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ERGODIC THEOREMS FOR A SEQUENCE OF MAPPINGS IN BANACH

SPACES

ALI YOUSEFI PIRBASTI AND HADI KHATIBZADEH ∗

Abstract. In this paper, ergodic convergence for a sequence of nonexpansive mappings in uniformly

convex and uniformly smooth Banach spaces is studied. By introducing another definition of an almost

orbit, an attempt is made to replace the uniform convergence condition with a weaker one. Our results

provide a generalization of some classical ergodic convergence theorems for nonexpansive mappings.

1. Introduction

Nonlinear ergodic theory for nonexpansive mappings is one of the fundamental topics in nonlinear

functional analysis, closely related to fixed point theory and iterative methods. Besides its theoretical

significance, this field has an important role in studying fixed point approximation algorithms, opti-

mization problems, and analysing the asymptotic behavior of evolution systems of monotone type. A

mapping T : C → C is called nonexpansive if for all x and y in C, we have: ∥Tx−Ty∥ ≤ ∥x− y∥. An
ergodic theorem for the mapping T is a theorem that, under suitable conditions, asserts the Cesàro
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mean convergence of the iterates of the mapping T on an arbitrary point x ∈ C, i.e.,

1

n

n−1∑
k=0

T kx.

Von Neumann’s Mean Ergodic Theorem[18] is the starting point for this line of research in Hilbert

spaces for linear nonexpansive mappings.

Theorem 1.1 (Von Neumann Ergodic Theorem). [18] Assume that T is a linear contraction mapping

on a real Hilbert space H, that is, for every x ∈ H we have ∥Tx∥ ≤ ∥x∥. Then, for every x ∈ H,
1
n

∑n−1
k=0 T

kx converges strongly to Px, where the mapping P : H → Fix(T ) is an orthogonal projection

of H, that is, for every x, P 2x = PPx = Px, of x onto the fixed point set of T , (Fix(T ) = {x ∈
H : Tx = x}, which is a closed linear subspace of H). That is, the Hilbert space H admits the

orthogonal decomposition

H = Fix(T )⊕ Ran(I − T )

(the direct sum of the fixed point set of T and the closure of the range of I − T ).

This theorem was generalized to uniformly convex Banach spaces by Birkhoff [7] and Riesz [17].

About 40 years later, Baillon[5] generalized this theorem to nonlinear mappings. He showed that for

a nonexpansive mapping on a nonempty closed convex subset of a Hilbert space, the existence of a

fixed point is equivalent to the weak ergodic convergence of the iterates to a fixed point.

Theorem 1.2 (Baillon Ergodic Theorem). [5] Assume that C is a nonempty, closed, and convex

subset of a real Hilbert space H. Let T : C → C be a nonexpansive mapping. Then the following

statements are equivalent:

1. Fix(T ) ̸= ∅.
2. For every x ∈ C, the sequence {Sn} defined by Snx := 1

n

∑n−1
k=0 T

kx, converges weakly.

In this case, if Snx converges weakly to Px, then P : C → Fix(T ) is nonexpansive such that for

every n ∈ N, we have: P 2 = P and PTn = TnP = P . Moreover, for every x ∈ C, we have:

Px ∈ co({T ix})i≥0 (where co({T ix}) denotes the closure of the set of all finite convex combinations

of the elements T ix.).

In [16], Reich generalized Baillon’s result to uniformly convex Banach spaces with a Fréchet differ-

entiable norm. A real Banach space X with norm ∥ · ∥ is called uniformly convex if for every ϵ ∈ (0, 2],

there exists δ = δ(ϵ) > 0 such that for any x, y ∈ X with ∥x∥ = ∥y∥ = 1 and ∥x− y∥ ≥ ϵ, we have:∥∥∥∥12(x+ y)

∥∥∥∥ < 1− δ.
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Let X∗ be the dual of X. We denote the duality pairing by ⟨·, ·⟩ on X ×X∗ and the unit sphere of X

by SX . The norm of X is said to be Gâteaux (resp. Fréchet) differentiable at x ∈ SX if

lim
t→0

∥x+ ty∥ − ∥x∥
t

exists for each point y ∈ SX (resp. uniformly for y ∈ SX). A Banach space is smooth (resp. uniformly

smooth) if the norm is Gâteaux differentiable on SX (resp. Fréchet differentiable for all x ∈ SX). If

X is smooth, then the duality mapping J of X into X∗ defined by

J(x) = {x∗ ∈ X∗ : ⟨x, x∗⟩ = ∥x∥2 = ∥x∗∥2}

is single valued.

A simpler proof of the nonlinear ergodic theorem was presented by Bruck in [9]. He first showed

that any nonexpansive mapping on a nonempty closed convex bounded subset of a uniformly convex

Banach space satisfies a property he called of type (γ) (see the next section for its definition). He then

proved the ergodic theorem in uniformly convex Banach spaces with a Fréchet differentiable norm, not

only for the iterates of the mapping but for any sequence that is its almost orbit. A sequence {xn} is

an almost orbit of the mapping T if limn→∞ supm≥0 ∥xn+m − Tmxn∥ = 0.

Another point in Bruck’s proof was that he proved not only the mean convergence but also the

almost convergence of the almost orbits of the iterates. We say a sequence {xn} is strongly (weakly)

almost convergent if 1
n

∑n−1
i=0 xi+k is uniformly strongly (weakly) convergent uniformly in k. This type

of convergence was first introduced by Lorentz [14]. Baillon also showed that a necessary and sufficient

condition for the weak convergence of the sequence itself is that Tn+1x− Tnx ⇀ 0.

In [11], Hirano presented another proof of Baillon’s theorem in the same uniformly convex Ba-

nach spaces with a Fréchet differentiable norm. Moreover, in [12], he proved the ergodic theorem

in uniformly convex spaces satisfying the Opial condition. Results concerning strong mean conver-

gence under more restrictive assumptions on other mappings have also been investigated by several

authors; for example, see [6]. Ergodic theorems in Hilbert and Banach spaces have also been studied

for nonlinear nonexpansive semigroups. The interested reader may consult [6, 12, 15].

A one-parameter semigroup S = {S(t) : t ≥ 0} of nonexpansive mappings on C is a family of

nonexpansive mappings from C into itself whenever the following conditions hold:

1. For every s, t ≥ 0 and x ∈ C, we have: S(s+ t)x = S(s)S(t)x.

2. For every x ∈ C, we have: S(0)x = x.

3. For x ∈ C, we have: limt→0 S(t)x = x.

4. For every t ≥ 0 and x, y ∈ C, we have: ∥S(t)x− S(t)y∥ ≤ ∥x− y∥.
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These semigroups are continuous dynamical systems that describe the behavior of solutions of

evolution equations associated with maximal monotone operators. The interested reader may consult

[2, 3, 4].

The discrete dynamics generated by a nonexpansive mapping or the continuous dynamics generated

by a nonexpansive semigroup are autonomous dynamics, that is, the evolution law is independent of

time. However, if the evolution of the system depends on time, then in the discrete case we deal with a

sequence of contractive mappings, and in the continuous case with a two-parameter evolution system

U = {U(t, s) : t ≥ s ≥ 0} of nonexpansive mappings on C satisfying the following conditions:

1. For every t ≥ s ≥ r ≥ 0 and x ∈ C, we have: U(t, s)U(s, r)x = U(t, r)x.

2. For every t ≥ s ≥ 0 and x, y ∈ C, we have: ∥U(t, s)x− U(t, s)y∥ ≤ ∥x− y∥.
3. For every t ≥ 0 and x ∈ C, we have: U(t, t)x = x.

The study of evolution systems is beyond the scope of this paper. Let us return, however, to the

nonexpansive and nonautonomous system, namely a sequence {Tn} of nonexpansive mappings from

C into itself. Let {xn} and {zn} be sequences defined as follows:

(1.1) xn+1 = Tnxn, x1 = x ∈ C

and

(1.2) zn =
1

n

n∑
k=1

xk.

Akatsuka et al. in [1] showed that in a real Hilbert space, if the sequence {Tn} converges pointwise to

T and

(1.3) Fix(T ) ⊂
∞⋂
n=1

Fix(Tn) ̸= ∅,

then the sequence {zn} defined by (1.2) converges weakly to an element of Fix(T ). This result is a

generalization of the nonlinear ergodic theorem of Baillon for a sequence of nonexpansive mappings.

These studies can be applied to investigate iterative methods involving nonexpansive mappings, such

as the Mann iteration and the proximal point algorithm. The authors of [19] proved some ergodic

theorems for sequences given by (1.1) and (1.2) in real Hilbert spaces by replacing the assumption

(1.3) with the following weaker condition:

(1.4)
∞∑
n=1

∥Tnq − q∥ < ∞.
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Kobayasi et al. in [13] obtained a weak almost convergence result for a sequence {xn} that satisfies

the condition:

(1.5) lim
n→∞

sup
m≥1

∥xn+m+1 − Tn+m · · ·Tnxn∥ = 0.

The condition (1.5) is clearly more general than (1.1). Such a sequence is called an almost orbit of the

sequence {Tn}. We recall that the concept of an almost-orbit for the iterates of a nonlinear mapping

was first introduced by Baillon [9]. An almost-orbit of a mapping T is defined as follows:

(1.6) lim
n→∞

sup
m≥1

∥xn+m − Tm
n xn∥ = 0.

The authors in [19] proved some similar ergodic theorems with this definition of an almost orbit. In

the next section, we will prove the weak almost convergence for the sequence given by (1.6), and

further show that the uniform convergence of Tn to T can be replaced by more general conditions.

Furthermore, we replace the condition (1.4) with one of the following conditions:

(1.7) lim
n→∞

sup
m≥1

∥Tn+m · · ·Tnq − q∥ = 0

or

(1.8) lim
n→∞

sup
m≥1

∥Tm
n q − q∥ = 0, ∀q ∈ Fix(T ).

Both conditions are weaker than (1.3), and the condition (1.7) is also weaker than (1.4).

2. Main Results

In [13], the authors proved the almost orbit convergence of a sequence given by (1.5), where {Tn}
is a sequence of nonexpansive mappings that converges uniformly to a nonexpansive mapping T in

uniformly convex Banach spaces with a Fréchet differentiable norm, provided that condition (1.4)

holds. It is easily seen that this result also holds by replacing the condition (1.4) with the more

general condition (1.7) (see [13, Proposition 2.2]).

Definition 2.1. [9] We denote by Γ the set of strictly increasing, continuous convex functions γ :

[0,∞) → [0,∞) with γ(0) = 0. A mapping T : C → X is said to be of type (γ) if γ ∈ Γ and for all

x, y ∈ C and 0 ≤ λ ≤ 1,

γ(∥λTx+ (1− λ)Ty − T (λx+ (1− λ)y)∥) ≤ ∥x− y∥ − ∥Tx− Ty∥.

Lemma 2.2. [9] Let C is a nonempty closed convex bounded subset of a uniformly convex real Banach

space X, then there exists γ ∈ Γ such that all nonexpansive mapping T : C → X is of type (γ).
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Lemma 2.3. [9] Let C be a nonempty closed convex bounded subset of a uniformly convex real Ba-

nach space X. Let T : C → C be a mapping of type (γ) and {xn} be a sequence in C such that

limn→∞ ∥xn+1 − Txn∥ = 0. Then for every weak neighborhood W of Fix(T ), there exists a number N

such that

1

n

n−1∑
i=0

xi+k ∈ W, ∀n ≥ N, ∀k ≥ 0.

Theorem 2.4. Let C be a nonempty closed convex subset of a real uniformly convex and uniformly

smooth Banach space X. Let {Tn} be a sequence of nonexpansive mappings on C that converges

uniformly to a nonexpansive mapping T on every bounded subset of C. If Fix(T ) ̸= ∅ and the condition

lim
n→∞

sup
m≥1

∥Tm
n q − q∥ = 0, ∀q ∈ Fix(T )

holds, then any sequence given by (1.6) is almost convergent to a fixed point of T .

Proof. Although the proof is similar to [13, Theorem 3.2], we present it step by step for the sake of

completeness.

Step 1. Let {xn} and {yn} be sequences given by (1.6). Then ∥xn − yn∥ is convergent. Let

ϵn = supm≥0 ∥yn+m+1−Tm
n yn+1∥ and δn = supm≥0 ∥xn+m+1−Tm

n xn+1∥. Since {Tn} is nonexpansive,

we have:

∥xn+m+1 − yn+m+1∥ ≤ ∥xn+m+1 − Tmxn+1∥+ ∥Tmxn+1 − Tmyn+1∥

+ ∥yn+m+1 − Tmyn+1∥

≤ δn + ∥xn+1 − yn+1∥+ ϵn.

By taking lim sup as m → ∞ and then lim inf as n → ∞, we get the desired result.

Step 2. If {xn} and {yn} satisfy condition (1.6) and {yn} is bounded, then for each λ ∈ (0, 1), the

sequence {λxn + (1− λ)yn} also satisfies condition (1.6). Define: zn = λxn + (1− λ)yn. Since {yn} is

bounded, by Step 1, we have that {xn} is also bounded. Choose r > 0 such that {xn}, {yn} ⊂ B(0, r)

and also put Cr = C ∩B(0, r) and Sn,m = Tm
n

∣∣
Cr
, i.e., Sn,m is equal to Tm

n restricted to Cr. Then Cr

is a bounded closed convex subset and Sn,m : Cr → X is nonexpansive. Therefore, Sn,m is of type γ.
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We have:

∥zn+m+1 − Sn,mzn+1∥ = ∥λxn+m+1 + (1− λ)yn+m+1 − Sn,mzn+1∥

≤ λ∥xn+m+1 − Sn,mxn+1∥+ (1− λ)∥yn+m+1 − Sn,myn+1∥

+ ∥λSn,mxn+1 + (1− λ)Sn,myn+1 − Sn,mzn+1∥

≤ λαn + (1− λ)βn

+ γ−1(∥xn+1 − yn+1∥ − ∥Sn,mxn+1 − Sn,myn+1∥)

≤ λαn + (1− λ)βn

+ γ−1(∥xn+1 − yn+1∥ − ∥xn+m+1 − yn+m+1∥+ αn + βn)

where αn = supm≥0 ∥xn+m+1 − Sn,mxn+1∥ and βn = supm≥0 ∥yn+m+1 − Sn,myn+1∥. by Step 1 and

(1.6), we obtain:

lim
n→∞

sup
m≥0

∥zn+m+1 − Tm
n zn+1∥ = 0.

Step 3. The sequence {⟨xn, J(p − q)⟩} is convergent for all p, q ∈ Fix(T ). If q ∈ Fix(T ), then by

(1.8), the constant sequence {q} satisfies condition (1.6). Assume 0 < λ ≤ 1 and p, q ∈ Fix(T ). By

Step1 and Step2, the sequence {∥λxn + (1 − λ)p − q∥} is convergent as n → ∞. Since {xn − q} is

bounded, the norm differentiability of X implies that

lim
λ→0

1

2λ
(∥q − p+ λ(xn − q)∥2 − ∥q − p∥2) = ⟨xn − q, J(q − p)⟩

uniformly in n. Therefore,

lim
n→∞

⟨xn − q, J(q − p)⟩ = lim
n→∞

lim
λ→0

1

2λ
(∥λxn + (1− λ)q − p∥2 − ∥q − p∥2)

exists.

Step 4. Let sn = 1
n

∑n
k=1 xk+i(n), where {i(n)} is a sequence of positive integers. It is clear that

every weak limit point of sn belongs to co ωw({xn}) (where ωw({xn}) denotes the set of all weak limit

points of {xn}). On the other hand, our assumptions imply that

∥xn+1 − Txn∥ ≤ ∥xn+1 − Tnxn∥+ ∥Tnxn − Txn∥ → 0

as n → ∞. Now, by Lemmas 2.2 and 2.3 in [9], every weak limit point of sn belongs to Fix(T ) ∩
co ωw({xn}). Let p and q be two weak limit points of sn. Then p, q ∈ Fix(T ) and by Step 3 we have

that limn→∞⟨sn − p, J(p− q)⟩ exists. Therefore p = q. This completes the proof. □

We have replaced the condition of the uniform convergence of Tn to T with a much weaker condition:

(2.1) lim
n→∞

∥x̄n − T x̄n∥ = 0, ∀x̄n ∈ Fix(Tn).
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Theorem 2.5. Let C be a nonempty closed convex subset of a real uniformly convex and uniformly

smooth Banach space X. Let {Tn} be a sequence of nonexpansive mappings on C such that Fix(Tn) ̸= ∅,
and let T be a mapping on C that satisfies condition (2.1). If (1.6) or

(2.2) w − lim
m→∞

1

m

m−1∑
i=0

(xn+i+k − T i+k
n xn) = 0, ∀n ∈ N, uniformly in k ∈ N

holds, then Fix(T ) ̸= ∅ and {xn} is weakly almost convergent to x̄ ∈ Fix(T ), which is the weak limit

of {x̄n}.

Proof. Since Tn is nonexpansive and Fix(Tn) ̸= ∅, the weak ergodic theorem for nonexpansive mappings

[9, 11] implies that 1
m

∑m
i=n T

i−n
n xn as m → ∞, converges to x̄n, that is a fixed point of Tn. We first

show that x̄n is bounded. We have:

∥ 1

m

m−1∑
i=0

T i
nxn − x̄∥ ≤ 1

m

m−1∑
i=0

∥T i
nxn − x̄∥ ≤ 1

m

m−1∑
i=0

{∥T i
nxn − T i

nx̄∥+ ∥T i
nx̄− x̄∥}

≤ ∥xn − x̄∥+ sup
i≥0

∥T i
nx̄− x̄∥.

By taking lim inf as m → ∞, we have ∥x̄n − x̄∥ ≤ ∥xn − x̄∥+ supi≥0 ∥T i
nx̄− x̄∥ < +∞. By (1.8) and

the boundedness of {xn} (since Fix(Tn) ̸= ∅, each of the conditions (1.6) and (2.2) guarantees the

boundedness of {xn}), we conclude that {x̄n} is bounded.

Therefore, the sequence {x̄n} has a subsequence {x̄nj} that converges weakly to x̄. The demiclosed-

ness of T implies that x̄ ∈ Fix(T ). Let y ∈ X∗ be arbitrary. We have:

∥⟨ 1
m

m∑
i=1

xi+k − x̄, y⟩∥ = ∥⟨ 1
m

n−1∑
i=1

xi+k +
1

m

m∑
i=n

xi+k − x̄, y⟩∥

= ∥ 1

m
⟨
n−1∑
i=1

xi+k, y⟩+
1

m
⟨

m∑
i=n

xi+k − x̄, y⟩∥

≤ 1

m

n−1∑
i=1

∥⟨xi, y⟩∥+
1

m
∥
m−n∑
i=0

⟨xi+k+n − T i+k
n xn, y⟩∥

+
1

m
∥
m−n∑
i=0

⟨T i+k
n xn − x̄n, y⟩∥+ ∥⟨x̄n − x̄, y⟩∥.(2.3)

Now, letting m → ∞, and using (2.2), we obtain:

lim sup
m→∞

∥⟨ 1
m

m∑
i=1

xi+k − x̄, y⟩∥ ≤ ∥⟨x̄n − x̄, y⟩∥.
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By substituting n with nj and letting j → ∞, the desired result is obtained. Also, using (2.3), we

have:

∥⟨ 1
m

m∑
i=1

xi+k − x̄, y⟩∥ ≤ 1

m

n−1∑
i=1

∥⟨xi+k, y⟩∥

+ ∥y∥ sup
i≥0

∥xi+n − T i
nxn∥

+
1

m
∥
m−n∑
i=0

⟨T i+k
n xn − x̄n, y⟩∥+ ∥⟨x̄n − x̄, y⟩∥.

letting m → ∞, we have:

lim sup
m→∞

∥⟨ 1
m

m∑
i=1

xi+k − x̄, y⟩∥ ≤ ∥y∥ sup
i≥0

∥xi+n − T i
nxn∥+ ∥⟨x̄n − x̄, y⟩∥.

By substituting n with nj and letting j → ∞, using (1.6), the desired result is obtained. □

Remark. In Theorem 2.5, the mappings Tn may be asymptotically nonexpansive mappings or

any mappings for which the mean ergodic theorem holds, since the proof is based solely on the mean

ergodic theorem for a single mapping. The assumption Fix(Tn) ̸= ∅ can be removed if we assume that

C is bounded.

3. Conclusions

Our results are a generalization of some classical theorems on ergodic convergence for nonexpansive

mappings. Therefore, the definition we have provided for an almost orbit can be used to generalize

ergodic results (as we did in the past for Hilbert space [19] and in this paper for Banach spaces).
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