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ABSTRACT. In this paper, under a lower bound condition on the Ricci curvature involving vector fields
and gradient vector fields on a Riemannian manifold M"™, we investigate several comparison theorems.
We first establish Laplacian comparison and volume comparison theorems for Riemannian manifolds

endowed with the modified Ricci curvature
Ric := Ric+ %Evg > (n— 1)k,
and then for manifolds with Bakryfhi)mery Ricci curvature
Ric+ Hessh > (n — 1)k,

for some smooth function h. We further show that, in particular cases, these theorems hold for shrink-
ing, steady, and expanding gradient Ricci solitons under a volume non-collapsing condition, and even
without this condition when the soliton function is bounded. Consequently, we obtain analogous results
for almost Ricci solitons and almost gradient Ricci solitons. As an application of these comparison

results, we establish a segment inequality for Riemannian manifolds M"™ with bounded Ricci curvature.
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1. Introduction

Let v : (0,00) — M be a normal geodesic with initial point p. It is known that if ¢ > 0 is
sufficiently small, then d(p,v(t)) = ¢, meaning that ([0, ¢]) is a minimizing geodesic. If ~([0,¢1])
is not minimizing, then it is also non-minimizing for all ¢ > ¢;. Continuing this process, the set of
positive numbers ¢ for which d(p,y(t)) = t holds is either of the form [0, ¢o] or [0, 00). In the first case,
~(to) is called the cut point of p along -, and in the second case no such cut point exists. The set of
cut points of p is denoted by cut(p).

Now consider a Riemannian manifold (M, g) endowed with the volume element
dVol =VGoz—ldz!-- da",

defined on a chart (z,U) of M, where G = det(g;;) and dx' - - - dz™ denotes the Lebesgue measure on
R". Fix a point p € M. Since the exponential map exp, is a diffeomorphism on the complement of

the cut locus of p, one can construct a chart

{exp, s M\ cut(p), (p)}
on M, where
S(p) = exp™ (M \ cut(p)).

In these coordinates, the volume element of M admits the following decomposition:
(1.1) dVol = \(r,0)dr A d6,

where df is the standard volume element on the sphere S"~! and A(r, #) is a smooth function on %(p).

Since the volume element of a Riemannian manifold admits a decomposition of the form (1.1),
this provides a motivation to compare the volume of Riemannian manifolds with the corresponding
volume on manifolds of constant curvature K, which are called model spaces. Among the earliest
results establishing a relationship between volume on a Riemannian manifold and volume on the
model space are the Bishop—Gromov volume comparison theorems [5]. In fact, they compared the
volumes of geodesic balls of radius 7 in a complete Riemannian manifold with those in the model

space and proved that the function

Vol(Br(p))
Vol(BEK)

is non-increasing and satisfies lim,_,o f(r) = 1. In particular, they showed that

fir—

Vol(B,(p)) > Vol(BX),

where B, (p) denotes the geodesic ball of radius r centered at p in the Riemannian manifold and BX

is the geodesic ball of radius 7 in the model space Mp.. Consequently, Bishop and Gromov obtained
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an upper bound for the volume growth:
Vol(B,(p)) > Vol(BE) = w,r",

where w,, denotes the volume of the unit ball in R", and equality holds if and only if (M, g) is isomet-
ric to (R™, go). This result provided strong motivation for mathematicians to address the following

question: what is the largest exponent a such that
Vol(By(p)) > er®?

In order to address this question, we first recall the following definitions.
Let (M, g) be a Riemannian manifold. The Ricci curvature tensor is defined for any X,Y € T,M
by
Ric(X,Y) = g'g(R(8;, X)Y, 9)).

In local coordinates, the components of this tensor are usually denoted by R;; and are given by

Rj, = gilRijkl-

A Riemannian manifold (M, g) is called a Ricci soliton if and only if there exists a smooth vector
field V' such that

. 1
Ric(9) = g — 5Lvg,

for some constant A € R, where Ric denotes the Ricci curvature tensor and L is the Lie derivative.
Calabi and Yau proved that for complete noncompact Riemannian manifolds with nonnegative Ricci

curvature (Ric > 0), there exists a constant ¢ such that for all r > 2,
Vol(B,(p)) > cr.

For further background on comparison theorems, see [6, 8, 14, 16].
(Almost Ricci Soliton) Let V' be a smooth vector field on a Riemannian manifold (M, g). A Ricci

soliton on this manifold is defined by
1
(1.2) Ric + §£V‘q = \g,

where Ly g denotes the Lie derivative of the metric, Ric is the Ricci curvature tensor of M, and A € R
is a constant. In fact, Ricci solitons are self-similar solutions to the Ricci flow equation. A Ricci soliton
is denoted by (M, g,V, ), and when A > 0, A = 0, or A\ < 0, the manifold M is called shrinking, steady,
or expanding, respectively. If in equation (1.2) the function A is allowed to be a smooth function on

M, then M is called an almost Ricci soliton.
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In the special case where the vector field is of the form V = Vf, with f : M — R a smooth

function on M, equation (1.2) reduces to
Ric + Hess f = Ag,

and in this case M is called a gradient Ricci soliton. Moreover, when A is a smooth function, M is
called an almost gradient Ricci soliton.

For further details on Ricci solitons and volume comparison results on such manifolds, see [1, 4].

One of the most beautiful results in volume comparison theory, due to Cheng, states that if a
complete Riemannian manifold with Ric > (n — 1)H, where H is a positive constant, has diameter
equal to LH’ then it is isometric to the sphere of radius Wiid Moreover, volume comparison theorems
have deep connections with problems related to the intrinsic geometry of spaces.

Milnor first conjectured that a complete Riemannian manifold M with Ric > 0 has a finitely
generated fundamental group, and later proved this conjecture [11]. Furthermore, Gromov and Gallot
independently established a beautiful connection between volume comparison and the Betti numbers

of a manifold by proving the following result [10, 15]: for a closed Riemannian manifold M" satisfying
Ric > (n—1)H, diam(M) < D,

where diam(M) denotes the diameter of the manifold, the first Betti number by (M) is uniformly
bounded, and moreover, if HD? is sufficiently small, then by (M) < n.

For further applications of comparison theorems on Riemannian manifolds, see [7, 9, 12]. Recently,
Zhu and Zhang [20] obtained interesting results on comparison theorems by imposing conditions on

the Ricci curvature. They considered a special type of Ricci curvature of the form
) 1
Ric + §£V97

where Ric, V, and Ly denote the Ricci curvature, a smooth vector field on the manifold, and the Lie
derivative along V', respectively. Their results were generalized to the Bakrny,lmery Ricci curvature
in [17].

In this paper, we first assume a boundedness condition on the Ricci curvature involving a vector
field X as follows:

L

~ 1
(1.3) Ric := Ric + 2EXg > (n— 1)k, | X|(y) < 10.0)

Yy € M.

Then, in the special case where the vector field is gradient, we establish the corresponding comparison

theorems.
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2. Main Results

In this section, by imposing certain conditions on the Ricci curvature involving vector fields in a
special case where the vector field is bounded, we prove Laplacian comparison and volume comparison
theorems on Riemannian manifolds. Then, using the results of these theorems, we establish the
segment inequality for W C M™.

(Laplacian Comparison) Let (M",g) be a Riemannian manifold with a fixed point O € M such
that the following conditions hold:

L

~ 1
. jc:= Ric+ =Lyg > (n— <
(2.1) Ric == Ric+ 3Lvg > (n =1k, [VI() < o555

for any £ < 0 and any y € M, where d(y,O) denotes the distance from O to y, and L > 0 and
0 < a < 1 are constants. Let r = d(z,y) and let ~ : [0,7] = M be a normal minimal geodesic joining
z to y. Then

(n— l)kr VO C(a)L Lo 1

(2.2) Ar <
3 ro r

)

where A and V denote the Laplacian and the gradient, respectively, and C(«) is a constant depending

only on .
Proof. By the Bochner formula, we have
1
0= §A]Vr|2 = V%> + (VA7r, Vr) + Ric(Vr, Vr).

Using the Cauchy—Schwarz inequality

[\

‘VQT‘Q > (AT)

n—1’

we obtain
0 (Ar)?
EAT + n—1

< —Rice(Vr,Vr),

which is equivalent to

(2.3)

10 9 1 n—1 2 n—1 .
- R — < —
5 T(r Ar) + — <Ar . ) 2 Ric(Vr,Vr).

Multiplying both sides of (2.3) by r? and integrating from 0 to r, we obtain

-1 1 ("
(2.4) ar<™lo / 2 Ric(+/(£), 4/ (1)) dt.
0
At each point (), choose an orthonormal frame {ej,es,...,e,} with e; =~+/(t). Then

Ric(v'(t),~'(t)) = Ric(e1,e1) > (n — 1)k — éﬁvg(el, e1) = (n— 1)k — oV, (t)).
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Hence, (2.4) yields

Ar —

n—1 1 T[

(2.5) <O DR v - ;/OTW, A (#))dt.

Let dy = d(z,0).
o If r < dy, then d(y(t),0) > dy — t and

Tl—oa + (dO _ r)l—a > d(l)—a.

Thus,
2 (7 1 /" L
—— HV, A (t))dt < = 2t——dt
R
C(a)L 1—al”
< o o [0
- r [ (do t) ‘0]
Cla)L 1w —a
_ GO [t (g — e
L
(2.6) < C(O‘a) ,
r
where C'(«) is a constant depending only on a. If we set z = ﬁ, then

27+ 1> (1+2), 2 >0.

Substituting (2.6) into (2.5), we obtain

n—1 < (n—1)k
ro 3

o If r > dy, then for any dyp < ¢t < r we have d(y(t),0) >t — dp.

(2.7) Ar — r+ (V,Vr) + anO;)L .

2 [T 1 [do L 1 /(" L
—= | qVA )Vt < = U— " dt+ — | A— "t
rQ/O (V,~'(t)) —TQ/(; (do — t)™ +’r2 /do (t — do)™

C(a)QLdo d(l)_a n C(a)L(r — dp)t=@
r r
C(a)L

TO[

<

(2.8) -

Therefore, from (2.8) we conclude

(2.9) Ar —

The proof is complete.
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(Volume Comparison) Let M™ be a Riemannian manifold satisfying condition (2.1). Then

U)(T', 9) < eC(a)Lr1*O‘+(n—1)kr2rn—l

)

where w = w(r, 0) is the volume density in geodesic polar coordinates, and it is taken to be zero at
the cut locus.
Proof. We know that
Orw(r,0) = w(r,0)Ar.
From (2.9) we obtain

Orw —Ar< —(n_l)kr—i— n—1 VLV + C(a)L.
w 3 T re

To continue the proof, we consider the following cases:

(2.10) O Inw(r,8) =

e Case 1: 7 <1y <dy,
e Case 2: dy <71 <o,
o Case 3: 7 <dpy <rs.

Using (2.1) and integrating inequality (2.10), we obtain

n—1 (n-1)k L C(a)L
— T+ .
r 3 (dy — )™ ra
Integrating both sides from r; to ro yields

mM <In <”>n1 _ M(ﬁ 2)

Or Inw(r,8) <

w(ry, 0) 1 6 27N
+ C(a)L(ry™ = r{ ™) + C()L [(do — m1)" ™" = (do — 72)" ]
n—1
— 1Dk
<In <T2> - ur% + C(a)Lry™®.
™ 6

In particular, for r; < dp, (??) becomes

w(do, 0) do\"' -1k , .

2.11 In————~*<In(— -—d C(a)Ld;~ <.
Note that
L

(V,vr) < [V](y(r)) <
Thus, from (2.10) we obtain

w(ry, 0) T n-l (n—1)k, o 9
| <1 RS _
n w(ry,0) — n< ) T 6 (ry —71)

+C(a)L(ry ™ = 117%) + C(a)L [ry™* — (r1 — do)' =]

n—1

— 1Dk

<In <:2> + 7(71 5 ) 7’% + C(a)Lr%_a.
1

|

http://dx.doi.org/10.22108/xxxx X 7



http://dx.doi.org/10.22108/xxxxxxxxxxxxxxxxxx

Name of the author, Journal of Mathematics and Society/ x no. x (20xx) xx-xx

Moreover, for r9 > dy we have

(2.12) In ;UJE;(Q)ZZ)) <In <Z>n_1 + (n— Lk _61)krg + C(a) Lry ™.
Substituting (2.11) into (2.12), we obtain
(2.13) In Zgijzi < (:)”_1 . (n—61)kr% + C(a)Lri-e.
Therefore, from (??), (??7), and (2.13), we conclude
(2.14) w(ro, 0) < (C(@)Lry “+(n—1)kr3 <7”2>n_1.
w(ry, ) T

Letting r; — 0, we obtain
w(r, 9) < eC(cu)Lrl_"‘+(nfl)lc1"2T,nfl7 Vr > 0.
(|

2.1. Bakry—Emery Ricci Condition. In this subsection, we consider the special case in which V'
is a gradient vector field. In fact, we study the Bakryf]émery Ricci curvature. Let h be a smooth

function and set V = Vh. Assume that
(2.15) Ric+ Hessh > (n — 1)k.

Since, by integration by parts, the condition on the gradient of the potential can be reduced to a single

integral, in this case the following condition is imposed on h:

(2.16) h(y) - ()| < Lod(y, )% sup (W VA1 5, T)) < Ly,
zeM,0<r<1 ’

for any y,z € M with d(y,z) < 1. Here Ly, L3 > 0,0 < a<1,0< <1, and ¢ > 1 are constants,

* —
||Vh”q,B(I,T) - (é
(z,7)

In this setting, the non-collapsing condition is no longer required. The above assumption on h indicates

and

q

V() dv<y>>

that h is uniformly continuous and that |Vh| has a singularity of order less than 1. It is easy to see
that the local properties of h on balls of radius 1 also hold.
Assume that conditions (2.15) and (2.16) hold.

(1) Let r = d(x,y) be the distance between an arbitrary point y and a fixed point x, and let
v :[0,7] = M be a minimal normal geodesic with v(0) = z and v(r) = y. Then

1 1 AL
(2.17) Ar—= —< (n . L Tl_i + (VR V),  Yr<l,

8 http://dx.doi.org/10.22108/x X
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and

0 w(r,0) (n—1)k 4L,
. — <
(2.18) o 1 = 5 7 + o + (Vh,Vr)

w(r,0)

pn—1 '

(2) For any 0 < 7 < rp <1, we have

VOZ(B(%W)) < e(n—l)k(r%—r%)+L3(r2—r1)176+4L2(T2—r1)o‘ VOZ(B(%H)) '
ry - rt

The proof can be found in [16, 20].

(2.19)

Similarly, by considering a lower bound for an almost Ricci soliton, the results are obtained as

follows:
-1 -1k 4L
Ar_ =l DR =2 L (Vh,Vr),  Vr<l,
r 3 riT
e 0 wirt) _[(n—1) (1.6)
w(r, 0 n—1k 4Lo w(r, 0
L < h i
or rm—1 — 3 + rl-o +{Vh, V) rn—l
Moreover, for any 0 < r; < ro < 1, we have
VOZ(B(%TQ)) < e(”’;)k (r3—r?)+La(ra—r1)' =P 4+4La(ra—r1)” VOZ(B(IWI)).
ry - ry

According to the following lemma, when in the inequality Ric+ %Evg > (n—1)k we have V = Vh,
assumption (2.16) is in fact weaker than

L
d(y, 0)*’
for any y € M and a fixed point O € M, with constants L > 0 and 0 < a < 1, together with

(2.20) Vh(y)| <

(221) VOZ(B(;E,T)) 2P,

for any z € M and some fixed p > 0.
Assume that Ric+ Hessh > (n — 1)k and that (2.20) and (2.21) hold. Then for all g € (n, 2),

oL .

(2.22) ()~ h()] < Ty, =)'

and for any y,z € M,

(2.23) sup ro‘||VhHZ’B($ o S C(n,L,(n—1)k,a,p) L.

zeM,0<r<1

For the proof, see [20].

Similarly, by following the above argument for an almost gradient Ricci soliton, we obtain

sSup TaHVhHZ,B(I ) < C(Tl,L, (n_ 1)k7a7p) L.
zeM,0<r<1 ’

http://dx.doi.org/10.22108/x X 9
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The next result describes a special case of gradient Ricci solitons for which stronger results hold.

A complete Riemannian manifold (M, g;;) is called a gradient Ricci soliton if
(2.24) Rij +ViVjh = (n — 1k gij,

where (n—1)k is a constant and h is a smooth function on M. The cases (n—1)k > 0, (n—1)k = 0, and
(n — 1)k < 0 correspond respectively to shrinking, steady, and expanding solitons. Ricci solitons not
only represent self-similar solutions to the Ricci flow, but more importantly, they arise as singularity
models; that is, blow-up limits in many Ricci flow situations are Ricci solitons. Therefore, the study
of Ricci solitons is essential for the analysis of singularities in the Ricci flow.

For a Ricci soliton (2.24), we have
(2.25) R+ |Vh|> =2(n — Dk h = Cy,

where R is the scalar curvature of M and Cj is a constant. Hence, for shrinking and expanding

solitons, i.e. when (n — 1)k # 0, by adding a constant to h we obtain the normalization
(2.26) R+ |Vh]?=2(n—1)kh=0.

For steady solitons, the above equation becomes

(2.27) R+ |Vh? = Cy.

If Cyp = 0, then by the results of Zhang [19] and Chen [3], for steady solitons we have R > 0. When
Co # 0, equation (2.27) implies R = 0, and hence, from

AR = (VR,Vh) + 2|Ric|?,

we obtain Ric = 0. Therefore, for steady solitons, one must consider the case Cy # 0 in (2.27). We

normalize the metric g so that the Ricci soliton satisfies
(2.28) R+ |Vh|* = 1.

If (M, g) is a shrinking or expanding gradient Ricci soliton, normalization (2.26) holds, and if it is a
steady soliton, normalization (2.28) holds. According to the results of Zhang and Chen in [19, 3], we
have R > 0 when (n — 1)k > 0, and R > —C1(n) when (n — 1)k < 0. Moreover, if we assume |h| < L,
then from (2.26) and (2.28) we obtain

(2.29) |Vh| < A(n, (n — 1)k, L),

10 http://dx.doi.org/10.22108/x X
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where
V2(n —1)kL, (n—1)k >0,
(2'30) A(n> (TL - 1)k7 L) =41, (n — 1)]6‘ =0,
V—2(n —1)kL + Ci(n), (n—1)k<0.

2.2. The Gradient Ricci Soliton Case. Assume that (M, g;;) is a gradient Ricci soliton satisfying
(2.24). If (n — 1)k # 0, assume (2.26) holds, and if (n — 1)k = 0, assume (2.28) holds. Suppose that
on B(p 2s), for a fixed point O € M and radius d, we have

(2.31) h| < L.

Let A(n,(n — 1)k, L) be as in (2.30). Then the following statements hold.
(1) Let r = d(z,y) be the distance between any two points x,y € B(o,s), and let v : [0,7] — M be
a minimal normal geodesic with «(0) = = and ~(r) = y. Then, in the distributional sense,
n—1 - |(n — 1)k
ro 3

(2) Let r be as defined in (1), and let w(r, -) denote the volume element of the metric g in geodesic

(2.32) Ar

r+2A(n, (n — 1)k, L).

polar coordinates. Then for any 0 < ry <72 < d(z,0B0)),

(2.33) w(77;2_71') < 2N (n= 1k, L)ra+(n—1)klr3 w(;ﬁ: )
Ty 1

Letting r1 — 0, we obtain
(2.34) wlr,) < €2A(n,(n71)k,L)r+|(nfl)k|r2Tnflj
for any 0 < r < d(x,0B0)), and hence
(2.35) Vol(B(y ) < C(n)e2A =Dk Lrt{(n=Dkir? pn,
(3) For any z € B(p ) and 0 < 7 < e < d(z,0B(0,)), we have

Vol(Bars)) _ jn—1)ki(r3—r2)+2A (-1 L) (ra—r1) Y O Bairs))
ry - T

(2.36)

For an almost gradient Ricci soliton, assuming an upper bound L for the soliton function h, we
may take A(n,(n — 1)k, L) = /2L, L. The results then become:

—1
Ar— T2 < L4220 L,

r

and for 0 < ry <1y < d(z,0B0,)),

w(rz; ) < o2V2L1Lra+Lar3 w(ry, )
1 —

n— n—1 -
) T

http://dx.doi.org/10.22108/x X 11
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Letting r; — 0, we have
2
(T,-) < 62\/2L1L7‘+L1T P 1

bl
and hence

VOZ(B(:E’T)) < C(n)eZ\/QLlLT-i-LIr? .

Finally, for any 0 < r1 < ry < d(z,0B(0.4)),

Vol(Brs)) _ avamitia—r+iai—2) VO Bar))
ry - ry

These volume comparison theorems were studied and proved by Cao and Zhou [2] for shrinking
gradient Ricci solitons. Moreover, Zhang [18] showed that for this class of gradient Ricci solitons, if
both the volume of M and the metric are bounded, then the potential function and the Ricci curvature

are also bounded.

As an important application of the volume comparison theorems, analogous to [13], we have the
following result.

Let (M,g) be a Riemannian manifold with Ric > (n — 1)K. Let f : M — [0,00) be a smooth
function, and let A,B C W C M. Suppose that for any x € A, y € B, and t € [0,1], the geodesic
segment ¢, (t) : [0,1] — M joining « and y satisfies ¢, () € W, and that diam W < D. Then

1
(2.37) / / focgy(t)dtVol, ANVol, < C(a,L,n)(Vol A+ Vol B) / fVol.
AxB JO w
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