Journal of Mathematics and Society

ISSN (print): 2345-6493, ISSN (on-line): 2345-6507
Vol. 9 No. 1 (2024), pp. 51-75.
http://math-sci.ui.ac.ir (© 2024 The Author(s)

Mathematics
and Society

http://www.ui.ac.ir

EXISTENCE OF THE SOLUTIONS OF AN INTERVAL TENSOR
COMPLEMENTARITY PROBLEM

ROZITA BEHESHTI, JAVAD FATHI* AND MOSTAFA ZANGIABADI

ABSTRACT. In this paper, we consider a general tensor complementarity problem with interval parame-
ters, and study the conditions under which, the existence and uniqueness of the solution of the problem
are guaranteed. Furthermore, we proved that the solution set of the interval tensor complementarity

problem is not necessarily convex.

1. Introduction

Interval analysis is a branch of numerical analysis that was born in the 1960’s. It consists of
computing with intervals of reals instead of reals, providing a framework for handling uncertainties
and verified computations. The result of an interval computation is an interval, a pair of numbers, an
upper and a lower bound, and this pair of numbers guarantees to enclose the exact answer. Maybe we
still don’t know the truth, but at least we know how much we don’t know! [4]. How is it possible for
interval analysis to guarantee that a computational result is true? The answer is very simple. Using

the interval analysis we estimate at each calculation step all kinds of errors: inputs errors, rounding
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errors and truncation errors. One of the most famous references on TA is probably Moore’s Interval
Analysis book.

Throughout the paper, vectors are written as {z,y, ...}, matrices are shown by {4, B,...} and
tensors are written as {A,B,...}. Let [n], R(C), and R™"(C") denote the set {1,2,...,n}, the set
of all real (complex) numbers, and the set of all n-dimensional real (complex) vectors; respectively.
x>0 (z>0)means z; >0 (x; >0) for all i € [n]. Let R} = {z € R" | z > 0} be the positive
cone in R™. An order m dimension n real tensor A = (a;,iy..,, ), denoted by A € R"1*X"m  consists
of n'™ entries:

Qiyigiyy €ER,  Vij=1,--- n, j=1---,m.
If ny =--- =n, = n, then it is said A is an m-order n-dimensional cubical tensor or for simplicity
just m-order n-dimensional tensor. A vector is a tensor of order 1 and a matrix is a tensor of order 2.

A tensor A = (a;,iy.i,,) € R™**™m ig called nonnegative (positive) if
Ay g iy, >0 (ailiQ...im > 0), A ij = 1, s, M, ] = 1, cee M.

A tensor A is said to be symmetric if its entries a;,4,...;,, are invariant under any permutation of m
indices (a;,iy--,, ). All the tensors discussed in this paper are real.

For any two tensors, A = (aj,..,, ), and B = (b;,...;,,,) € R™"* X" of identical orders and dimensions,
their inner product is defined as

<.A, B) = Z ail"'imbi1--~im'
i1 tm

Definition 1.1. If A € R™>"X"m js an m-order tensor and B € R7*™ is a matriz, then A x;, B
denotes the mode-k product of A with B, which is of size ng X «+» X ng_1 X J X ngy1 X« X Ny, and

each element of it is defined as follows

n
(A Xk Biy, iy 1 s im = D Gigi D
ir=1
If we do the mode-k product of A and B for all possible k € [m] as
AXlBXQ‘-'XmB,

and B is reduced to some row vector, say x! = (x1,...,x,), the following notations are frequently

used in this paper:

n
_ T T
Az = Ax1 2" X9 Xpa' = g @iy iy Tiy - - Xiy, € R,
i1 im=1
n
-1 T T
Azx™ =AX9x" Xz Xy = E Qi jigei LTig " " Tipy € R".
i2"'i7n:1
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We call a number A € C an eigenvalue of A if it and a nonzero vector x € C" are solutions of the

following homogeneous polynomial equations:
(1.1) (Az™ ), =Xl Vi=1,....n,

and call the solution x an eigenvector of A associated with the eigenvalue A. If we denote z™~1 as a

vector in C™ such that its ith component is xgn_l, then (1.1) can be simply expressed as
Azt = Aglm—1,

The set of all the eigenvalues of A is called the spectrum of A. The largest modulus of the elements

in the spectrum of A is called the spectral radius of A, denoted as p(.A).

Definition 1.2. Let A be an m-order and n-dimensional cubical tensor, then
(1) A is called an Z-tensor if all of its non-diagonal elements are non-positive. This definition is
equivalent to having A = s — B, where s > 0, B is a non-negative tensor and T = (I;,...i,,), is the

identity tensor with entries

L, 1= =i,

Lo =

I;
0, otherwise.

(2) A is called an M-tensor if A is an Z-tensor and A = sZ — B, s > p(B). If s > p(B), then A is

called a strong (nonsingular) M-tensor.

Definition 1.3. An m-order n-dimensional tensor A is said to be P-tensor, if for each monzero

x € R", there exists some index i such that
-1
(1.2) zi (Az™1) > 0.

The tensor M(A) = (mi,...i,,) s called the comparison tensor of A if

_|ai1~-~im|7 Zf(/LQ? Jm) 7& (ila"' 7il)
mil..'im - . . . . .
‘ail"'im|7 lf(’@,"‘ Jm) - (Zla"' 711>
Definition 1.4. A tensor A is called an H-tensor, if its comparison tensor is an M-tensor, and it is

called a nonsingular H -tensor, if its comparison tensor is nonsingular.

The tensor complementarity problem denoted by the TCP(q,.4), is to find a vector x such that:
x>0, AX™" ' +q>0, (x, A" +q) =0,
where (,) denotes the inner product.

Theorem 1.5. [6] Tensor A is P-tensor if and only if TCP(q, A) has a unique solution for every
q > 0.
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2. Main Results

Interval linear algebra is a mathematical field developed from classical linear algebra. The only
difference is that we do not work with real numbers but we deal with the real closed intervals z! :=
[z, 7], where x < Z. An interval tensor is a tensor which every of its elements is interval. An m-order
n-dimensional cubical interval tensor is denoted by A’ := [A, 71}, where A and A are real tensors,
and

ALy, i) = [A(in, -+ yim), Al im)] -
The set of all interval tensors of size ny X - -+ X n,,, is denoted by IR™ > *"™n_The parametric form

of interval, interval vector and interval tensor can be expressed as follows, respectively.
al ={a(t)eR:a(t)=a+t@—a),acR,acR tec01]},
l={z(t)eR":z(t) =z +t(T—2),zc R, TR te[0,1]},
Al = {A(t) ERM MM A(t) = A+t (ﬁ — A) JA € RV A e RVt e [0, 1]} .

Definition 2.1. For A! = [a;,..;, ] € IR™"™"*" we define the comparison tensor of Al and it is

represented as M(A!) = (my,...;, ) € R™" X" by setting

- Hail"~im”7 Zf (in T ?im) 7’é (7;17 T ail)

Hail“'im”7 Zf (i2’ e ’Zm) = (7:17 co 77:1)

M .dy, =

Definition 2.2. An interval tensor Al € IR™ ™" *" is called an interval p-tensor, Z-tensor, M-tensor

and H-tensor, if all A € AL are p-tensor, Z-tensor, M-tensor and H-tensor, respectively.

Let A! be an m-order and n-dimensional interval tensor and ¢/ € IR" be an n dimensional interval

vector. Then we consider the family of TCP(A,q)’s
g+ Az >0, x>0,27(¢+ Az™ 1) =0, where A € A ¢!
This is equivalent to the following family of TCP(A, q)’s
w—Az" ' =¢q, 2>0,w>02"w=0, where A e A’ 4.

The family of TC' P (A, q)’s is represented as interval tensor complementarity problem and it is denoted
by ITCP(A! ¢') - > (AL, ¢") is denoted as solutions set of ITCP(A!, ¢') and it is defined as

{x ER": g+ Az™ 1 >0,2> 0,27 (¢+ Az™ 1) =0,A € AI,qI}
The parametric form of ITCP(A, ¢7) is represented as TCP(A(t), q(t)),t € [0,1] and its solution set
is defined as for some fixed ¢,

D (A1), q(t) = {z e R" : q(t) + A@)a™ ! > 0,2 > 0,27 (q(t) + A(t)z™") = 0}

T
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Lemma 2.3. For any ITCP(A!,¢"),3>, (A,q) and >, (A,q) are subsets of 3 (AL, q").

Theorem 2.4. Suppose that TCP (A, q) and TCP (A,q) have unique solutions, then Y (A(t), q(t))

is a singleton set, for everyt € [0, 1].

Proof. Suppose that TCP (A, g) and TCP (.71, q) have unique solutions, then from Theorem 1.5 we
get that A and A are P-tensors. Since the positive convex combination of P-tensors is also a P-tensor,
then A(t) = tA+ (1 —t)A, t € [0,1], is a P-tensor. Hence TCP(A(t),q(t)) has unique solution for
each t. Therefore, ) (A(t),q(t)) is a singleton set, for every t € [0,1]. O

Theorem 2.5. The set ), ) (Al q") is not convex.

Proof. Let (wl,xl)T, (w2,:1;2)T € Z(w,x)(AI,qI). Then,

n n

J_ T o) o gd . wl — I
wl Z allQ.ulmxiQ :I:iﬂL S q“wl Z Q”27mel2 xinL Z gi’
(2.1) igerrim=1 i im=1
j j j id_q L .
T, T 2 0,w;j > 0,wjx; = 0,01, ,ipy=1,2,...,n, j=1,2.

Let 0 < A < 1. Then multiplying (2.1) by A for j = 1, and multiplying (2.1) by (1 — A) for j = 2, and
adding up these inequalities, we get

n

(A} + (1 —Aw?) — Z Qiigiy (Azh, ol + (1= NaZ, -2l ) <qni=1,2,...,n,
12 tm=1
n
()\wl-1 +(1- )\)w%) — Z [ ()\1:112 . -x}m +(1- )\)a;?2 . xfm) >q,i=12...,n,
i =1
(Aap, - ap + (1 =Nl 22 ) >0, (Aw + (1= Nw?) > 0,1, im =1,2,...,7.

On the other hand, (Aw} + (1 — ANw?) (Az}, - @] +(1—A)aZ ---2? ) =0only for t =0and ¢t = 1.

im 2

Since convex combination of complementarity variables are not complementarity variables. This gives
that (Aw!+ (1 — Nw? Az + (1 - /\)x2)T ¢ Z(w@)(AI,qI), and so Z(w’m)(.AI,qI) is not a convex
set. ([

Theorem 2.6. Let A’ be an m-order and n-dimensional interval H-tensor. Then, ITCP(A!, ¢') has
a solution for every ¢! € IR™, that is, ZI(AI, ql) 18 a non-empty Sset.

Proof. Let A! be an m-order and n-dimensional interval H-tensor. Then each A € A’ is an H-tensor,
and so TCP(A,q) has a solution. Also, > (A,q) C Y, (AL ¢'), which yields that > (AL, ¢!) is
non-empty. ([
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3. Conclusion

A methodology is developed to discuss the existence of the solution of tensor complementarity
problem, where the parameters are closed intervals. We also proved that the solution set of the

interval tensor complementarity problem is not necessarily convex.
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Figure 1: A third order tensor wherei =1,2,3, j =1,2,3,4and k=1, 2.
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