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ABSTRACT. The aim of this paper is to consider horizontally weakly conformal maps which have
been studied in [P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds,
London Mathematical Society Monographs. New Series, 29, The Clarendon Press, Oxford University
Press, Oxford, 2003]. We first generalize the results of this book for Euclidean space with arbitrary
Riemannian metrics and then we study totally umbilic and totally geodesic integral manifolds of the
projection map, when regarded as conformal submersion between Euclidean spaces with arbitrary

Riemannian metrics.

1. Introduction

The aim of this paper is to consider horizontally weakly conformal maps which have been studied in
[3]. Horizontally weakly conformal maps are generalization of Riemannian submersions in a sense that
at the point where di), # 0, where dip, denotes the differential of the map v : (M",g) — (M, h),
di),, preserves horizontal angels [6]. This is equivalent to the existence of a function A on M such that
(Ao (X), dipe(Y))), = A(x) (X,Y),, for any horizontal vectors X, Y.

In section 2 of this paper, we study horizontally weakly conformal maps from a Riemannian manifold

into an Euclidean space equipped with an arbitrary Riemannian metric and obtain some generalizations
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of some results of [3] for Euclidean spaces with the canonical metric. We also give some results
regarding the relationship between these maps and two dimensional Riemannian manifolds.

Finally, we study the horizontal and vertical distributions of the projection map between the Eu-
clidean spaces equipped with an arbitrary Riemannian metrics, under the condition of conformality,
and obtain some generalizations of the results in [3] which have been proved there in the setting of

the Euclidean spaces equipped with their canonical metric.

2. Main Results
Definition 2.1. [3] Let ¢ : (M",g) — (M, h) be a smooth map from Riemannian manifold (M, g)

into Riemannian manifold (M,h). The map 1) is called horizontally weakly conformal when

e dy, =0, or
e the linear transformation diy, : T,M — Tw(x)ﬁ is surjective and there is a number A(x),

which is called square dilation, such that for any X,Y € H,,
(dipe(X), dipo (Y))), = Mz) (X, V),
where H, = {ker dip, }* is the horizontal space.

Lemma 2.2. Let ¢ = (¢',...,4™) be a smooth map from Riemannian manifold (M,g) into the
Euclidean space R™ (with or without a Riemannian metric). Then kerdy = NI, ker dip’ and Hy =
Hyr + -+ -+ Hym which for everyi=1,....,m, Hy: = <V1/Ji>. In particular, if 1 is a submersion then
Hy =H¢1 DD Hym.

Theorem 2.3. Let ¢ = (¢1,...,9™) be a smooth map from Riemannian manifold (M, g) into Rie-
mannian manifold (R™ h). Then 1) is a horizontally weakly conformal map with the square dilation
A if and only if for any i,j =1,...,m, <V¢i,ij>g = A(hY o).

Proof. By Lemma 2.2 and for any 4,5 = 1,...,m, we have

(dp(Ve), (V) = A (V' Vi),

and so
> dvH (V) (w0 0)a! (V) = 37 (Ve Ook) (g ow) (Vi Vo)
k,l=1 =1
= A(VY, V) |
which yields the conclusion. O

Theorem 2.4. Let ¢ = (¢1,... ¢™) be a smooth map from Riemannian manifold (M,g) into Rie-

mannian manifold (R™, fhean), where f is a positive smooth function on the Euclidean space R™.
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Then ¥ is a horizontally weakly conformal map with the square dilation A if and only if for any
i,j =1,...,m, Aoy = (f o)) (V', V)7 .

Corollary 2.5. [3] Let ¢ = (¢!, ..., 9™) be a smooth map from Riemannian manifold (M, g) into the
FEuclidean space R™. Then, 1 is a horizontally weakly conformal map with square dilation A if and
only if for any i,j =1,...,m, Ad;; = <VW,V1/}j>

.

Theorem 2.6. [3] Composition of two horizontally weakly conformal maps ¥ : (M™,g) — (M, h)
—-——m :k — —

and @ : (M, h) = (M 1) with square dilations A : M — [0,00) and A : M — [0,00), is a horizontally

weakly conformal map o o 1 with square dilation A(A o) : M — [0,00).

Two dimensional Riemannian manifolds have locally isothermal coordinates. Therefore by use of

Theorems 2.4 and 2.6, we get the following result.

Theorem 2.7. Consider ¢ : (M",g) — (MQ, h) is a smooth map from Riemannian manifold (M, g)
into two dimensional Riemannian manifold (M,h). Then v is a horizontally weakly conformal map if
and only if for any local isothermal coordinate z (write z in a complex form) on M2, Vz is isotropic,

that is (Vz,Vz), = 0.

Corollary 2.8. [3] A smooth map from Riemannian manifold (M, g) into a Riemann surface Mz, is

a horizontally weakly conformal map if and only if for any local complex coordinate z on MZ, Vz s

1sotropic.
Lemma 2.9. Suppose (M™,g) is a smooth Riemannian manifold and (x',... ™ 2™ .. 2") be
its local coordinate and consider distributions H = <Vx1, e ,me> andV = <W9+1, S 8%». Then
o H =Vt
o The distribution H is integrable if and only if for any i,7=1,....m, r=m+1,...,n,

n

Z (gB g4 — giPgiA) dgar _ 0.

B
A,B=1 Oz
o The distribution V is integrable,
e The mazximal integral manifolds of V are totally geodesic if and only if for any i =1,...,m,

rns=m+1,...,n,
ZT”F%:O,
j=1

where {Fls} are Christoffel symbols of Levi-Civita connection ¥V and (T;;) = (g),
e The maximal integral manifolds of V are totally umbilic if and only if for any i = 1,...,m,

rns=m+1,...,n,
m g n
o tomi
Z ™ (Fis n —rsm Z L vri”) =0,
7j=1 t,y=m+1
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where (L) = (g)-

Theorem 2.10. Consider the projection map ¥ : (R™, g) — (R™ k), ¢(z,... o™ ™ . 2") =

I

(x1,...,2™). In any point x € R™, vertical space Vy is spanned by {%, cee 83:"} and horizontal
space Hx is spanned by {%azl, .- ,%xm}. Then ¥ is a conformal submersion with the square dilation
A if and only if for anyi,j =1,...,m, g = A(h¥ o)), and so
o H =V
e The distribution H is integrable if and only if for anyv,j=1,....m, r=m+1,...,n,
2 f: <(hilhjk W) o w) OGkr
ox!

Y (o) gt - (wow) o)

Ox!
s=m+1,...,n, I=1,....m

Y (0w - gt on) P

ozs
s=m+1,...,n, I=1,....m
+ Z 13 ]t jsgit) % -0
oxs ’
t,s=m+1
o The distribution V is integrable and its mazimal integral manifolds are (n — m)-dimensional

planes which are fibers of 1,
e The plane fibers are totally geodesic if and only if for anyi=1,....m, r,s=m+1,...,n,

m

> (hij o )T, =

J=1

. g
where {75} are Christoffel symbols of Levi-Civita connection V,

e The plane fibers are totally umbilic if and only if for anyi=1,....m, r,s=m+1,...,n,
m
Sty ou) (T, -2 Y 1emy) —o.
Jj=1 tv m+1

where (L) = (g)-

Corollary 2.11. [3] Consider the orthogonal projection 1 : R™ — R™ p(x!, ... a™ g™+ . a") =
(x',...,2™). In any point x € R™, vertical space Vy is spanned by {Waﬂ, e ,%} and horizontal
space Hx 1s spanned by {%, sl &L’i’"}’ and the map v is a conformal submersion with square dilation
one. Distributions V and H, are orthogonal to each other, integrable and their maximal integral

manifolds are totally geodesic, and respectively are (n — m)-dimensional and m-dimensional planes.

Theorem 2.12. Consider the double covering map ¥ : (S, g9) — (RP", hgq), ¥(p) = [p], p € S",

where g is a Riemannian metric on S™ and hgyq is the standard Riemannian metric of RP™. Then v
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s a conformal submersion if and only if g and the standard Riemannian metric of S™ are conformally

equivalent.

3. Conclusions

In this paper, we considered the horizontally weakly conformal maps which have been studied in [3].
We generalized the results of [3] for Euclidean space with arbitrary Riemannian metrics and then we
studied totally umbilic and totally geodesic integral manifolds of the projection map, when regarded

as conformal submersion between Euclidean spaces with arbitrary Riemannian metrics.

REFERENCES

[1] P.Baird, Harmonic maps with symmetry, harmonic morphism and deformations of matrics, Research Notes
in Mathematics, 87, Pitman (Advanced Publishing Program), Boston, MA, 1983.

[2] P. Baird and S. Gudmundsson, p-harmonic maps and minimal submanifolds, Math. Ann., 294 (1992)
611-624.

[3] P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds, London Mathematical
Society Monographs. New Series, 29, The Clarendon Press, Oxford University Press, Oxford, 2003.

[4] M. P. Do Carmo and J. Flaherty Francis, Riemannian geometry, 6, Springer, 1992.

[5] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier (Grenoble), 28 (1978)
107-144.

[6] E. Ghandour and Y.-L. Ou, Generalized harmonic morphisms and horizontally weakly conformal biharmonic
maps, J. Math. Anal. Appl., 464 (2018) 924-938.

[7] A.Kasue and T. Washio, Growth of equivariant harmonic maps and harmonic morphisms, Osaka J. Math.,
27 (1990) 899-928.

[8] J. M. Lee, Introduction to smooth manifolds, Second edition. Graduate Texts in Mathematics, 218, Springer,
New York, 2013.

[9] B. O’neill, Semi-Riemannian geometry with applications to relativity, Pure and Applied Mathematics, 103,
Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1983.

[10] G. Yun, Harmonicity of horizontally conformal maps and spectrum of the laplacian, Int. J. Math. Math.
Sci., 30 (2002) 709-715.

Mehran Aminian
Department of Mathematics, Vali-e-Asr University of Rafsanjan, Rafsanjan, Iran

mehran.aminian@vru.ac.ir

http://dx.doi.org/10.22108/msci.2023.137212.1567 101


http://dx.doi.org/10.22108/msci.2023.137212.1567

axel> 5 22b,
F0V-YFED (LS iSILLE SFAT-YFFD (L) Lls

o > 2 S\oA-aY IS A(\YOY) \UL@& s/\-&b
http://math-sci.ui.ac.ir The Author(s) \foY ©

http://www.ui.ac.ir

@‘@jﬁju’é‘%&wmdhw&wjﬁ
Ol 0l

550 by S o o 1) 3 e [¥] s e e Bl s e SIS s s ol 5] i oS
IS Gladeas () 4 o 5 o el L) QLS ol ol Bl (gld (g5, ol gy Slory oSG0 (255
slsids Sloy (oSG0 b (quuadlBl (slalad oy e (5218 5 sl B Glapsi 51 Soga Ll 5 gt bl

w“ww

dodde -\

u:&l: CAM‘ J:a..o Wm LJ..Z Q@}J 6&}‘:ﬁ r:.n\y C,..&& dejj °jJ“3 LJ..:: &“ )40 0 udLE.o w‘JJ
s @“b})w dt.hr.a.:&)jn Gredaws LJ..Z w‘ r:.sv_..v], ‘) ‘59@‘9: w\ cL“La.; 9 L&sdtﬁ cui)w b ¥ \‘:“56“
-[\° AR I c\] ol

[Y] LI 399 UL’ 93 d\:‘. %JL'S): o CJ.E.A 63.9‘ uz:x.a R LngCMZLi: xR e w‘J‘ ERTS
P (M™g) = cB sl s S G wis Sl bl 5l ceend 83 Cand wien slcsls
XY s 55 o sl ¢ (00 (X), dia(Y)), = A@) (X, V), Ssabas Sl als o 555 A s53la

S 31 B8 s s SO g 2 5 S 0l by e a3l g i 155 i iz s
soalB) Lad (gl [F] QLS s 5 anans 0 1S 00 5 ool il lars S b il slab 4 Sley s e
b san—ss Slory lotas 5 LIS ol BL3,1 ale (6805 s cbialy cpl 53 o Sl o By late S |
oS 0 e

LG Lw@\duww Ly cogs uoded b5 L ‘w,a:wlisgsj\,@yséu@;js ¢r)\.@.?> e S
b o8l laliad g o geas 2SS (sl o[F] LS s sad - las Jbis 51 el S oS g0 gz ol Sl
S LI 2l s s cpl 5o 5 0l T Bl S
255 e Ll o ugian SIS ssdS SIS 5 e
S Losaama thaly pands us
hagsy e g s
VEoY/oS1oV i Ll gk VXXV s iudy b VFoT/oV/ed sidls pub

NoA-RY (VFe¥) \ ylod A canals 5 o35 58 il i 5 (Bl Ciond pton SIS s bl o i 4 g Lol
. http://dx.doi.org/10.22108/msci.2023.137212.1567

\oY


http://math-sci.ui.ac.ir
http://www.ui.ac.ir
http://dx.doi.org/10.22108/msci.2023.137212.1567

oAb T ¢
VoA-AY (VFo¥) ) oLt Al fanals 5 55l 425 el i 5 (81 i s S35 s

boli by oY

sy S Ky S o sslical T 51 e ol 53 48 2 0l 1 [3 8 V] 51 a5
ol s 0 b S ) ols s G Ml w b e 4 S Ced (L BLS M gann lses od 555 9

(0o ) 5 i 55 s 35 & s o T olas 58 3, 1), (e e
cZ,j:\,,nJhd\jb&‘bedaLd? U(;g“w): MW}AC)LA:&M
o 0

gz‘j(Q) = <@7 @%q

So by (M, g) s Slaies 5Ky Ol o sl o2 ol S sl o Sl U 55) lsen b g e U
il Slay >

Sl (815 Ml gon dra> 535 el ligon S
Y X(M) x X(M) = X(M)
el iy Lol sl S
() VixiwZ=fVxZ+IVyZ,
(i) Vx(Y +2)=VxY +VyZ
(i)  Vx(fY) = fVxY + X(f)Y,

(M, 9) Sy o> oo iiewn M 55,5 5lgen (2055 f,1 5 (M 55 5)90n b2 slaplan) X, Y. Z € X (M) &
s 22k g Sles o LBl 5 o)line Sisba 58 e (Lsz—dl) EG odl Slser G4 0l5e L
w8 ol b2 s e

(iv) VxY —VyX =[X,Y],
v) Z(X,)Y)=(VsX,Y)+ (X,V,Y).

ol b s sl Dbsen J g S glasles
az G:UJ ir”@ k>
350 4 Sl (97) G35 GLIs (gi5) omisle sz -disdi g0 o2
Iy = % Zn::\ {aiigjm + %gmi - 83(?”9“} g™

T = o b ol Gl Slary Soma b R? il 5L (s
ol L Sl M 59, VI Jlsen s glase S« (M, 9) Slass dsed 595 o0 b G 0l S

(Vf(z) > =df:(v), €M, veT,M,

VoV http://dx.doi.org/10.22108/msci.2023.137212.1567


http://dx.doi.org/10.22108/msci.2023.137212.1567

ko dh)
VoA-AY (VoY) ) ot A il fanal 5 55 425 cplial

" 9f 0
_ ij v
v/ Zg Ozt OzJ’

1,7=)

PP s5ls u:.“s\.oa

oo g olsen 0wl S sl h=ag S L5800 sasl Gustes Silen g g Slas Sose 53 M dssd (5.
52l Coonl wil gam— s Slayy des SO M S50 0 gaie ool adlige sislen dasly K gl ST g,
M 5l bt o Jg a5l gammss Sl s o (MY, ) a8 (235 ol ) ploscsS e Slatin gl s
66)32 ")" 2579 {Uv (x,y)} Y “'ﬁ..

g=p'(da" +dy"),

\J Mﬁ‘ 2wl @Lﬁb& Ol ‘) c(l’,y) L;,"La:&m Bre U S MM}J‘J}.&—L;?L:}) c)‘}o.h cb ASiLS\JJ
sl Yas 1 (TayYa) — (xg,yg)J.lfe\jS s ‘F'““u’j'"“ {(Ta,¥a)} 2o Dlaizne 3l asgome S L
Wt o)l g on xil piucgs M S gMea a8 0 L 1) Llys bl o coczen RY 3150 slade gozen o oed
sl Ml by 5 sl o C.,&Li)rl.a Vap : Ta +1Ya — xg—i—iyﬁj.’xf@b: COTJJ‘V—QJ 5,5 obasl g Ll |
bliss Slamsne 2o = To +Hiya 0315 51,8 b ogd oo sl ey 4g) Cdel S Clls 1y (gum =G Laliss s S
.J:,Tb_n Cests M gl Y

s 18w € M b o 5slads Sl gladas o t0 (M7, g) = (M7 h) Jlsen 3K o sl
Mo = Ha() = Vi 5 Vo = Vu(9) = ker di,
Sz € M sl glahis b 51 5l oy S 858 o0 saeals @ 5 0 i) gLisd Hy 5 o508 (sLab V),
rank di, < min{m,n}.
s H :H(iﬁ))‘wdht}jﬁ“l‘—)vxjﬂj—)%zuww .ﬁg;@&ucqﬂpbw@\ﬂbmuw

orlen SUS iman V558 00 el (3508 35 5 () 35 e pty S wiS(0 o8 M\ Cy 55 V = V()
s on by 3 1h b a eles glad S ol M\ Cy gl 358 o0 s0uals (550
\i"dd}x: °c e
XY € Hy » &\ p Syb

(dps (X)), dwﬂc(y»h = A(z) (X, Y>g )

lisothermal

http://dx.doi.org/10.22108/msci.2023.137212.1567 \of


http://dx.doi.org/10.22108/msci.2023.137212.1567

oAb T ¢
VoA-AY (VFo¥) ) oLt Al fanals 5 55l 425 el i 5 (81 i s S35 s

NGIA bﬁé\ \as Hy = {ker di/)x}L S
MLL;U‘WU.“MM@J&)J g Mﬁw\wwm oo & Az ): Ldipg|¥ 5 [, 00)
il ol oyl A Il s 5 aial sed (s l8 Ly o Bl €85 5| i 0 ST
MSS sy R andB) g\zb o (M 9) Sass e> 3\ gon S8 S v = (9,0, 90™) S o3 Y
So ) B\ ssas My = (V) i =\,...om o @\ p & Hy =My + -+ Hym g kerdy) = N2, ker dy’
-%1/,:7'[,/)\@"'@%¢ma\§jc&\{6ﬁ\}
(R, h) Sass s &5 (M) sy o 3 o S0 S = ()0, 5) o35 o VoY
A= XS (o) (VO V) o 5 (V4, V9) = A(hT 0 9)

(dp(Vy"), du(Vy)), = A (V' Vi)

ol
ki\ dF (V) (hag 0 ) dH (V) = i\ <wﬂ Vi) > (hx 0 ) <Vzp’,wﬂ'>g
= A (VY V)
m s Potae 4 e Slo 0 ke B58 olae (285 s L
(R™, fhean) S\ fan> & (M, g) S\asy fan> 3\ Moo C2& S o = (@), 9™) r.’subj's B A rew-y:
pr P () Crns s 2185 S 4596 W\mem\éwém\w 5 So f oS i\

Ay = (f o) (T, T9) cinf =\, @hp SVS 5 Sl A

R i) (6a o (M, 9) Jloss i 3 yon S35 Sa 6 = (8,0 47) 35 53 [¥] -OF anis
a,j = \,...,mj.hé\ﬁ Jg\\.g.&g S\ s ACJA t\""“:\\‘ksb\u‘:"" ded S ”\SA\S\s wu\gu\ .).;2\\;
A8y = (Vo Vi)

G (A R) = (M30) 5 6 c (M7, g) — (™ h) ) Gnd ion <2085 35 oS5 [F] -5F 4l
s t,\":’\\’ Qo) B\ Cad jusded LSS So A M — [,00) g A M — [o,oo)é\»cf t\...:;\
e\ A(Aop) : M — [0, 00)

4?\"4...433\‘\“4...43)\6,55*\4 ‘J.;Lu M@Lﬁ)g&uwdb‘)l&.ojﬁém—jb@l.ujduw
Bl Ol &

Voo http://dx.doi.org/10.22108/msci.2023.137212.1567


http://dx.doi.org/10.22108/msci.2023.137212.1567

VoA-AY (VFoT) syl A sl famals 5 (3L 4,85 el ¢

Gonmss S\asy a> & (M, g) S\ass fans 3 Spen 228 S ¢ s (M™, ) — (M, h) )5S VY 4
4;)ijng\ﬁb&u\‘awﬁé\j;\\.@gjﬁ\w\ksw\wu.wm \sq&l/)b\ga\ J.»\\J(Mh)
<VZ VZ> kso.suu.).»\\a Vb_,SQ\.wAA VZ‘.M 63)(‘”)‘5“‘)\@)5 Z&GL:U:&S\.A

BV ) Gind Gusan M e 5y S s (M 9) Sasy eme> S 3) Jgan S80S [F] ALY ais
A.S.‘\J 350\.&@& Vz &MY G Zwykhwb\mjhé\fﬁ\\.@ij

o (6l S b5 5 S s85 Ll 5 A Loles JILKS laaas - F
e S B S e R N s oD F WP U R CARPIVAVIER LY PSRN AREEPE

P 6N Ules 33 o (Jay S SN S Jolme o) 5 08\ 352 m 235 3 (o= h 5 S i
([A] & S ¢ 520) 284 35 & Bt

» UV ai\s (\.u RPN CAN W m&mﬁjbb\S}MjS@\J\ﬁ\M\)@\-MJW&SJWJJ) o
wi.\\:.oéwg\:ﬁijaw\,d\()sIIaS]I(UV) (U, v), T 2 daid 53 fun> 53 elen (gliad
/ ([ Sy ) sl 2

D\ o gn eeld o Tkl g A s £ S5 W s oy s S ka3 @

.x.‘;\.:&wy:b\.alm (2, 2™ 2™ a") s e S\ > S (MTg) rsu’P YfrJ
S8 s 8y i s s V = (gt g ) s = (Voo Va™) dapss

H=V" e

r=mF),np s i =Y ,m e SN\ Bl NS H e

n

B j B iAy 09ar
iB_jA _ _jB 1A — %
A%;(g 90 =9"9") 55 =
ROR W |- SR PR
Voomor &y S\ s 8 s Sutngd Wl VS di claka>

am+\,....n

S8 = B, g1

m

Z TZ]F"Z’S =°

7=\
(i) = (99) 5 38\ V sz m g9 Somgar J35ms S Sosls (i) S
s =), e =) m e gy SIS s B st S0Ws V) S oty Sie> @

m

n
E A <Fg's - n _Tsm E : Ltvriv) =%

7=\ t,y=m—+\

'(Ltv) = (gtv) S

%isotropic

http://dx.doi.org/10.22108/msci.2023.137212.1567 \of


http://dx.doi.org/10.22108/msci.2023.137212.1567

oAb T ¢
VoA-AY (VFo¥) ) oLt Al fanals 5 55l 425 el i 5 (81 i s S35 s

s \y (), 2™ ™t ) = (2, 2™) @ (R, g) = (R h) pea S8 WYL alal
(02, Vam ey i G\ 6\ 5 (i, g b Vi o3 63 o € R i a3 30,8
g7 = AhTo) i =N, m e g\ SN 5 SV Ao Wil st (6 213 S 10080 gk aad 5
AR

H=V"e

ar=mt N, on i i =, ,m e s SN\ SVl p NS\ H e

- . . OGper
AT E (hzlhjk . hjlhzk) o 1/)
k=) ( ) Oa!

Y (w0 o) )

ALY (o) - gR (e ) S

e () a5 g — (1 — 1) oo O NS dtiy G\ntins 5 ol i) S R ST
S =mA N s i =, m s &)y S\ s B s o5t W L D @

m

D (hijo )T =,
7=\
g . .
Wil Visz—g 9 Stsen (o5 S Glasla {T'75} &
s=mA N, s si=Y, ., m sy SVes s 8 ais WS 8 S\is @

m

Z(hw 0 17[}) (Fg"s - ng_"'sm i Ltvrgv) =%

7=\ t,v=m+)

'(Ltv) - (gtv) S

o \y (@, ) = (2™ @ R o R s\ g S Y] LY e
{%7 :agcim}lﬁ-‘“j3 Hy 32\ \abd o {ﬁ, ,a%}km;s Vi 83908 \ad x € R™ dais j» 55 05,80
s b sy 6131 T ) 38 ) S g LM s (505 S SB35 0 005
sz (05 G0 5) S5 ks ol DBl iy ot 5 ) S 5 S0 waln i M 5 Y
o Gam=m g (Gam— (N — M) Do (S5

Se 98wl 2 3\ p €S W(p) = [p] 1 (S, 9) = (RP", harg) 6855 gy 228 .0.F 4
s 5 BV e dan (622 S0 ¥ Sppan) 5s T RP™ 30l plasy 86 5n st 3 S (595 Slesy Sesa
B\ uade 3\ee ST\ Sy Sy g g N

VoV http://dx.doi.org/10.22108/msci.2023.137212.1567


http://dx.doi.org/10.22108/msci.2023.137212.1567

tted VoA-AY (VFoT) syl A sl famals 5 (3L 4,85 el ¢

1]

2]

2 22y iy wbd) S e 5l VWAS Jlu s (g5 Sl pliad) g3 5 VWP slo il alie plosl 0l
0 5 ab Cinyd s oSl Jase LU, iy ab)] wu)&c@w\, YWAY JLe s 5 a8 ol wed & asls

e&lr
P. Baird, Harmonic maps with symmetry, harmonic morphism and deformations of matrics, Research
Notes in Mathematics, 87, Pitman (Advanced Publishing Program), Boston, MA, 1983.
P. Baird and S. Gudmundsson, p-harmonic maps and minimal submanifolds, Math. Ann., 294 (1992)
611-624.
P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds, London Mathematical
Society Monographs. New Series, 29, The Clarendon Press, Oxford University Press, Oxford, 2003.
M. P. Do Carmo and J. Flaherty Francis, Riemannian geometry, 6, Springer, 1992.
B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier (Grenoble), 28
(1978) 107-144.
E. Ghandour and Y.-L. Ou, Generalized harmonic morphisms and horizontally weakly conformal bihar-
monic maps, J. Math. Anal. Appl., 464 (2018) 924-938.
A. Kasue and T. Washio, Growth of equivariant harmonic maps and harmonic morphisms, Osaka J.
Math., 27 (1990) 899-928.
J. M. Lee, Introduction to smooth manifolds, Second edition. Graduate Texts in Mathematics, 218,
Springer, New York, 2013.
B. O’neill, Semi-Riemannian geometry with applications to relativity, Pure and Applied Mathematics,
103, Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1983.
G. Yun, Harmonicity of horizontally conformal maps and spectrum of the laplacian, Int. J. Math. Math.

Sci., 30 (2002) 709-715.

Ol Ol e
Q‘J.a“\ ‘O\"‘*“'g. ” .') c(ca) fa.\.:.‘} S&Lasls cG.éL:) saSeisls ¢6.é\.u 53;
mehran.aminian@vru.ac.ir

'@6"
SO R ORVICUCIN T N5 DUCIE R SUPT AT S ST AE AT LSL 20 JPLIOY IR W

A

(a2

http://dx.doi.org/10.22108/msci.2023.137212.1567 VoA


http://dx.doi.org/10.22108/msci.2023.137212.1567

	1. Introduction
	2. Main Results
	3. Conclusions
	References
	MSCI-2303-1567,ev.pdf
	1. مقدمه
	2. پیش‌نیازها
	3. نگاشت‌های همدیس ضعیف افقی
	4. خمینه‌های انتگرال تماماً نافی و تماماً ژئودزیک از توزیع‌های یک فرابری همدیس
	مراجع


