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SOME RESULTS OF THE ¢-BEST PROXIMITY POINT IN THE COMPLETE
METRIC SPACE

MARYAM SHAMS * AND FARAH RASHIDI

ABSTRACT. In this paper, we introduce two types of proximal contractions. First, we define the
(¢, v, 9, H)-proximal contraction and subsequently the weak (¢, ¢, ¢, H)-proximal contraction. Then,
we investigate the existence and uniqueness of the p-best proximity point for these contractions in a
complete metric space, considering specific conditions. One of these specific conditions, required in
both theorems, is that the function 1 is non-decreasing and the function ¢ is lower semi-continuous.
The main theorems obtained are generalizations and extensions of existing ¢-best proximity point
theorems for proximal contractions related to the control function H. If, in the main theorems, the two
subsets A and B are equal, then the existence and uniqueness of a fixed point for the corresponding
self-mappings are obtained. Subsequently, we illustrate the importance and applicability of the main

theorems with the help of examples.

1. Introduction

The analysis and solution of fixed-point problems in metric spaces have long been a focal point for
researchers in various fields of mathematics and applied sciences. The Banach contraction principle, as
a fundamental result in this area, plays a significant role in solving differential equations, integral equa-

tions, and optimization problems. However, the limitations of this principle have driven researchers to
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develop and generalize contraction concepts. Wardowski, with the introduction of the F-contraction
concept [17], took an important step towards generalizing the Banach contraction principle. This
concept has inspired extensive research in the field of fixed-point theory, including new concepts of
contractions such as F-weak contractions [18] and F-contractive mappings of Hardy-Rogers-type [3],
and has yielded significant results regarding the existence and uniqueness of fixed points. Furthermore,
the generalization of these concepts to extended metric spaces has provided new research areas. Mean-
while, Jleli and Samet [10], with the introduction of ©-contractions and a different approach, obtained
new results on fixed points. Shams et al. [14], by introducing (¢, a, ¢, F')-generalized contraction
mappings, investigated the existence conditions for a unique -fixed point. The concept of best prox-
imity point, as a generalization of the concept of fixed point, has recently attracted much attention
from researchers. Many researchers have examined the existence and convergence conditions of best
proximity points for various mappings [1, 2, 4, 13, 15, 16, 19]. Despite the valuable results available in
the field of best proximity point theory and the application of proximal contractions [8, 7], further re-
search is needed to investigate the conditions for the existence and uniqueness of best proximity points
in broader classes of proximal mappings. In this article, we address this issue and introduce a new
concept of proximal mappings called (H, v, ¢, ¢)-proximal contraction and (H, v, ¢, ¢)-weak proximal
contraction. Then, we prove theorems regarding the existence and uniqueness of a ¢-best proximity
point for these mappings and demonstrate the effectiveness of our results by providing examples.

Let (X, d) is a metric space and T': X — X be a self-map. The set of all fixed points of the map
T denoted by Fr ={z € X | Tz = x}.

Moreover, we show by A the family of all functions 1 : [0,00) — [0,00) that satisfy the following

conditions.

(11) ® is a non-decreasing function.
(12) for every positive sequence {ay,} we have lim,_, ¥ (ay,) = 0 if and only if lim, oo oy, = 0.
(13) is a continuous function.
We also consider © to be a family of all functions ¢ : [0,00) — [0,00) that satisfy the following
conditions:
(¢1) ¢ is a non-decreasing function
(¢2) for all & > 0 we have lim,_,o ¢" () = 0, where ¢" denotes the nth iterate of ¢.

Lemma 1.1. [11] If ¢ € O, then for all t > 0 we have ¢(t) < t.

Liu et al. [11], in 2016, using the functions defined above, first introduced the concept of (1, ¢)-
contraction, and then showed that if a mapping 7' : X — X is a (¢, ¢)-contraction, then 7" has a
unique fixed point.

In 2020, Proinov proved the following theorem in a complete metric space [12].
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Theorem 1.2. [12] Let (X,d) be a complete metric space and T : X — X be a mapping such that for

every x,y € X we have:
d(Tz,Ty) > 0 = ¢(d(Tz,Ty)) < ¢(d(z,y)),
where 1, ¢ : [0,00) — R satisfy in the following conditions:
(1) ¢ is non-increasing
(2) for all a > 0, we have ¢(a) < P(a).
(3) for all 7 > 0 we have limsup,_,,+ ¢(a) < P(rT).
We denote by ¥ and ®, the family of all functions 1, ¢ : [0,00) — R that satisfing the conditions of
above theorem.
Also, we denoted by H, the set of all functions H : [0,00) — [0,00) that satisfing the following
conditions.
(H1) max{c, 8} < H(a, B,1m), for all o, 5,m € [0,00).
(H2) H(0,0,0) =0.

(Hs) H is continuous.

As simple examples, the following mappings can be mentioned.

H(a,B,m) =a+B+n H(a,B,n)=max{a, B} +7,

for all a, 8,7 € [0, 00).

Let ¢ : X — [0,00) and T': X — X. A point x € X is called ¢- fixed point T, if z € Fr and
p(x) = 0.

Jleli et al. [?] introduced the concepts of (H, ¢)-contraction and (H, ¢)-weak contraction using the
mapping H, and proved that these contractions have at least one ¢-fixed point.

Let A and B be nonempty subsets of a metric space (X,d). In the following, this paper uses the

following notations and concepts.
d(A, B) = inf{d(z,y);z € A,y € B},
Ag={z € A:d(z,y) = d(A,B),y € B},

By ={y € B:d(z,y) = d(A, B),z € A},

It should be noted that the above sets are not always nonempty. For example, Let A = {(z, z sin %
(0,1]} and B = {(0,0)}. Then d(A4,B) =0 and Ay = 0.

The set of all best proximity points of a non-self mapping T : A — B is denoted by

)iz €

Best(T) ={x € A:d(z,Tx) = d(A, B)}.
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Also, the set of all zeros of the function ¢ : A — [0,00) is shown by Z,. In other words
Z, ={z € A;p(x) = 0}.
In 2017, Isik and colleagues, inspired by the above topics, presented the following definitions.

Definition 1.3. [9] An element x* € A is called a p-best proximity point of the non-self mapping
T:A—= Bifo* € Beg(T)NZ,.

Definition 1.4. [9] Let A and B be two nonempty subsets of a metric space (X,d) and ¢ : A — [0, 00)
be a given function. Also H € H. Then:

(1) A mapping T : A — B is called an (H,p)-proximal contraction if there exists k € (0,1) such

that for every u,v,x,y € A, we have:

{ d(u,Tz) = d(A, B)

oy =g - e, o) < kEH(,y), 0l@), ¢ ).

(2) A mapping T : A — B is called a weak (H,p)-proxzimal contraction if there exist k € (0,1)
and L > 0 such that for every u,v,x,y € A, we have:
d(u,Tz) = d(A, B)
d(v, Ty) = d(4, B)

H{(d(u, v), p(u), p(v)) < k(H(d(z,y), p(x), $(y))) + LIH(d(y, u), ¢ (y), ¢ (w)) — H(d(0), p(y), p(u))].

Isik and colleagues were able to establish conditions under which the mappings satisfying the above

definition have a y-best proximity point.

2. main context

In this section, we first define the concept of (H, 1, ¢, ¢)-proximal contraction, and then, by imposing

certain conditions, we prove the existence and uniqueness of the ¢-best proximity point.

Definition 2.1. Let A and B be two nonempty subsets of a metric space (X,d). We consider functions
¢:A—[0,00) and H € H. Mapping T : A — B is called an (H, 1, p, ¢)-prozimal contraction if there
exist functions ¥ € ¥ and ¢ € ® such that for every u,v,x,y € A, we have:

1) { d(u,Tz) = d(A, B)

0Ty —dap L)), o) < H(, ). o), o1))

where H(d(z,y), ¢(x), ¢(y)) > 0.

Theorem 2.2. Let A and B be two nonempty subset of metric space (X,d) and non-self mapping
T : A — B satisfies in the following conditions:
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1) Ao be nonempty and closed.
2) T(Ao) € Bo.
3) ¢: A—[0,00) be lower semi-continuous.

4) T be a (H,v,p, p)-prozimal contraction.

then T has a unique @-best proximity point x*. Moreover for every x € X, we have T"x — z*.
If in Theorem 2.2 we have, H(«, 5,1m) = a+ B +n, and ¢(z) = 0, then we get the following result:

Corollary 2.3. Let A and B be nonempty subsets of a complete metric space (X,d) and the mapping
T : A — B satisfies the following relation:

d(v, Ty) = d(A, B)
where d(x,y) >0, ¥ € U, ¢ € ® for all u,v,z,y € A. If conditions (1), (2), and (3) of Theorem 2.2
hold, then T has a unique @-best prorimity point.

If for t € RT and z € X we have p(z) = 0, ¢(t) =t and ¢(t) = kt where k € (0,1). In this case,

the following result follows from Theorem 2.2.
Corollary 2.4. Let A and B be nonempty subsets of a complete metric space (X,d). We consider
the mapping T : A — B such that the following relation holds:

{ d(u,Tz) = d(A, B)

d(v, Ty) = d(A, B) = d(Tx, Ty) < kd(z,y),

where d(xz,y) > 0, k € (0,1), for every u,v,x,y € A, and conditions (1),(2) and (3) of Theorem 2.2

hold, then T' has a unique best proximity point.

Corollary 2.5. Let A and B be nonempty subsets of the complete metric space (X,d), and let T :
A — B be a mapping. Assume there exists T > 0 such that the following relation holds:

Y(H(d(Tz, Ty), p(Tx), o(Ty))) < Y(H(d(x,y), (), 0(y))) — T,

where H(d(T'z,Ty), o(Tx), p(Ty)) > 0, for every x,y € A. If ¢ € ¥ and conditions (1), (2), and (3)
of Theorem 2.2 hold, then T has a unique p-best proximity point.

If we set A = B in Theorem 2.2, then we get the following results:

Corollary 2.6. Let (X,d) be a complete metric space and the mapping T : X — X satisfies the

following condition:

Y(H(d(Tz,Ty), p(Tx), o(Ty))) < ¢(H(d(z,y), (), p(y))),
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where v € ¥, ¢ € & and H(d(Tz,Ty), p(Tx),p(Ty)) > 0 for all z,y € X. If p : X — [0,00), is
lower semi-continuous then T has a unique p-fized point x*. Moreover, for every x € X, we have

limy—ocod™x = x*.

Corollary 2.7. Let (X,d) be a complete metric space and let T : X — X be a mapping. Assume that
there exists k € [0,1) such that the following condition holds:
H(d(Tz, Ty), p(Tx),o(Ty)) > 0
= Y(H(d(Tz, Ty), (Tx), o(Ty))) < (HA(TX, Ty), o(Tz), o(Ty)))",

where ¢ : X — [0,00) is lower semi-continuous and v : R* — R is non-decreasing. Then, T has a

unique @-fized point, denoted by x*. Moreover, for every x € X, we have limp_,oT™(z) = x*.

Example 2.8. Consider the metric space X = [0,1] x [0,1] equipped with the Euclidean metric.

Assume that

A:{(l—%,l);neN,}
and

B = {(0,0),(5,0),(1,0)}
Then Ag = {(0,1), (3,1)} and By = {(0,0), (,0)} and d(A,B) = 1.
We define the mapping T : A — B as follows:

1 re 2
{0 2e8)

2
We define the functions ¢, ¢ : [0,00) > R, ¢ : A —[0,00), H :[0,00)— [0,00) as follows:
V@)= d@) =z el@)=v, H(@pm)=a+p+n

We show that the conditions of Theorem 2.2 are satisfied. We can write:

{ d((u,1), T(z,1)) = d(A, B) =1,
d((v,1), T(y,1)) = 1.

We examine the following situations:

(2.2)

(1) ifz =y =13, then

d((u,1),(0,0)) =1=u=0,
d((v,1),(0,0)) =1=v=0.

So, we have clearly:

P(H(d((0,1),(0,1))),((0,1)),0((0,1)))) < ¢(H (d((z,1), (y,1)), ((x, 1)), £((y,1))))-
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(2) if 2,y € [2,1), then by (2.2) we have:

{awmxwm=1:u=;

d((v,1),(3,0) =1=0v=3.

Hence

Y, D), (500 9((5 1), 0((5, 1)) < GG 1), (1)), ol 1), (5 1)),
%—i—% < 1%(% g) <d((z,1),(y,1)) +x+y.

¥
IS
Il
= O

S]
I

Since + + 5 < %(2+ 2) < %(2y) so:
V(H(((0,1), (5,1)), 9((0, 1), 95, 1) < (HE((5,1), (5, 1) 2(( 5 1), 2(( 1))

For other cases, relation (2.1) also holds. Therefore, all conditions of Theorem 2.2 hold and conse-

quently the mapping T has a @-best prozimity points (0,1).

Example 2.9. LetX:{O,%,%,...,l},A:{O L 1} and B=1{0,%,1,...,1}.

Y99 40 y 3y 50
We define functionsd: X x X >R and T : A — B as follow:
0 rT=y
d(z,y) = Tx = 2,
() { max{z,y} = #y, v

Let the functions ¥, ¢ : [0,00) = R, ¢ : A — [0,00) and H : [0,00) — [0,00) is defined as follows:

YO =t, o0 =5t e(@wD)=s HlaBu)=a+s+n
Then d(A,B) =0 and Ao = {0} = By. So
{ d(u,Tx) =d(A,B) =0=u=Tuz,
d(v,Ty)=d(A,B) =0=v="Ty.
Therefore u = v =Tx =Ty = 0. Hence x =y = 0. Clearly, all the conditions of Theorem 2.2 hold

and consequently the function T has a p-best proximity points x = 0.

Here we assume the functions v, ¢ : [0, 00) — R are non-decreasing and lower semi-continuous and

also

b(t) = d(t) =0t =0.
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Definition 2.10. Let A and B be non-negative subsets of the metric space (X,d). Consider the
function ¢ : A — [0,00) and H € H. The mapping T : A — B is called a weakly proxzimal (H, v, p, $)-
weak proximal contraction if there exist functions ¥ and ¢ satisfying the above conditions, and we

have:

{ d(u,Tx) =d(A,B)

d(v,Ty) = d(A, B

~—

Y(H (d(u,v), p(u), p(v))) < Y(H(d(z,y), 0(x), p(y))) — ¢(H(d(x,y), p(x), 0(y)),

when H(d(z,y), (), ¢(y)) > 0 for every u,v,x,y € A.

Theorem 2.11. Let A and B be nonempty subsets of a complete metric space (X,d) and a non-self
mapping T : A — B satisfies the following conditions:

1) Ao be a nonempty and closed.
2) T(Ag) C By,
3) ¢: A—[0,00) be a lower semi-continuous.

4) T be a (H,¥, @, p)-weak proximal contraction.

Then T has a unique p-best proximity point x*. Moreover, for all x € X we have T"x — x*.

Let for t € RT we have 1 (t) =t and ¢(t) = (1 — k)¢, when k € (0,1). Then the following results is
obtained from 2.11.

Corollary 2.12. Let A and B be nonempty subsets of complete metric space (X,d). We consider the
functions ¢ : A — [0,00) and H € H. If the mapping T : A — B satisfies in the following condition:

= H(d(Tz,Ty), o(Tz), p(Ty)) < k(H(d(z,y), p(z),0(y))),

when H(d(z,y),¢(x),p(y)) > 0, k € (0,1) for all u,v,z,y € A and conditions (1),(2) and (3) of
Theorem 2.11 hold, then T' has a unique p-best proximity point.

Corollary 2.13. Let (X,d) be a complete metric space and T : X — X satisfies in the follow

condition:

Y(H(d(Tz, Ty), p(Tz), p(Ty))) < Y(H(d(z,y), p(2), 0(y))) — ¢(H(d(z,y), p(), (y))),

where H(d(z,y),¢(x),¢(y)) > 0 for all z,y € X. Then T has a ¢- unique fized point x*. Moreover,

for all x € X we have limy,, oo T"x = x*.
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Example 2.14. We consider metric space X = {1,2,3,4,5} with Euclidean metric and subsets A =
{1,3} and B = {1,2,4}. So Ay = {1}, By = {1} and d(A,B) = 0. Now let the mapping T define
as Tt = L. We consider functions ¢, ¢ : [0,00) = R, ¢ : A — [0,00), H :[0,00) — [0,00) as
follows:
Y=t 6=t e)=It, Hlafm)=a+f+n
We show that conditions of Theorem 2.11 are hold. It can be seen that:
d(u,Tz) =d(A,B) =0,
{ d(v,Ty) =d(A,B) =0.

Sou=v=x=y=1. Therefore:

P(H (d(u,v), p(u), p(v)) < PH(d(2,y), o(2), o(y))) — S(H(d(,y), ¢(), £(y)))-

As a result, the mapping T is a weakly contractive non-self-map and by Theorem 2.11 the mapping T

has a @-best prorimity point.

3. Conclusions

In this paper, we introduce a new concept of proximal mappings called (H, 1), ¢, ¢)-proximal con-
traction and (H, 1, ¢, ¢)-weak proximal contraction. Then, we prove theorems regarding the existence
and uniqueness of a ¢-best proximity point for these mappings and demonstrate the effectiveness of

our results by providing examples.
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