficients embedded in it must be positive, but
its highly nonlinear and chaotic nature, arising from the presence of third-order sentences, gives
them a unique quality to be applied in secure communication. Therefore, its artificial generalization,
using negative parameters, which itself adds to the complexity of its rich dynamics, is of particular

importance.

http://dx.doi.org/10.22108/msci.2024.138938.1601 7


http://dx.doi.org/10.22108/msci.2024.138938.1601

M. H. Moslehi and S. M. A. Khatami, Journal of Mathematics and Society/ 9 no. 1 (2024) 1-32

[1]

[10]

REFERENCES

M. I. Rabinovich and A. L. Fabrikant, Stochastic self-modulation of waves in nonequilibrium media, J. Ezp.
Theor. Phys., 77 (1979) 617-629.

M. F. Danca, Hidden transient chaotic attractors of Rabinovich—Fabrikant system, Nonlinear Dynam., 86
no. 2 (2016) 1263-1270.

M. F. Danca, M. Feckan, N. Kuznetsov and G. Chen, Looking more closely at the Rabinovich-Fabrikant
system, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 26 no. 2 (2016) 21 pp.

M. F. Danca and N. Kuznetsov, Hidden strange nonchaotic attractors, Mathematics, 9 no. 6 (2021).

M. F. Danca, A multistep algorithm for ODEs, Dyn. Contin. Discrete Impuls. Syst. Ser. B Appl. Algorithms,
13 no. 6 (2006) 803-821.

S. P. Kuznetsov and L. V. Turukina, Generalized Rabinovich—Fabrikant system: equations and its dynamics,
TIzvestiya VUZ. Applied Nonlinear Dynamics, 30 no. 1 (2022) 7-29.

S. P. Kuznetsovand L. V. Turukina, Generalized Rabinovich-Fabrikant system: equations and its dynamics,
TIzvestiya VUZ. Applied Nonlinear Dynamics, 30 no. 1 (2022) 7-29.

L. V. Turukina, Dynamics of the Rabinovich-Fabrikant system and its generalized model in the case of
negative values of parameters that have the meaning of dissipation coefficients, zvestiya VUZ. Applied
Nonlinear Dynamics, 30 no. 6 (2022) 685-701.

M. Delkhosh, Introduction to Fractals and Fractal Dimensions, Mathematics and Society, 2 no. 1 (1396)
1-23. [In Persian]

E. Zarei Zefreh, An image encryption algorithm based on the Sn permutation group and chaotic functions,
Journal of Electronic and Cyber Defence, 3 no. 8 (1399) 139-150. [In Persian]

Mohammad Hadi Moslehi
Department of Mathematics, Payame Noor University (PNU), P.O. Box 19395-3697, Tehran, Iran

Email: mhmoslehi@pnu.ac.ir

Seyed Mohammad Amin khatami

Department of Mathematics, Birjand University of Technology, Birjand, Iran

Email: khatami@birjandut.ac.ir

http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

al> 5 o)
FOoY-YYYO (S ,mSINLLs £FAV-YYFD o () Lls
Y=\ g ((VFoY) Vol 4l
The Author(s) \feY ©

http://math-sci.ui.ac.ir http://www.ui.ac.ir

OF dpzr C3lean Yo 5 COLSG By siels lalus 53 L sy s3>

St s sy g 85 o Sl o &Blons Jao 5 SIS H— sl g8l goas adlllas IS o) 5 s 0aSs
e 3L 59 (g3lecislas Oladilong oh gt s oo OLas cBlasd gblolo fably aw 1S bl sagey 5 28
s sz slayls; cwshas u:)\ﬁc,;lsfﬂ\.‘e_@”;ﬁ\, solele 5 oy L3 sla,S s 6F~‘5@ sanlin |y wgsl @
ol sdian gyt 5B (sLad ) il sblis 5 b el 4 il Oleisl lasel (LU sl i STl b sl
el e 1585 5 asliad b T (g colatsl o 5 4325 5 Jeslos S¥blas goae Jo bl aallas
syym 3 0455 7 an o8 ol Sl sl (il el bl aallln a5 s st sl sy
tin 3> 2l 5l sl 615 5 £ 0 o by S Jals (@liorasd Jte el €815 s
58 5 sl 550 i 4w 0 bt Elar ali 5 5305 3555 @l ol S0 Lol s o g 2S5 gl
% sdieesl ol M 5 a8 a (g3lutnd 1) (b Coale b bl (LSS Uil gLl wiz e osllee
SBLl s b Lol 5,58 o g 4,0 Sz 525 Jdsay gl SLosdl g s Sty Conle Lol sl oo il g
S S Sapey S e ol 5l eslinal b o o yeme cras (Zhe ranty 5935 513555 (ool Conaal 51

Lol 42 5 G Sl sl )

FURVIA

LSJL?“"‘.‘ cé\} 55 Cewlosls CJ LSJ:Q‘C*&:‘ o) c((\fx 6L“’4:‘L'°L“)) rbd.g C)t:.é\:s)j‘ 6\4.1.“.@})3 cx}‘ 6l'°d\‘”)°
S 5 kin 5oy 2les 5 58 4 pladige 5 phiadils 5 sael sgmsu LSL) arels s ale sy pl 4 GMe )
bt 5 (Sesd bt e Pl 51 (g3l 3 1y Loty el sleesl Lol 51 g 5 a3 of 5o €banns
055 i oo e o L0, WalS o Jlas abais 51 ey o Slaaslales -slos sy 58500 e Ladl, 2 e
O5ST 3,5 ) pago Sl 25 Ll s (gholly SIS 58 Sy S L i slinsty ot 515
b ol ool b 4 sholly SalS (ol oSanl azan Lo ) Ly sboalale sl ols sla ol 25U sloa
5l b_w.\.'..b ;\?34‘ pd 9 L‘i) ab\.&.“é}ﬁ J.ml.b cw‘ » 53315 r:jc.&.b\..;‘..o L?“‘M C))}.&Q ‘J Lﬁﬁ Jté) S el sls
o) & Slis Cao ol 53 S ol gs £ny ol s Ly Me Lasly (S s Ll 5 Wos 4 samme « g duils e gores
cwuw“_) cr}:u c&nj:d Lol \&4.:40) J‘ 6)\.:......: BE SML“GA JA& OLU djb BE (PP U:’.‘ 45:‘)\: a_)L.:u\ CA"A‘}
olatsl g (BpLU sl (Sl Sl @ilpmss SIS B-gsply slile (I bogsply sl isulS LIS Slle
Sopais donw thaly paais s
u;¢32:dunt}
L T
VEoX/o VPN WS Lal fosl VFoX/Ve/Yo sty fosl VFoY/o8/oY rdlys 2

T (VFX) ) Lt & camale 5 (o35 a8 ol s €8lass o 5 3 3 Bmgasinly bl s gy saile (wils Lo s rhae wn o Wlie 4 ¢ Ll
. http://dx.doi.org/10.22108/msci.2024.138938.1601


http://math-sci.ui.ac.ir
http://www.ui.ac.ir
https://orcid.org/0000-0002-1420-1538
https://orcid.org/0000-0003-4755-6092
http://dx.doi.org/10.22108/msci.2024.138938.1601

FY-) (V) ) ket Al fanale 5 (o5l 55 (ails g o 5 oxban o o

2 oS Camer (s s 58 sl sSUse 65l> laar (Ui lee il saalie LB L5 slazBl ( Wlilge
L bsy gladlols 51 pladges ¢ culidlsn 535k slapl > bosbadl s Jbo bl (ulidcan;

Shs gsble So @ dlin ol 5o 35800 el gy 5 €S g 5 93 4 Sloy JalSS 55l Ly alels S
(A OIsSGsd 5s ks VAVA Jlu s S Calhyy el (S B sl) soblo) 4 Byyme ol ds
g ot sy ol S 5ansls gl 53 Gl ol [FY] a2 p 1l oilS 6 AT 5 sty il
2ol T s sk g sl (Sl s slaplz s | Kiziket el el wsle Cilin (58 saslolu S
Sl 5l oSS slolal 1 s b Jslad Al g 5305 L5 55 m 55odtn s s Loy 3 ¥ e
orl caelsl 5o s SGslsy 5 5l Lol asle 5 (Usls a5 b) T lugy glals (ol abais e ) T iz 5 530
aali paals RF sl lasle |5 ol

bl G bl ol S ol Cunbly cpl (Sl €85 518 055 5550 lolis ol S ui)ls 5505 iz Vs
58 sante (S5 slanasy (53l (1 Lol Olisn 5 s (s 520 e S ey 5 S on Je |y (S
Jelos G 0l (0 o ls Je 53 pgm 430 DV 3525 51 (20) (658 ot Jds o Sl ) Ko S
bty 1 50m am Lt |y s s oS ol S Sble el 51 sl ol o g5 385 2L
S o0 bl (Jsame Jeashiss S¥slan s8s Jo (e300 st 1 b (88l s Hle Sl el

sl ol 6‘-“;*‘:-?‘;% asl Sl Syl pae 8y o Sod bld 4 iS5yl 555 el 93 RF galals s
SBLSD vgr 5 (63508 Slows €m0 53 iy (o5 o 4 053 ddie s Soad sl W 653 hs it Coale s
L0 ¥ 5,805 sl 550 eyl

SOl ¥ i s ol ilasie lie 5 Gyl oy Jalt (Y i ol 5 e e o 4 St
b ysba [YA Y (V] LK 5 (G0 Law s lolis ol 5,8 o 153 (gae Juoss 5 40525 550 @Kﬁxﬁ—@jﬁb
S s -rng@ sty (Dl (o308 3,505, o b oy ol ples 5 55 1) lagy! Bl el
4 Laly Claiil lased 5 BeLU sl b haslinl b 5 e Sb1 ) SOl U -y sl bl 51 e Y
Ol wlans glales zabyl 4 GiSen b1y (28 sl 6Lsy sl Ld, ¢ 55 3 glad | il (:Hiﬁ 5 bl
solale 55 (L3 sla)lS s ‘r:%g@ sanlin |y Csdl @ (e a5 o) 9 (g5lucielan Oladil sny i ge Nt
Sl gats sz 51 Glole JolSS sl b oS8 slens 3L S5 0s € bl e b bt 518 SOl - s sl
28 e gaalil shalinl b dol s anpe o5l 4 coplin il gm S5l g 5l ey 5 255
oA 6 slasal s, i35 5 el DAL 53 ol el 1kl @lent 5Ll a2 iy
a5l 886 55 055 cpl 4 S0 sl 51 ok Dl s (es 5 ale ol SLS s dlis

ledde CJlas 5 Cayls WY
XxEECR" a5t eR »gly Sl ¢(t,x) &b S (R™ 53 € s—0ley) bgy gololes S (oL, ks 5l
AS oo oy ol 4 Cad |y X € E bli 08> o550 oS (Sl sl (i o
RINANSNGARC VY TN (VRTI VIWETE W P Y- PR
¢ : RxE—E
sl )3 3 ey N80 (Br(%) = 8, %) BV 5 il R™ 315\ a5 gezma 33 Sy B S ol
"Tollmien-Schlichting waves >Langmuir waves “Lorenz and Chen systems ‘Rossler system

http://dx.doi.org/10.22108/msci.2024.138938.1601 \o


http://dx.doi.org/10.22108/msci.2024.138938.1601

ry-\ (\\c"\ﬂ) \ b)u A .AJ.} /wl# E) 6_4‘:3) Legeal cOT RYNEY Cﬁl:«r:.o:ﬁ d.,\a E) &&ﬁu—@jﬁb 64)‘.&\..“ 23 Lsg 6Lhu3l>

(. (x) =x X EE p» g\ p -l
$dp 0 Ps(x) = du(Ps(x)) = Pris(x) X EE 5L, s ER » Ny -0

Dt LNSM_CL&» S Scul BEw Bl call-C' &K gy ot €R o gl oS 35 o0 azis 2 ol 3l
;.,\“SJSJA.:CA;J\)Lﬁ\;u.\?abeS@‘EjserJyjiéi:j\éﬂb\g&n‘y\}&tGRLd)t (ol ol
“’@W@‘ﬁs
Bl sl B CR™ 53 Ly ool G o(t,x) ST IS sba
d
fx) = —o(t,x)|
dt e

dsl e dis Oloz x(1) = @ (1, %0) X0 € F o sl 5 800 88 B s (s3ls plae-C S
X = f(x)

x(°) =x.

)

I(x.) = (-00,00) 53k «lsz 3525 cmdiw 53b X0 € B o gl onlply Cunlond o8 R™ g5y S ailisn
515 Jeil s dslae Ol desazmn 5 a8 0 slul (3l Olas—C S by lols jn S sns e 0Lt cpl il
iSor o s L) (ol Ol ool Lo sud

Lo 51 x(1) = D) sz ST a2l X0 € B 3y RY 315k asamas o B 3 [ € CV(E) S oS5z
syh st ER » 6ly d(tx.) X €EF L glp Sl his y Slsgaales E s L gl G oY) adsl Jluis
(010) Camdga s Sols x(1) sl oad Ci a5 (V) b S Sl B s by s6lole S5 0 (1, %) S0 S 3002) 3
Slol s b el gloiin (sLib 555 o ool o, adaid 51 526,38 s ({6 (£,%.) 11 € R} asgammo 5 £ ol 5o
oled Iy &b glad (Lol s 45:;..’;@ osls olis M b;ﬂjw 93550 saeb Lol QTCJ\; slas Ll glas c(\)
Cdjfr:.a:\y R™

Pt=o gl SedF s st gloy s wlole 51 (lad 55 Sie ghys Cundse ) X(1) Olgise s oot
6 lsb s 03 S s X(1) S o5 T () = (—00,00) 53 95 £ S 5By ool by el by Ll x. abi
el 2l 513 a3 055 ool of = 0 ol 53 I3 5 S saly i |y sl

025,38 e gay (o <ty <ty <o L) il gy (%0) @y (x0) Bla B e Sl . 31 o —w s S P ki
it —> 0088 @y, (X.) — P Sg,sba il 3990 x. 3

25 X (g —w bli dep ) glds seme O g0n s olis Q(x.) sla b oS oy X, dbats gu>—w 4e some
S

2 6ln Ssbe 1al 35250 Q51U 5L (Solaon S5 oln calion 3l dogozme G 1 D (50— 45 500
SeKlans iz saan § izl Dot 55 1 O3l 4o germe Gl gasls a2l LB, Q%) = Qdaly x €T
s Gl Bo sl b Ypams 1ol 6 285wl s 53 U feo

S Km0 & alon (sla e o5 68 el 51 5Ltk (ot 46 pemad S 3l S sl ol
PF] el 25 sla S s 56 glad Js o3l G

23 & 5l o 5h &2 ol 5 S (G a2 53 g Senlaylie 51 celea ) ) Sl LG 4 peze G =)
(wlega o
WS e Sz |y Wadioe 8 0l 4 Kooz IS 531l & oo s oL Y

N http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

FY-) (V) ) ket Al fanale 5 (o5l 55 (ails g o 5 oxban o o

(13 5Se S Dl i LG Jold bl Bl o) Sl 5SS Y
Sy e (500 §lae pma) il 51 ol £ 5 5leg Lol s
¢t(x):xr:.::l.,4;.:.\.> ctERﬁd‘fbgﬁﬂ;@b%&bxeM@ :C«.ng«biJ (gﬂ.”

o sas s o8 lie | x € M dhais 51 05,38 (%) Sz H(@sbie <S> L) slie iz (o
Sl b blie Cslie e -t € R o gl «r(%) = drir(x) Ssosba ail 35290 (03L30,93) T > o
k.iij}-‘ﬁjs J)\r,h S °J.".‘° lt’ﬁ 5}‘3@ (=~ ;‘)jl.'ﬁ )93 g_%)) qf)t(X) .k.w}: § ol Lo Gar..uo &“ “T))L;:A
L={¢1(x) : o <ty omin 2L T 0l 0590 b Sl plin Olgz G 1) oS j2,8 - adlion
1S she w3k il sz Bi(y) b Sos Oz G Jlas o 550 00 il gur xSt < T

Jim d(di(y), L) = b lim d(¢(y), L) = °.

il Loasgaze 9 X abails s B30l o d(z, L) = min{|jz — w| : w € L} Ll ;s

ool Sopons Lol olion € Sl (al st b S (o slintnd 8 ,2) wslinand Ol (o
wi = T 5 5 T S 035 350 b ol ool oy ol ol ps S ot w(t) = 30, ha(t) shole
3579 b 25 S b {@y, @, gt abe 4l sl 51 el 4 geme SO (ipen A
J.LLL: ils
) s> JEs 4o gazma opl =)
i = S 5 S5bts 45515 353 Koy, g w55k s slas) 7 el o 1 Y
oz S S (:3‘5 55 eoglin—g e G awl sbia—g L b (ul83 g b oglines Ol

TI=S"x-- x84

318 e ol w1y ol ul68 O SY e S s, 8 0 518
S 9333 9 95z om by SO 60y S 0SS 55 1) ol coslie =Y L, Shs 6l (e ol sea
sl cawlin Tij\ S D330 395 Ty 3 T\ o3l slany o b s I IS s sa esls Las ody 5 dy
Cg> 3 498 T \.a.d: al ,o 55 5580 s g 1T\ = STy Sgy5bas wyls 5559 5 5 T‘C..x.a:‘.\.c\ »\Su\
S IS ol i phion s g ey § 9,0 b 4 43U T Sl ey 5 W50 dy Sz 53 95 5 5 d)
e S 3 5L sl sl leand gl ol Ha8 e cl u‘:‘f aT o3l ey b Cl gumas 2
slas) ez ils cwlon Ty 5 Ty STl ol sualiv BB N S s dis ol aa5d cad s0d (6w
A2l oL a0 (giletnd gl Olos 5 ad aalp s B8z ST e 5 WM 3525 5 5 T o
DB plply sl sanlin LU 2\ S 5s Cundy ool i iy s G0 SIS Dot e
s .x..o)\.:o Wt&aﬂb L;L:oud\f).é L woli-Y
SbSalus S ol bl ol sais 811 Gl gl sasad iy JS w058t 1Sty il S, (o
P pE e abta 5 Cpols au b Syl
RO JEP ‘_gLasgﬁ:Ahi; L oylin (LS.QJLAS 4 La‘) LSBQLABM; ‘5{:&@“: L")‘JO‘;‘-;LQJ‘M LQQT— |
RS VUSoW- U\gﬁ
o et o3l i G & Ws0n LS e O3l ol assame S G (sLas s bl -
oL sl JA] )15 oS Cyganla wad K L L;\:SJB VSV L S Lol s sy Lol
oh aax e [FA] dlis & (oS and 5 LULS B 4 by o SLS 5>

http://dx.doi.org/10.22108/msci.2024.138938.1601 \Y


http://dx.doi.org/10.22108/msci.2024.138938.1601

ST

NI

eslead Sl (g) osle Ll (@) dy 5 dy s ()
cals by sl cals by sl
R ol

TY BJ"‘"? K33) wlﬁg‘.&o A Ji.f‘u

Figure 1: Trajectory on the torus T2

asba «SLusal slslae & ne ay catasse ol | adsl dulod 4 Sl s (Soly bl - ¢
L) Shi Dl Sl (p o 4baid) ol Ll 50 S S s Sl R BLY oSG 5l srdpa
sbien Lol S8 s (2l wdy S
(S5 sbl sl .Y

M Qpas saznpy 3\ 2 =0 S B g asgers So M S Sl (M, B) Car Soepdpil) glad S WYY

oy s () = o Sgosbay k112 B [0, 400 16 Su (M, B) (55538 S WY e

1 (U Aj) => u(4y)
7=\ 7=\

uA:A\.: u)\.\.s\ 6\.0.5 gSs.i (M,B, M) 63.\34'“ NGIVA )\}J{ Aj e B 6\;7@ 93459 6\&4&5&/: )\ \J\AJA b)\jl\} o 6\):
e Qe s Sy a8l (M) =) B 5 e i s\ o 1S c Sior (M) < 00 B\ s
gl R VAV \WLE S\lab S (M, B, p) A\ Q;“\ 38

3 w(E) = p (fTUE)) daly B C M pipshil e sazme o sl STl Ll f bas G Cos pojliol G
il s EER o 5 B CM igeslail desame sl Sl b bsy sobele G o o3l K& ol
) (E) = p(o—(E))

Szl 6 by goble gl Soo Sl ol G 1S 35 00 €S 801 w2 (M, B) 55, Jlxl o3lil S )
) b8 25 ol 5wl b dr cos i

Cu(A) =\ L pu(A) =8yl p_¢(A) C A el asls € Ry o gl SVA€EB » sl

S oslul o8yl ca ¢ Q I .y (24, 2v) = (e””tz\,em”tm) sacRM=S8'xS r:.suajs (Je gl
Sl O gy slales gl Sos Sl o3l G

Y http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

FY-) (V) ) ket Al fanale 5 (o5l 55 (ails g o 5 oxban o o

c.:b cpEXJkLg‘J.: C;\..:‘B:P(X)r:—ddb‘a 4§J..2b o\}:glb UMQX(’:SL)&JB c;g.: U,JL’J.A U\y.wu
4l b iy 5 6, B 5 [0, +00)]

o p¢AS

lgf . [°,\] — [°,\] J§‘ -bj.j:go D.X:.ob D k_g\J:tb bj‘.ﬁ\g)w 4§C~w\ DJ"JJ\ AS.: (Sp ijww‘)) -.\.J‘J:\QJ.E)D \)

SV &_ii.}jf)‘ 9 liLs“ f LS‘J? 0y 9 e /gf\x.s 6\.&:@‘\.}&\ a\fo\ Y™ osls f(z) = al

305 shi ol Jood 5l (2258 e e Bk dania sl )=k a5 B SLL sbals LYY
6LQLM 'Mbu;o 5‘)‘ L.LSL;O .\..:::J L';:'CJ“ 4.? Lf C‘ULAL.A 4:13‘ C«:d-..bj)b &?ﬁgil:‘“"’ 6&5 A_ii &‘1’.‘ b)}ﬁ)é \) bﬁl&%‘
Loy bl s s 0, &5 5,8l sl ol gy, S5 asd b diy o5, AblS sd slpames A 5L

{\ peA Sl

V] s

el €L an s sl Lot 4 s Sl (S (6805100 5 038 oy Ban b Ly sbaslals ks 51 les L
Log w5 sl g n by goble S

(V) x = f(x) = (A (%), fn(x)),
bgjh .\,.3;6_9313\ ‘J (Y) 64AL4L~ | 0 003 ‘f:Rn _>an X = (.T\,...,.’L'n> ceR*"«S
~ 0f;
i 0w o

M= B GUl 56 5Lad Sl R olS 4ol s S 5 Sl slyen G sl £ o(Y) 55 o o500 o35
3 X(0) «Soa5 bl b3 5o 5l e SLR(E) 5 x(1) i M 0o s 93 o iz Sl amas E
IV S allan 5 5520 SETR() = x(2) 4 0x(7)

S S olsea Lol olsise wiler (Bl O SesS Colgir X (1) = R(E) = X(£) (b o oy 23l S Slo3
B gdign 03ls 3 (s Jewdliins SWslae b 2(1) (Sl JolSG 235 k5 s (M N TM ulea sLab s 2(t)

_\- O
-\ 8.lej

Zi(t)

zj(t)
x(t)

J
oles 5Las 5 {ei} 0 wolae wly G csladsl b2 n ol Lo 58 2ol [4] ukenl (S s 405 o
cg.fjj.‘: 6l‘°OL°} 6‘)7’ ‘Sdiﬁb‘\f 5)\5 3¢9 TXM

¥) z(t) = Z ciei exp (Ait)
i=)

10 (AU SbLo on 46 goma) LOE Gl ik a2l 2l M (555 Son Sl bl il o by sl
3l (S sl sl 4 (rb SLL o5l & o) Sao o3Il L (glas saze (51
®infinitesimal

http://dx.doi.org/10.22108/msci.2024.138938.1601 \Y


http://dx.doi.org/10.22108/msci.2024.138938.1601

ry-\ (\\c"\ﬂ) \ b)u A .AJ.} /wl# E) 6_4‘:3) Legeal cOT RYNEY Cﬁl:«r:.o:ﬁ d.,\a E) &&ﬁu—@jﬁb 64)‘.&\..“ 23 Lsg 6Lhu3l>

4ol 8L x(0) S e plad LR=S"CM gamn 554t K oS Sunsp s (V) dolas
sl el s oo S chad Colus e slayla s S s S gi(t) = cexp (Ait) LSL”J}’”V:J b sl S
S0t blie Bl Lo i Lol jsme glp Sl ol sl sme Cgm s oLl b LLL] & S PE P AW
Pl 2l 525 535
V. €(t)

i:tlizﬁloglnei(°>’

el ol 5 kol sgma cpal i shital 53 s ¢ la €(1) ol s &S
C«L‘b M‘f ‘Jﬁ))bJ bﬁwwjgj\wwd&b 4(5X(°)L;L§g_£?)§du:.>‘&~6\j ‘w‘j ajll.c

|0x(t)] = [6x(e)[ exp (Ay2) [\ 4+ O (exp — (Ay = Ay) )] .
6\.&0\{})) QLOLNJ\:.é) 4‘5:.“? MJ) ~&:\.:‘J M‘}.? (@Lﬁs) @J.w Ju:) OLA)JKJ) cgj‘b.i‘ﬁjb \h&&.’“ c)\\ > 0;‘

Gl bl sl 3 izl 6. = [x(0)] b by e sllas STl 53 ol iy bt 5 Slosg ] S0
olos b L oo i s 8 ‘(.:.SWU:?: A/O:"‘" s> S L,

_—
Soals 15 3580 et LU ot o p 53 bags Ll T 8 o o oLt dslas ol -l slazel L6
ol im0 5575 b A 5 6 4 o
25 @5 pesle 5l 5 S e o 5B slad ules sLad s 1y Laylsy ke, BabU slals (s KL
gl i
Jij(t) = 8?;?) :
i e
sl bya b g dolan g b 5l el snd ool Z s 5o Glagsis bowss ST o glasls s (Slas JolSS (25815 0
WS e 8 Zij(0) = 0y

() Z=Jz.
Lig A sk S
(0) A= tliglo % log (Z(t)ZT(t)) ,

e SPLU bl el glos dasly an [3] 55 walym Aoy sl i Sl slales Bl 0 pd iy o0
o L [V o] @bl lals aunlons 5500 55 (23 Slis sl g waly> (GYsb laples 3) ploj uie
sl i p3 Do dr SELW a b diy S)p oW
Ay +)\\’+"'+)\j
RYERY

dr, =dgy =j +

Y

day 4 bgn 83y ez Ay b N > e S Sl s sas 23 Sn s A 2 Ay 2 - > Ay ol s S
S 8l sl it s b SISl el [VF] 8y = i il S5 LIS s 5 (i) Syl
SC sl 5 [V0] w53 sUss slaslels sl 0F (s w38 a3 L0l B L o SUT 5Ly sl
St Y 08 K Bl ey o ilsn i ISyt V8] ol aat 2yl ol sloalal 51 5y, s VS

\0 http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

FY-) (V) ) ket Al fanale 5 (o5l 55 (ails g o 5 oxban o o

ol el 3] S (s s ol il o ol b 23 S s 5o badise il 281 .ol diy ad
sl Golo agesd Ly sasbols gl oas ool

Jlel lpen ol 1y @321 ) gule s 5 O LU L ol 2 i gy =0 o) S DBl gostws 1Y
sboise (035 st 51 (56) (S50 5 Ol alis slacel 53) 2Ll (Olull alice slacel 1s) blasl JIsa
iutls anly> (LCES) G 5Ll waiia Lo o J3ls gy SusaT le G e il i 31,85 5 Sl sltd

LCES JS ¢ gozma « S5l (Scalips s 052 (301 ey o (o 5 (L2LB1) it (5 o(blsl) o
[VY] 55 sel> ice

w3lsr o sl BELL bl § gama ((Shan galole G 0Lz wle) Colan b o L3 0L 2 S
b Sl A aal e b 6 geme 5 a2l blush 51 2t b olil (W) gobole G 3 gl S s
PIV] il Jio aimn BLU o G el dais G 51 e (3l o sl s —oles glasble 13 S5 8

sl b s el by sbaslels (ilae 508, s slp Sl bl i S5 US 5 bglon
Lol B)sunle asd Lslian (bl o (oll s cisg—los (sboile 51 gatins SOV iz 5o 2 5 el 0
IV W] el o <)

;‘BJ).\.M.\LA .Ud 9 LCE g.ﬁ.:b u"’L"‘J’ &»ﬁ—uLy 6LAUJL> (Ao Lawd A d}-\’

Table 1: Classification of time-continuous attractors based on LCE spectrum and Hausdorff

dimension
PR PRPE, Skl gl o3l S 1
° — Y \
\ °— u;\.&nﬁ»\s‘)} V
Y o0 — T o i v
Y<dpg<Y +o — uj.:;T
\y oo — Trar:.gﬁ\ ¥
Y<dy <¥ Foo — TvdeggjﬁT
Y<dy<¥ 4o — sl ol
. o 2o b N
—— .
N
\ o Cslie oS>
N—\
! Lot e (N
> N-I
ktl<dg <N |+t oo —oo— | Lytl— (N-Y)
k>) 1>\ N—k—l

6[..24.'9).3 ol L& L \.mng.'x; 64""“’"’ L\.:S)\ u»Lw‘J:i 0‘33@ [y lboss 'OLG-;.-}J &'én:iﬁ‘x:? dLbs,JSl.?- .Y
"’;6"""'.’“) ‘)‘L@

http://dx.doi.org/10.22108/msci.2024.138938.1601 \Vd


http://dx.doi.org/10.22108/msci.2024.138938.1601

ry-\ (\\c"\ﬂ) \ b)u A .AJ.} /wl# E) 6_4‘:3) Legeal cOT RYNEY Cﬁlﬂr:.o:ﬁ d.,\a E) &&ﬁu—@jﬁb 64)‘.&\..“ 23 Lsg 6\.&;.).:[;

S (Jsles bli) ol bl 5150 (Solaan o b o iz sl o0 55 oa saal 7 €Sl 3 il S
L5V w255 Y oley 3l o & s cpl o o sl sls
2l ol bl S 8 sl Solaan b (STl e 0l 3 G Qi sl Sl ss slacosl OWs
it ) o5 itas e 5 oo i g sl JoLo s 5o b el s ol ol conlole
(g S g g O e e s ale b 51 (g5l 5o ShsAll (b8 Bley il Sl aud
Sl Jsbes i S b ol slaasls Jals Ly, slosbole 51 o Tl osils Lglys J 8 slowbale 5 ¢ o Ll50
Y0 YF TP (XY oYY (Yol whit ol Ul bl oy b

sl (31) Sl Sl iz sl Stupsl Gbsbils 5 Gl Camied gloosle b slubus 0¥
S ssie exbs N cenie (sl LA (Olubue Olseg by ool s b ebl 51 e e seme S
.x.‘Sgo L@\ sl e JJiLo.C 33 (R B ij 5 Sl sal salin L;«.:.L LgLMSLoL.: 3 LSJL:*M:’ 3 ngbﬂlg.x;.g- 45;3‘
el ol of 51 [YA] wa T EimsS 68 ol s o2 et Ok ool olbny syl (VY]
S S (gl Sln wile acks sl Sl gladins oL s L 5 0328 ) she (soluby L S5l
Sl o Jalas sty ol slalala S, s [P OFY Fo YAT bt il el pyle 5 e ke
b2l S5 Ot Cod Cal (San wbob (iS58, 050 ol 55 w355 00 samline (5L eslall3 8 Sy cilisn
Gl e 53 55 (sl 4k s was Slides S G oot (olubair (Jb pl b S 8 Sk by
31y ey Oladod 4 5L glubar b Sysal glealola s conlply sl s>

LSLQL)L“JQ c[\“\“] \Q;YJJLAJAJJJ}‘ L..wj: u};;\,?,b' O 0y 93 Léﬂj‘w -G}ng.)j.&“’) &Jﬂ‘rdﬁ -?.*
Olsl 3 sl 8L wd iy SGsd 5 DLl (bl Seolios 5l epe 5L plsen Lo S 0sdl 0 3L 05 5]
[Y’V AR c“f] &’ dj.'a.&a ) abJSCA?:fJ u*°:" C)lbu)‘ u:.‘.?rh 39 (swge gwt.fi: ey 9

B8 5 Gds psbas S o020 sl Jals ol s 5 sl Jal3 0 STysal sloslals was Soly w25 L
Wlise s w20 il a5 516 o e e (@Bls i oty B8 B bobole pl s 0 5Ll
55 s oS (5psba wipiion e w5l oles Usb s saelas Ssbay culon sy (23l sl Ll it 51 o (Bly e
35 e S 2l b wS(e a8y el b 0las Rl b ((o8l5 e 5 (Gt e 0 Aol) i
s Q.JXJ)L 6[.%‘)[.0) BE) W GA:JM J:&MAAJ‘ C)jbla S.LAK lal

b S wmslion 3z b (S ol 0S8 i 5 350 2thab b 052l sabeta slad b 1 «Ses el
Ol 5 1) Sos e (S 99 eyl Ll 553 (G ol osle (Ssil gbaalele 5 S Claxt ol 5l wade
G Sl (Kos Dol el st swslas SLupal O3l s bl 2ol sl 5l oabial slas N b oo
S5 (Slu sl 3l s olom sl ool bl sl glale 51 oalinel sluss Jols glas gomo « Sy 53T 31>
35250 3L (255 slaslae 51 G o s db n S S sl Sl 51 (2l 5les JolSS sb 53 ' ro opl 4
shass Sy p5T slola 31 oalizead b o315 oo o5l Jedsay & Sl al Lol 53 pn €0 S o0 s SuptT 3L o
oy S ol bt sl calie e S S st SS L 5 | 50 sy sy, 5 (g35amels
Slaal (> & J sl 35 0lgion O 3.8 4 ramin Sla S 51 5 358w €518 it sy K Olsiee 58T Ko
o o o b b StpiTable oG ad g sl s3lusal BU5 ol o S salizal cad OS5 (5,85 505 J2n
el sad Joud 5l e 55m 4 SLysl sl b plaslole o gian il

SSelf-excited "hidden attractor Smultistability °coexisting attractors

\\ http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

FY-) (V) ) ket Al fanale 5 (o5l 55 (ails g o 5 oxban o o

sz corlly -l bl s sl el 4 (VL Sl (gion Skysal Gl gl sl

O‘}"%’ VAN S S E-7 30> L 6‘)" ol e Oﬁ‘ Jb B LIEELY) .x.:.aa|‘9.‘> W\.‘m 6)&).&) 6L’°°J:’JKL§‘J:’ w\.&m\.’»\»b

sbosl b pbable epan il culply asl Jlsds Col San Canyion SLsal glacils (8l (Jla
[YF] el Slsssi (Vb S 5 Coanl ) Cgon Slupsl

(Sl SLMb 5 el sl sl i 6,850y sbsble w0l i 6K 50, slasll V.Y
ot i 5 Sl ek gas 558 e sslitel cilinn (BUS,| s o, 5| B s e
9 et S 2o S0l e s s 1y hol 2 SLusal bbb daglads s 5 wsl o bablu ol o>
S Max 2> 535 )N S50, (g6lobo ed 13 Ol 1y 0 udl w3y iy (638050, w2y SN G 4 (ol
(Rl dar S B e ) (0L sladar es B G0 D saii )05 sl S
&lay Q}:’ &b SG Sl ame (ool 51l () B05ay sl 5 T ok o Y (S)s e sloul e
D gliisn 8 Dy g0ty &S o

S e\ —{e V™

3 e oo Sl alatise 8L Gl Wi s Al slatsy b el Sanr (65, sladlels
c[O"] dls s (Jl Q\j.l.c«; -.st Z{j,:’) [ff O ¥ YY <O°] oYlie L Q‘j@ Gd)&‘}ﬁj LSL“‘:’L"L*" 55 gyl st\S
3 e wo S Jole ol s <) | &5 5 Sn il 055 5l aslinal b g (6050, 2 SIS
S VUSoW 1
s a8 Ossl mls 4 by bl 5 adsl kb ol SS'L 55 800 sl

b Sy Cmdge st s (s S5 K S5 (ke Sl bt b T Ll e s <Y
b EalS i 55l by (Scer Sgosbe 3580 Lol Lol s 5

5O il 05 S SSL Sl 3 St il b JuSey o ol prla Sle 10 (a8 s dlo s s -
ool (XOR S Jae 5 SpSbow (2 50l (slatanr dsts oo prdans 53 b o6l b s 0l g0 kS dte}j@‘ﬁ
il Gl olendag )5S

@&aﬁju—@jﬁb ‘543Lel.w Y

Solubb g J"/u’l" s, L;:- Sl o3 B s i s ! s 93 N rb&l: Con andllas s
o s sy (Sin 5 S g S 056 51 6 (shole) Ll el sl L ghsle s satalnl
535 83525 Sy oBig (BLad o spab 4 e (slarenle (550 5 (Sl O 2 23l5 L 5 ssle b e
dLMGLALNJb o gl &3,.2 u&\ﬁy\ Sl w)fuaa&n cu’_:aL:A Al bé:..o‘..ﬁb Lgbrlﬂ.:..ﬂjb L,}.B:Ldjtfby bl
LEY] sl b5 oyt bl Sl sl s3lassins (sl (5L b wlsigen 51
dalan b 1Y 5Y By me e ca5ion i ofiii o (3Ll S 53 4 0 3 5Ll LS o pladae 51 (S
Lo ol o b (bbb (g sepm
(*) fe=7f + (B +ix) fuz + (ia = p) fIf]

0Qubstitution box or S-box confusion '*disarray '*Hash Function Diffusion '°confusion 'turbulence '"Landau

http://dx.doi.org/10.22108/msci.2024.138938.1601 \A


http://dx.doi.org/10.22108/msci.2024.138938.1601

o) :
ry-\ (\\c"\ﬂ) \ b)u A .AJ.} /wl# E) 6_4‘:3) Legeal ‘O‘ RYNEY Cﬁl:«r:.o:ﬁ d..\a E) @&ﬁu—@jﬁb LS“‘"“L“ 23 Lsg 6Lhu5l>

ol L - g0 als f (2, 1) o 53 S el

Dol & (7) dolas sl S8 = p/ay = B/x am o bl ST o sl Slslil (oS Lame S
Kengyd Wslan b of e 5l sslind b 0lgsn b (F) Jao 3550 50 ST 3 5 Sl S bt Suss
[FY] 5] s o> i

Sl 5l s S et | P = [ (000" — agea) do $85as 5 N = [/ |a]"da o 318 sae i oS 28
oS A 03 5 Dyson (pF 0 s BF v F o Sl €) (5) sl

dN/dt = Yv.N — Yﬁ/\axﬁdaﬁ — Yp/\a|*d:c
(V)

dP/dt = Y. P — Yﬁ/i (aragz, — aray)de — Yp/i\aw (aza®™ — aja)dz.

b Ll 31 o8 S (e = B = p = o o (sl ) bl oy 5o 4(F) & S L8 Jls
Bio 1y 55 52 455 ool 1 ool sy ot ol e 5 0055 555 i 30 it S 050L0)
Lﬁ@\sjgﬁ} u.‘SGe Lis |, 395> psjd,.cf» ‘u\sw ujﬁwr‘:.:;ﬁ@lida.cﬂ\gd‘:\jhsgbﬁ .x.deo

sl Jolbo e cplale (S0 iy Lo il lag sl

_ oAt VYV - \/¥
(A) a(z,t) = Aexp th + Zﬂt + za(:v - Vt)] ch [A(a: —Vit)(a/Yx) } .
55,5 333 (V) 53 (A) 05,5 2R ULV 5 A sl gt 5 slan ol oV ot A cils Sl i |
[FA] oS gl il 5 Sogots = B/x ~ 1 = pfa <N S8 gl snbly 4 S Jol 4550 Doz 4555

A4 aBoygy Yue B gy W TPy,

a7 sx v ¥z Y

a Yz

u""‘:’. g..\.':}.’f;@ J..:‘J.‘: LQOT‘C.A‘bj .\inlu’.» &JB):A Lﬁbu}l:.‘La 4o (& — OO&B) 6&&.{): Q“,}'GA L""i‘)‘

5 \V/Y
s < + \"0) ]
a \ X o
Sadbw B K L‘”OT wsd 8 8% (7) Jae s sz 2bsr oo Sl b 300 e (I HL @ﬁfﬁ‘)

(535 3) sty 15 ysots |y (F)

Voo A—A =

dﬂ?\
E = Ty (%\"_\_FJ;:)"_CLZ]}'\
d

(1) % =y (Yor +\ — 2)) + axy
dx
(T; = —Yar (b+ z\2y)

A 55 o b Ulas €235 550 Ll L () ol &8 s S sslizal Sl ool 31 ol & ) S5 )
2250 L Ll oS Sl 58y jsba Lob, blda 1y ol ol g e aduen 42 ST 5 Cosl Jsame Jusl s SVl )
Joas 2lie s b slobela & 55 S50, o5 e | (alonl ad b sabole cylo b st gy iy (2lme Jdse ¢ S0

%] 55

14 http://dx.doi.org/10.22108/msci.2024.138938.1601


http://dx.doi.org/10.22108/msci.2024.138938.1601

e Y-\ (\\°°\") \ UL«—: cﬁ.\l} /wb,wol:‘) Lepe-a] cu_éb J ¢ u.nj(;xl‘m s

a> o anlond g5ladas (4) Jsors Jeuniliins DYslas sl Lo g S (RF) S3lS - gl s6lole
Cygots Slol ool sl blis el Oleid) zal,bb e R 5o

PO pr— (070’0)
bR\ +Yb ¥ — Ya CLR\ +Ry
Py = , k4 [b ,
M (jF\/ Y—va ~\"Ry+ Y (fb—ra)R, ~|—/\b—?a>
bR\ —Yb b — Ya aR\ —R\'
Pey = 4o b
i (jF Ya— ¥ "\ 'Y= R (¥b—Ya)Ry — Ab+ m)

OT)JSM

R\ =V \"CLY — \‘ab+ \c,

Ry = Yab" — Ya'b + ¥a' + Ya.

9570 4 S s 5o (B s Cod )88 e il & 1y B (2, 2y, 2v) = (=2, =y, 2y) ool sbela
6@[?01’)\ 'A;U‘NJJ‘? ‘J ij Py (P. J;bﬁ Ll 6)‘.3.3@ Lis u‘jsuao ‘CJ‘.’.‘J‘.’L‘*'.’ s ((}153.5)) O)Lﬁ"ww g_ii Ty
UL 5 goae o los o e (Sl i el o Saal Bl ol b, elS Llss 5 0505 5ol Jbs s
(LBl el gaus Jolo 5 (S (63,5005 e ol o 55 Lol sy ol Sl ganm b ]

Oles (goas s 5 4525 | Lol sl €58 ,1,5 asdllas 5550 [FA FY (FV] o, Kan 5 (05 awgs (4) gaslols
)Ji!“jj \:i ‘) LQO\ @L“J c\?ﬁ»ﬁ‘J.) -))‘.:\f‘sn &Lo.; L ‘JLSJ‘..\:"L“A;? 41.0?}‘ C&ij J}QMJ:.’C @lﬂx c‘C’LAL.a w‘ 45..\3.5‘.)
sl A 6\.41:’-]04..» id@m/—bww& w}n 6J‘ﬁ LSJL“’"GB Uiﬁi J‘ LQQT -ﬁ)}TLSA Cewdds ngl.é:.n (G
-[f°] S| @K—YW UZJJ “58 45¢J$\a.>;

255 55331 L Matlab 131, 5 55 121 6 MATDS (55153h 5 €y 51 354U (slals aalons 15 cdlin )
(st &LE; ij.s\r): w‘ L.:;u): ode¥d a.\ﬁ.‘f&xg uODE& Ls‘ﬂﬁ ﬁ\w;abl.il.»‘ ()BJ)J}A}?)J‘? u:ﬁjf(;.g;
50 g gla gy o ealinl 5,5 r\fJ}E el sl oslial AbsTol = VooV ks slk> 5 RelTol = Voo
sl s €3 8 iy s b= Ve

83_step predictor—corrector Local Tterative Linearization (LIL) method

http://dx.doi.org/10.22108/msci.2024.138938.1601 Yo


http://dx.doi.org/10.22108/msci.2024.138938.1601

0.8

0.15 0.4 4
0.6 0.3+

0.1 -
- & 04 4 < 024
0.05 0.2 0.1+

XY=}
4
N
INy<)
N
o
o
N
o
M
o
'
'
o
N

0 2 2 2
Xy ’ * X5 . % X5 ’ %1
a=-°N, b=\rA (g) a=-oN, b=\rA (&) a=-opN, b=-oXOYA (1)
0.8
1
1
08 o5 0.6
m0'6 N 0.6 > 0.4
X 04 04
0.2 0.2 024
0
g 2 g B 2> 2
0 0 0 0 2 0
2 2 2 o 2 4 2
%, % % X %, %
a=-°/, b= AY? (5) a=-°), b=15Y\0 (v) a=-°)\, b=\rY0 (3)

a=—\,b=—¢\ (&) a=-°/, b=\NY (c) a=-°)\, b=-1AN (3)

olin 5 00 bl () 5 (9) bdSs s by amlin (s sl (1) slile Stuptl slaosls .Y IS
Sloal ¥ Jsam 55 adyl oslie i &yline 4]

Figure 2: Chaotic attractors of the system (9) for some values of a and b. In Figures (B) and (C),

the parameters are the same, but the initial values are different. Initial values are given in table 2.
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Table 2: Computational details related to the figure 2.
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Figure 4: Transient hidden chaos in the system (9) for ¢ = 0.1 and b = 0.279.
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Figure 5: Coexistence of two transient hidden chaos in the system (9) for a = 0.1 and b = 0.279.
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Figure 6: Bifurcation diagram and Lyapunov exponents of system (11).
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Figure 8: Transient chaos in the (11) system for a = —1, b = —0.1 and ¢ = —0.5854.
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