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SOME SYMMETRIC POLYNOMIAL AND RELATED IDENTITIES

NARGES GHAREGHANI AND MORTEZA MOHAMMAD-NOORI ∗

Abstract. In this paper, we study some symmetric polynomials and their properties. In addition to

the elementary and complete symmetric polynomials, we consider the accumulative versions of these

polynomials and using common combinatorial tools, particularly generating functions, we study related

identities. In order to precise how these identities generalize and extend binomial-type identities, the

notation is developed through the paper.

1. Introduction

A polynomial of n variables is called a symmetric polynomial, if its value does not change by

permuting its variables. Symmetric polynomials appeared naturally in the coefficients of one vari-

able polynomials. Various types of symmetric polynomials have been studied in a wide range of

mathematical branches spanning from the old Galois theory [3, 1], combinatorics and algebra [6, 15],

representation theory of super Lie algebras [16] to mathematical physics [5] and bioinformatics [14].

The most classical type of symmetric polynomials are elementary symmetric polynomials and complete

symmetric polynomials. In this paper, by introducing a new notation, we study these polynomials
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as extensions of binomial type coefficients. Using this new notation we prove new identities for sym-

metric polynomials which are natural generalization of some well-known binomial identities, such as

Vandermond identity.

Here, we give some basic notation and definition which are used in the throughout the paper and

some notation which are used in specific part are defined wherever needed. We denote the set of

non-negative integers by N. For a positive integer n, we let [n] = {1, . . . , n}. For a finite set X the

set of all subsets of X is denoted as P (X) and the set of all subsets of X of size i (resp. at most

i) is denoted as Pi(X) (respectively P≤i(X)). Also by P ′
i (X) (resp. by P ′

≤i(X)) we mean the set of

multi-sets of size i (resp. at most i) whose elements come from X. For a given number n and a given

non-negative integer m the falling and rising factorial denoted as nm and nm are defined as

nm = n(n− 1) · · · (n−m+ 1),

nm = n(n+ 1) · · · (n+m− 1).

1.1. binomial coefficients and some binomial-type numbers. In this subsection we introduce

and fix notation for some types of numbers called binomial-type numbers. Based on the definition of

factorial functions we mention definition of four types of numbers, called binomial type numbers. There

is nothing new about the classical binomial coefficients; The long history of binomial coefficients and

their applications in various fields of mathematics together with their diverse flexible forms leading to

magical identities, has made them enough popular to occupy chapters and sections in elementary and

advanced textbooks of discrete mathematics. Despite these coefficients, we fix the notation about the

other three binomial-type numbers and we mention their combinatorial meanings and a few number of

identities. Some of them are useful to show similarities between binomial-type numbers and binomial

coefficients and some of them will be generalized to identities of symmetric polynomials in future

sections.

Definition 1.1. Let n be a real number and m be non-negative integers. Then(
n

m

)
=

nm

m!
,(( n

m

))
=

nm

m!
,(

n

≤ m

)
=

m∑
i=0

(
n

i

)
,

((
n

≤ m

))
=

m∑
i=0

((n
i

))
.

The values of these functions are defined to be 0 if m is not a non-negative integer.
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A wider definition of
(
n
m

)
using the function Γ is given in [2]. However, the above definition which

encompasses non-integer (real or complex) values of parameters is still wider than our purpose in the

current work. We are mostly interested to non-negative integer parameters. For instance, consider-

ing m as a nonnegative integer, the classical combinatorial interpretation of
(
n
m

)
as the number of

non-repetitive selection of m objects out of n ones, only covers non-negative integers n; (A similar

interpretation of other binomial-type numbers is discussed in Remark 1.4.) An extension of this inter-

pretation to negative integers n is found in [9] and we do not know any combinatorial interpretation

for non-integers n.

Remark 1.2. Let m be a non-negative integer. The value of
(
n
m

)
(resp.

(
n

≤m

)
) equals the number of

selection of m objects (resp. at most m objects) out of given n objects. Some results about the order

of magnitude of
(

n
≤m

)
are found in text books (See for instance [10, Lemma 3.8.2] and the proof of [13,

Theorem 3.6.1]). From a geometrical point of view, the value of
(

n
≤m

)
is number of points inside a

closed disc of radius m in the space {0, 1}n. A generalization of this is mentioned in [8].

Remark 1.3. Let m be a non-negative integer. The value of
((

n
m

))
(resp.

((
n

≤m

))
) equals the number

of selection of m objects (resp. at most m objects) out of n ones with repetitions. It is immediate to

see that (( n

m

))
=

(
n+m− 1

m

)
.

The value of
((

n
≤m

))
is given in Remark 1.5.

Remark 1.4. Let m and n be non-negative integers. Then the following hold:

(i)
(
n
m

)
=

(
n−1
m

)
+

(
n−1
m−1

)
(ii)

((
n
m

))
=

((
n−1
m

))
+
((

n
m−1

))
(iii)

(
n

≤m

)
=

(
n−1
≤m

)
+
(

n−1
≤m−1

)
(iv)

((
n

≤m

))
=

((
n−1
≤m

))
+
((

n
≤m−1

))
Remark 1.5. Let m and n be non-negative integers. Then the following hold:

(i)
(

n
≤m

)
= 2n, when m ≥ n.

(ii)
(

n
≤m

)
+
(

n
≤n−m−1

)
= 2n.

(iii)
((

n
≤m

))
=

((
n+1
m

))
=

(
n+m
m

)
.

1.2. Some symmetric polynomials with a new notation. The simplest type of symmetric poly-

nomials are elementary symmetric polynomials which appear in college algebra as the coefficients of

univariate polynomials. More precisely, if we consider each root of a univariate polynomial P (x) of

degree n as an independent variable, then for each i, 1 ≤ i ≤ n, the coefficient of xi is a symmet-

ric polynomial with respect to the roots. This leads to the study of polynomial solutions through
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the permutation group of the roots, which was the origin of Galois theory [3, 1]. The fundamen-

tal theorem of symmetric polynomial states that any symmetric polynomial is expressible in terms

elementary symmetric polynomials [4, 11]. Each summand of the ℓ-th elementary polynomial on n

variables corresponds to a non-repeated selection of ℓ objects among the n ones; Thus setting the

variables to 1, the value of this polynomial equals the good old binomial coefficient
(
n
ℓ

)
. The next

type of these polynomials in the classical part of the theory are complete symmetric polynomials.

They admit a similar combinatorial interpretation in terms of the repeated binomial coefficients. It

is proved that any elementary symmetric polynomial is expressible in terms of complete symmetric

ones, thus as a consequence of the fundamental theorem, any symmetric polynomial is expressible in

terms of complete symmetric ones. In this section after mentioning the formal definition of symmet-

ric polynomials and some related notation and identities, we naturally use the notation of binomial

coefficients (resp. repeated binomial coefficients) for elementary symmetric polynomials (resp. com-

plete symmetric polynomials). This notation lead us to prove some binomial-type equation for these

polynomials.

Definition 1.6. A polynomial f ∈ F[x1, x2, . . . , xn] is called symmetric on n variables if for any

permutation σ on [n], f(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)).

Definition 1.7. for ℓ ≥ 1, the ℓ-th complete symmetric function in n variables is defined by

hℓ(x1, . . . , xn) =
∑

1≤i1≤i2≤···≤iℓ≤n

xi1xi2 · · ·xiℓ ,

and ℓ-th elementary symmetric polynomial is defined as

eℓ(x1, . . . , xn) =
∑

1≤i1<i2<···<iℓ≤n

xi1xi2 · · ·xiℓ .

Definition 1.8. For a positive integer n we denote an n-tuple (p1, . . . , pn) of nonnegative integers by
−→p = (p1, . . . , pn). For such an element −→p ∈ Nn we let ||p||0 = max(p1, . . . , pn) and ||p||1 = p1+· · ·+pn.

We denote the all-one row vector of size n by
−→
jn.

Definition 1.9. Let −→x = (x1, x2, . . . , xn) and
−→p = (p1, . . . , pn) be n-tuple of variables and n-tuple of

integers, respectively. Then we let −→x −→p = xp11 · · ·xpnn . Also, for a subset F = {f1, . . . , fk} of [n], we let
−→x F = xf1 · · ·xfk .

Definition 1.10. For −→x = (x1, . . . , xn) we use notations
(−→x
ℓ

)
and

((−→x
ℓ

))
for eℓ(x1, . . . , xn) and

hℓ(x1, . . . , xn) respectively. In other words, we let(−→x
ℓ

)
=

∑
1≤i1<i2<···<iℓ≤n

xi1xi2 · · ·xiℓ ,
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ℓ

))
=

∑
1≤i1≤i2≤···≤iℓ≤n

xi1xi2 · · ·xiℓ .

We also let
( −→x
≤m

)
=

m∑
i=0

(−→x
i

)
and

(( −→x
≤m

))
=

m∑
i=0

((−→x
i

))
, we call these polynomials, accumulated

elementary symmetric polynomial and accumulated complete symmetric polynomial, respectively.

The following proposition is a natural generalization of Pascal’s identity.

Proposition 1.11. Let m ≥ 0, n > 1, −→x = (x1, . . . , xn) and
−→
x′ = (x2, . . . , xn). Then the following

recurrence relations hold.

(i)
(−→x
m

)
= x1

( −→
x′

m−1

)
+
(−→
x′

m

)
,

(ii)
((−→x

m

))
= x1

(( −→x
m−1

))
+

((−→
x′

m

))
.

(iii)
( −→x
≤m

)
= x1

( −→
x′

≤m−1

)
+
( −→

x′

≤m

)
,

(iv)
(( −→x

≤m

))
= x1

(( −→x
≤m−1

))
+

(( −→
x′

≤m

))
.

The following proposition is based on the above notation.

Proposition 1.12. For every vector −→x and integer m, the following equalities hold:

(i)
(−→x
m

)
=

∑
I∈Pm([n])

−→xI =
∑

∥−→p ∥0=1,∥−→p ∥1=m

−→x
−→p

(ii)
((−→x

m

))
=

∑
I∈P ′

m([n])

−→xI =
∑

∥−→p ∥1=m

−→x
−→p

iii)
( −→x
≤m

)
=

∑
I∈P≤m([n])

−→xI =
∑

∥−→p ∥0=1,∥−→p ∥1≤m

−→x
−→p

(iv)
(( −→x

≤m

))
=

∑
I∈P ′

≤m([n])

−→xI =
∑

∥−→p ∥1≤m

−→x
−→p

Proof. We mention the proof of part (i) for instance. The other parts are proved similarly. Each

m-subset of [n] corresponds to an ordered m-tuple of i1 < · · · < im of integers in [n], hence,(−→x
m

)
=

∑
I∈Pm([n])

−→xI .

On the other hand, if we map any I ∈ Pm([n]) to the corresponding characteristic vector (p1, . . . , pn)

with pi = 1 if and only if i ∈ I, then we observe that the second summation of part (i) equals the

third one. □

Remark 1.13. If −→x =
−→
jn, then the values of

(−→
jn
m

)
,
((−→

jn
m

))
,
( −→
jn
≤m

)
and

(( −→
jn
≤m

))
equal to

(
n
m

)
,
((

n
m

))
,(

n
≤m

)
and

((
n

≤m

))
, respectively.
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The following remark is a generalization of the first two parts of Remark 1.5, a generalization of

the last part of Remark 1.5 would be generalized in part (ii) of Theorem 2.7.

Remark 1.14. Let n > 1, −→x = (x1, . . . , xn) and −→y = ( 1
x1
, . . . , 1

xn
). Then the following recurrence

relations hold.

(i)
( −→x
≤m

)
=

n∏
i=1

(1 + xi), when m ≥ n.

(ii)
( −→x
≤m

)
+ x1 · · ·xn

( −→y
≤n−m−1

)
=

n∏
i=1

(1 + xi).

Proposition 1.15. Let m ≥ 0, n > 1, −→x = (x1, . . . , xn) and −→y = (y1, . . . , yn). Then the following

recurrence relations hold.

(i)
(−→x+−→y

m

)
=

∑
I∈P≤m([n])

−→xI
(−−−→y[n]\I
m−|I|

)
=

∑
||−→p +−→q ||0≤1,
||−→p +−→q ||1=m

−→x
−→p −→y

−→q ,

(ii)
((−→x+−→y

m

))
=

∑
||−→p +−→q ||1=m

−→x
−→p −→y

−→q =
∑

||−→p ||1≤m

−→x −→p
(( −→y

m−|−→p |

))
,

(iii)
(−→x+−→y

≤m

)
=

∑
||−→p +−→q ||0≤1, ||−→p +−→q ||1≤m

−→x
−→p −→y

−→q =
∑

I∈P≤m([n])

−→xI
( −−−→y[n]\I
≤m−|I|

)
,

(iv)
((−→x+−→y

≤m

))
=

∑
||−→p +−→q ||1≤m

−→x
−→p −→y

−→q =
∑

||−→p ||1≤m

−→x −→p
(( −→y

≤m−|−→p |

))
.

Proof. We prove equations of part (i). The other identities are proved similarly. For i = 1, . . . , n, let

zi = xi + yi. Then

(−→x +−→y
m

)
=

∑
1≤j1<···<jm≤n

zj1zj2 · · · zjm

=
∑

J∈Pm([n])

∏
j∈J

zj .

On the other hand

∏
j∈J

zj =
∏
j∈J

(xj + yj)

=
∑
I:I⊆J

−→xI−→y J\I .
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Hence, (−→x +−→y
m

)
=

∑
J∈Pm([n])

∑
I:I⊆J

−→xI−→y J\I

=
∑

I∈P≤m([n])

∑
J :J⊇I

J\I∈Pm−|I|([n]\I)

−→xI−→y J\I(1.1)

=
∑

I∈P≤m([n])

−→xI
∑

J :J⊇I
J\I∈Pm−|I|([n]\I)

−→y J\I

=
∑

I∈P≤m([n])

−→xI
( −−−→y[n]\I
m− |I|

)
This proves the first identity to prove the last one, by using Equation (1.1) we obtain(−→x +−→y

m

)
=

∑
I∈P≤m([n])

∑
J :J⊇I

J\I∈Pm−|I|([n]\I)

−→xI−→y J\I

=
∑

||−→p +−→q ||0≤1,
||−→p +−→q ||1=m

−→x
−→p −→y

−→q .

This completes the proof of part (i). □

2. generating functions and combinatorial identities

In this section we use several generating functions and consider their connections to obtain new

identities containing symmetric polynomials.

Definition 2.1. Let −→x = (x1, . . . , xn) and let F (t,−→x ), G(t,−→x ), F+(t,−→x ), F−(t,−→x ), G+(t,−→x ) and

G−(t,−→x ) be defined as

F (t,−→x ) =(1 + tx1) · · · (1 + txn),

G(t,−→x ) =
1

F (t,−→x )
,

F+(t,−→x ) =
1

1 + t
F (t,−→x ),

F−(t,−→x ) =
1

1− t
F (t,−→x ),

G+(t,−→x ) =
1

1 + t
G(t,−→x ),

G−(t,−→x ) =
1

1− t
G(t,−→x ).

Then we have the following proposition.
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Proposition 2.2. Let −→x = (x1, . . . , xn) and n ≥ 0. Then

F (t,−→x ) =
n∑

i=0

(−→x
i

)
ti,

G(t,−→x ) =
∑
i≥0

(−1)i
((−→x

i

))
ti,

F+(t,−→x ) =
∑
i≥0

(−1)i
(
−−→x
≤ i

)
ti,

F−(t,−→x ) =
∑
i≥0

(−→x
≤ i

)
ti,

G+(t,−→x ) =
∑
i≥0

(−1)i
(( −→x

≤ i

))
ti,

G−(t,−→x ) =
∑
i≥0

((
−−→x
≤ i

))
ti.

Definition 2.3. For a vector −→x = (x1, . . . , xn) and a given number α, we let α−→x = (αx1, . . . , αxn)

and (α,−→x ) = (α, x1, . . . , xn).

The following proposition states some simple properties of these functions and the proof is straight-

forward.

Proposition 2.4. For any number α ̸= 0, functions F (t,−→x ) and G(t,−→x ) satisfy the following equa-

tions.

(i) F (αt,−→x ) = F (t, α−→x ), G(αt,−→x ) = G(t, α−→x ).

(ii) F+(t, (1, α−→x )) = F+(αt, (1,−→x )) = F (t, α−→x ).

(iii) F−(t, (−1, α−→x )) = F−(αt, (−1,−→x )) = F (t, α−→x ).

(iv) G+(t, α−→x ) = G(t, (1, α−→x )), G+(αt,−→x ) = G(t, α(1,−→x )).

(v) G−(t, α−→x ) = G(t, (−1, α−→x )), G−(αt,−→x ) = G(t, α(−1,−→x )).

Proof. We prove part (ii) for instance. Using Definition 2.1

F+(t, (1, α−→x )) =
1

1 + t
F (t, (1, α−→x ))

=
1

1 + t
(1 + t)(1 + tαx1) · · · (1 + tαxn)

=
1

1 + αt
(1 + αt)(1 + αtx1) · · · (1 + αtxn)

= F+(αt, (1,−→x )) = F (t, α−→x ).

□

8 https://dx.doi.org/10.22108/msci.2025.142987.1703
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If we set α = 1 in Proposition 2.4, then we have the following corollary.

Corollary 2.5. For any integer m and any vector −→x the following equalities hold:

(i) F+(t, (1,−→x )) = F−(t, (−1,−→x )) = F (t,−→x ).

(ii) G(t, (1,−→x )) = G+(t,−→x ), G(t, (−1,−→x )) = G−(t,−→x ).

Proposition 2.6. For any number α, any integer m and any vector −→x the following equalities hold:

(i)
(
α−→x
m

)
= αm

(−→x
m

)
(ii)

((
α−→x
m

))
= αm

((−→x
m

))
(iii)

(
α−→x
≤m

)
= αm

( −→x
≤m

)
+ (1− α)

m−1∑
i=0

αi
(−→x
≤i

)
(iv)

((
α−→x
≤m

))
= αm

(( −→x
≤m

))
+ (1− α)

m−1∑
i=0

αi
((−→x

≤i

))
Proof. (i) Using the first identity of Proposition 2.4 (i) we obtain(

α−→x
m

)
=[tm]F (t, α−→x )

=[tm]F (αt,−→x )

=αm

(−→x
m

)
.

(ii) The proof is similar to that of part (i), using the second identity of Proposition 2.4 (i).

(iii) Using fourth identity of Definition 2.1 and Proposition 2.4 (i)

(1− t)F−(t, α−→x ) = (1− αt)F−(αt,−→x ) = F (t, α−→x )

Thus

F−(t, α−→x ) = (α+
1− α

1− t
)F−(αt,−→x )

and (
α−→x
≤ m

)
=[tm]F−(t, α−→x )

=α[tm]F−(αt,−→x ) + (1− α)[tm]
( 1

1− t
F−(αt,−→x )

)
Now, it is enough to observe that

[tm]
( 1

1− t
F−(αt,−→x )

)
=

m∑
i=0

[ti]F−(αt,−→x )

=
m∑
i=0

αi

(−→x
≤ i

)
.
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(iv) Considering the last identity of Definition 2.1,

(1− t)G−(t, α−→x ) = G(t, α−→x )

(1− αt)G−(αt,−→x ) = G(αt,−→x ).

Now, using the second identity of Proposition 2.4 (i),

(1− t)G−(t, α−→x ) = (1− αt)G−(αt,−→x ).

The rest of the proof is similar to that of part (iii).

□

Theorem 2.7. For given sequence −→x and integer m the followings hold

(i)
(−→x
m

)
=

((−1,−→x )
≤m

)
.

(ii)
(( −→x

≤m

))
=

((
(1,−→x )
m

))
.

Proof. Using Proposition 2.2 and Corollary 2.5, the following equalities are deduced.

(i) (−→x
m

)
= [tm]F (t,−→x )

= [tm]F−(t, (−1,−→x ))

=

(
(−1,−→x )

≤ m

)
.

(ii) ((
(1,−→x )

m

))
= [tm]G(t, (−1,−−→x ))

= [tm]G−(t,−−→x )

=

(( −→x
≤ m

))
.

□

Remark 2.8. Identity given in Theorem 2.7 are generalizations of the following binomial identities,

(the first binomial identity is well-known and can be found in [10, page 51], whereas the second identity

was mentioned in Remark 1.4).

(i) (−1)m
(
n
m

)
=

∑m
k=0(−1)k

(
n+1
k

)
.

(ii)
((

n
≤m

))
=

((
n+1
m

))
.
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To see this it is enough to put −→x = −−→
jn in the first identity of Theorem 2.7, and using the identity(−−→

jn
m

)
= (−1)m

(
n
m

)
. And second identity can be deduced by setting −→x =

−→
jn in the second part of

Theorem 2.7 and using identity
(−→
jn
m

)
=

(
n
m

)
.

In the following examples the validity of Theorem 2.7 is shown, in the case that −→x is a vector of

length 3.

Example 2.9. Let −→x = (x1, x2, x3), then(
(−1,−→x )

≤ 2

)
= 1 + (−1 + x1 + x2 + x3) + (−x1 − x2 − x3 + x1x2 + x1x3 + x2x3)

= x1x2 + x1x3 + x2x3

=

(−→x
2

)
,

as it is expected from part (i) of Theorem 2.7.

Example 2.10. Let −→x = (x1, x2, x3), then((
(1,−→x )

2

))
= 1 + x21 + x22 + x23 + x1 + x2 + x3 + x1x2 + x1x3 + x2x3

= (x21 + x22 + x23 + x1x2 + x1x3 + x2x3) + (x1 + x2 + x3) + 1

=

((−→x
2

))
+

((−→x
1

))
+

((−→x
0

))
=

(( −→x
≤ 2

))
,

as it is expected from part (ii) of Theorem 2.7.

Proposition 2.11. Let −→x and −→y be two vectors of arbitrary length, then the following hold.

(i) F (t,−→x )F (t,−→y ) = F (t,−→xy),
(ii) G(t,−→x )G(t,−→y ) = G(t,−→xy),
(iii) F (t,−→x )G(t,−→xy) = G(t,−→y ),

(iv) F (t,−→xy)G(t,−→x ) = F (t,−→y ),

Proof. These equations are immediately obtained using Definition 2.1. □

Theorem 2.12. Let −→x and −→y be two vectors of arbitrary length, then the following hold.

(i)

m∑
i=0

(−→x
i

)( −→y
m−i

)
=

(−→xy
m

)
,

(ii)
m∑
i=0

((−→x
i

))(( −→y
m−i

))
=

((−→xy
m

))
,
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(iii)

m∑
i=0

(−1)i
((−→xy

i

))( −→x
m−i

)
= (−1)m

((−→y
m

))
,

(iv)

m∑
i=0

(−→xy
i

)(( −→x
m−i

))
=

(−→y
m

)
.

Proof. Each part of this theorem is easily concluded from the corresponding part of Proposition 2.11.

The proof of part (i) for instance is as below(−→xy
m

)
= [tm]F (t,−→xy)

= [tm]F (t,−→x )F (t,−→y )

=
m∑
i=0

[ti]F (t,−→x )[tm−i]F (t,−→y )

=

m∑
i=0

(−→x
i

)( −→y
m− i

)
□
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