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ABSTRACT. Geometric relativity is mostly referred to the study of spatial manifolds in space-time
manifolds as main objects in general relativity. Our goal in this paper, is to study spatial models of
the universe that are themselves tangent bundles. In Arnowitt, Deser and Misner’s formulation of
general relativity as a Hamiltonian system, the main quantities that are studied are total energy and
mass of a system and in this paper, we will look at the ADM mass for some asymptotically Euclidean
tangent bundles. First, we will completely characterize asymptotically Euclidean interpolation metrics
on tangent bundles of simple manifolds. We will then consider a family of interpolation metrics that we
will call admissible metrics. We will define the notion of lower ADM mass (that is weaker than ADM
mass) and estimate the lower ADM mass of admissible metrics. From the said estimate, we show that
a stronger version of Schoen and Yau’s positive mass and rigidity of positive mass holds for admissible

metrics.

1. Introduction

Asymptotically Euclidean Riemannian manifolds are models of isolated universes in general rela-
tivity. Indeed the spatial sections of the space-time solving Einstein equations assuming that there is

little to no mass at infinity are given by asymptotically Euclidean manifolds.
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Studying such manifolds and their relativistic mass that is defined by Arnowitt-Deser-Misner [1]
(motivated by the notion of mass in Hamiltonian mechanics) are the main topics of study in geometric

relativity. Below, we provide an overview of the required materials.

1.1. Asymptotically Euclidean metrics. Suppose M is a smooth manifold with dimension n > 3.
A Riemannian structure (M, g) is called asymptotically Euclidean if there exists a bounded set K C M
such that the complement M \ K is the disjoint union of finite number of ends My, ..., M, such that
each end M} admits coordinates z; that are given by a difftomorphism ®; : M, — R" ~ B1(0);

furthermore, in these end coordinates, the decay asymptotics
9ij(x) = 0ij + Oz(|z[77), as, |a] = o0
hold. Here, by f € Oa(|z|™7), we mean

(@) + |zl - |0f ()] + [2?|0°f ()| < Cla|™7,  when |z[ — oo.

Schwarzschild Metric as the fundamental example. Perhaps the first and most important
example is the Schwarzschild metric. This example is important from the view point of symmetry. In
other words, it is the most symmetric solution of the Einstein field equations so we can actually call it
a fundamental solution. It is indeed an analog of the “fundamental solution” for the constant scalar
curvature equation.

Let us start with a spherically symmetric metric ¢ meaning g is of the warped product form with
base R and fiber S"~! i.e.

g =ds® +1(s)?ggn-
for some positive function r(s). Note that the loci where the symmetric spheres are minimal (and

indeed totally geodesic) correspond to r/(s) = 0.

The Schwarzschild solution of mass m is a rotationally symmetric metric of the form

om \ ! 9 9
Oy = | 1 — dr® 4+ r°ggn—1

,r.n72

It is easy to see that the Schwarzschild metric is asymptotically Euclidean with one end and with

asymptotic decay rate 7 =n — 2.

1.2. The ADM and lower ADM masses. Suppose (M",g) is an asymptotically Euclidean mani-
fold with ends My, ..., My. The ADM mass (standing for its originators Arnowitt, Deser and Misner)
for each end M} is given by the formula

1

mapm (Mg, g) := }13(1) 20 — Do 1 /T (div,g — d (tr,g9)) (v) dS
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in which, v is the Euclidean outward normal vector to S, and w,_1 denote the volume of standard
unit (n — 1)-sphere. In the end coordinates, this takes the form
. 1 T T
mapy (Mg, g) = lim = Dwns / (9iji — Giij) <|$|> ds
It is well-known that if 7 > § — 1, then the ADM mass is a geometric invariant (independent of the
chosen end coordinates). For less than this decay rate, multiple masses can arise. The decay rats
larger than n — 2 force the mass to be zero. It is easy to see that the mass of the Schwarzschild metric
given above is exactly the parameter m that shows up in its definition.
If the scalar curvature scaly is integrable, then one can show the limit in the ADM mass exist and
is finite.
Here we introduce a relaxed notion of ADM mass and we call it the lower ADM mass. Given a set
of coordinates x* at the infinity of a manifold, it is defined as
1

mapy (M) = m Tlgzlo S, (95,0 — 9ii ) 7dS,.

with values in extended real numbers, so the lower ADM masses oo are allowed. The benefit of this
relaxed notion of mass is that it can be applied to more general manifolds and only requires a set of

coordinates at infinity.

Positive Mass Theorem. So it is natural to expect the right definition of mass yield a positive mass
in non-trivial universes and if the mass vanishes the space must be vaccum. This was known as the
positive mass conjecture in general relativity.

Perhaps the most important result in this direction is the Schoen and Yau’s proof of this conjecture
in the case which is most relevant from the point of view of classical physics i.e. in three dimensions;
this can be found in [8, 10]. This proof soon after was generalized by Schoen and Yau to dimensions
less than 8 in [9]. Their proof essentially relies on the regularity of minimal submanifolds which holds

in dimensions less than 8.

Theorem 1.1 (Positive Mass Theorem). Let (M, g) be a complete asymptotically Fuclidean manifold
with decay rate T < 5 — 1 and with integrable scalar curvature. Then the ADM mass of each end of

M is a nonnegative quantity.

Theorem 1.2 (Positive Mass Rigidity). Let (M, g) be a complete asymptotically Fuclidean manifold
with decay rate T < § — 1 and with integrable scalar curvature. Then vanishing of the ADM mass of

any of the ends of M implies (M, g) is isometric to the Fuclidean space R™.

Following the proof of Schoen and Yau, Witten in [12] presented a proof that works in all dimensions
however it requires the existence of a spin structure.
In recent years, there have been other attempts at proving the positive mass theorem and its rigidity

in all dimensions as presented in [6, 7] and in [11].
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In a totally different directions and using different techniques, Hein and Le Brun [3] have related
the ADM mass of an asymptotically Euclidean Ké&hlerian manifold to its topological invariants and

have succeeded in proving a positive mass theorem in this setting as well.

1.3. Mass of tangent bundles of asymptotically Euclidean manifolds. As was mentioned there
are studies in the literature on the ADM mas of asymptotically flat Kahlerian manifolds. So it is also
natural to consider the much harder case of ones with only an almost complex structures or other
weaker than Kéahlerian cases.

A quintessential example of manifolds admitting almost complex structures are tangent bundles.
So this brings us to to question of ”what can be said about topology, geometry and the ADM mass
of asymptotically Euclidean tangent bundles”. In the previous work of the author with collaborators,
the topological classification of asymptotically Euclidean tangent bundles is given [2].

From the geometrical and analytical point of view, one can consider tangent bundles and study their
masses in relation to the mass of the underlying manifold (when the latter makes sense). In these
notes, we wish to pioneer such a study by proving a version of positive mass theorem and rigidity for a
special class of asymptotically Euclidean Riemannian metrics on tangent bundles of simple manifolds;
metrics that we call admissible.

First we note the following important topological classification result: T'M has one asymptotically
Euclidean end if and only if M is contractible [2] thus the tangent bundle must be R?". So to be
able to consider more general cases, we will need to allow asymptotically Euclidean manifolds whose
tangent bundles are no longer asymptotically Euclidean in the usual sense. However if we assume
M is simple (i.e. is an open subset of R™ or equivalently describable by a single coordinate chart),
then T'M is also simple (by the parallelizability of open subsets of R™) and inherits a standard set of
coordinates from M.

For the said reason, in these notes, we will only consider simple manifolds M that are asymptotically
Euclidean with one end and will look at the lower ADM mass of the tangent bundle T'M equipped with
a metric ¢ that in the inherited coordinates decays to the Euclidean metric (hence is asymptotically

Euclidean in a generalized sense).

2. Main Results

Given a fixed arbitrary Riemannian metric h on M with Levi-Civita connection V, one can express

any other Riemannian metric g on T'M via

P h yvhY —_ ,h

9(p,u) (X Y ) - g(p7u)(X’Y)
(21) g(p,u) (Xh7yv) =ayg (X7 Y) ’

g(p,u) (va Yv) = gvpm) (X7 Y)
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where XV and X" respectively denote the vertical and horizontal lifts of a tangent vector X to TTM

at the point (p,u) € TM. Here g? ) and gZ’ ) are families of Riemannian metrics and af

' " a family

.7u)

of symmetric 2-tensors, all parametrized by u; see [4] for further details.

We define the ﬁ—interpolating metrics as ones of the following form

Ipay (X YM) = (01(w)gp + (1 = 91 (w))d) (X,Y)
g (X1 Y7) =0
Gpu) (X, YY) = (p2(u)gp + (1 — p2(u))d) (X,Y)

with the asymptotics

,@iiRn—)R

0< i < 1, Wi € 02(|u|_”), 71>0, T>1, (pi(O) =1, lim gol(u) =0.

|u|—o0

If h is a flat metric, we will call this a J-interpolating metric; in local coordinates, d-interpolating

metrics take the form
Gij = p19i5 + (1 — ¢1)ds5
(2:2) G =0

Gi; = P29i5 + (1 — p2)di;
Finally, admissible metrics are defined to be d-interpolating metrics where we further assume

e g is a complete Riemaanian metric and is conformally flat i.e. g = Uﬁé for some smooth
U > 0

e (1 has compact support;

e 25 <0 (p2 is nonincreasing in radial directions);

e (trg g), < 0 (trace of g with respect to the Euclidean metric is nonincreasing in radial direc-
tions).

We will be concerned with simple base manifolds M that means they are described by one coordinate
chart (open subsets of R™). We will also use the following notion of lower ADM mass
1

m M)=———— lim i — i) VS,
7ADM( ) 2(n I 1)Wn—1 =00 J VNS, (g’Lj,’L gu,]) r

For a rather exhaustive theory of geometric relativity, we refer the reader to [5].
Our first result is the characterization of asymptotically Euclidean h-interpolating metrics on the

tangent bundle of an asymptotically Euclidean manifold as follows:

Theorem 2.1. An ﬁ-interpolatmg metric g on the tangent bundle of a simple manifold M is asymp-

totically FEuclidean if and only ifiL is a flat metric (i.e. g is a d-interpolating metric).

Our second main result is the following version of positive mass theorem and rigidity of positive

mass for admissible metrics.
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Theorem 2.2. Suppose M is a simple manifold with a single end and suppose g is an admissible

metric on TM.

(1) if scaly > 0, then (T'M, g) has non-negative (possibly +oo) lower ADM mass;
(2) If (M, g) is asymptotically Fuclidean with decay rate T > "7_2, then m 4par(9) = 0 if and only
if g and § are flat metrics and M = R™ and TM = R?*®

3. Summary of Proofs/Conclusions

3.1. Summary of Proof of Theorem 2.1. Recalling

-y

79

o =0, — ubffbag =0; — A\ir O, O]

(2 1
where A\ := ubffb, one can compute the metric coeflicients as
gij =g <8zh + )\ikaz7 8]" + )\jkaz)
= p10ij + (1 = ©1)0i5 + XikAjm (©29km + (1 — ©2)0km)

= 1095 + (1 — v1)0i; + @2XitAjmGrm + (1 — ©2) AikAjik,
G5=0 (aﬁ + i, a;f)
= ik (P2gkj + (1 — ©2)d%;)
= Y2 Airgkj + (1 — p2)Aij,
g =9 (o7, 9) = pagij + (1 — 02)di;.
therefore,

Gij — 0ij = ©1(9ij — 0ij) + ©2AikAjmGem + (1 — ©2) NikAjk,

Gij — 055 = Gij = P2hikgkj + (1 — 2)\ij,
Gi; — 055 = p2(gij — dij)-

in particular one can show

(3.1) 9i5 = P2Xik(grs — Onj) + Aij-

If b is flat then it is easy to see the ”if” part holds using standard computations. For the ”only if”

part, the decay assumptions lead to

lim Ajj(z,u) =0, Vze M,

|u]—o0
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where upon substituting u® = t6,, gives us

0= lim \; = lim «’TY, = lim IV (2):
|u|—o00 K |u]—o0 ib t—o0 ZT( )’

and as a result,

17 (z) =0, VzeM.

3.2. Summary of Proof of Theorem 2.2. Set
p? =12+ 5% and let v, and v, denote the outward normal vectors in base and in fibers. As is usual
the Greek index o runs over both values i corresponding to space and values ¢ that correspond to the

coordinates on tangent fibers. Starting from

Gpa) (X Y") = (1(@)U72 + (1= ¢1(w))) (X, Y)
I(pu) (Xh7Yv) =0 )
Gy (X, Y7) = (22()UT2 + (1= () ) 6(X,Y)

set
n—2 n—2

Py = (901Uﬁ +(1— 901)>T ;o Qo= <802Uﬁ +(1— @2))

4

For any given metric g, let I, denote the integrand in the ADM mass formula.
In the conformal case, we have
4n—1) 6-n

Ig - _ﬁUEUT’
Using
g _ral w5 W sul s
p pr p Y p ps p"
With some detailed computations we get to
Ig=1+1
where
- - ; rd(n—1) &= _ ~ .
1= (Gajo = Jooj) V) = = = o PO Pap o+ (G355 = i) V!
rd(n—1) &= ;
T (n— 2 )(I)iﬂq)ln“ — $29ii,v’
rd(n—1) =2 r
=P Py, — — ot
o n— 9 1 1,r pSDQ( rog)r

T T
= ;‘plIg - ;902@1'09)7“
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and
_ . = s4(2n—1) &= .3
I (ga] o= gaa’]) 174 —;7271 — <I> 2‘132 s gu‘,j’/]
s4(n—1 =
= p(n_ 5 )@" *®as — 1590 — 0ii )V
sd4(n—1 s
— g@" 2Py s — —(trog — n)p1s
p n-2 p

U
~(n=1)2 (UT2 = 1) ga,6 = “(trog — n)pr,s
P P
Then admissiblity implies
1> o, I>0
p

The last part of the proof consists of using the co-area formula for the function F': (x,u) — |Ju|| which
along with some further analysis leads to the computations

Using the co-area formula we find a lower estimate for the lower ADM mass of g.

/TMns,JIdS>//Ap\/7S2/ wly(x) S s5— dS; ds

2 _ g2
:/0 /Ap \/’[TSpl(u)/S Ig(l’) dsm dS; ds,
Vp2=s2Z

where
Ag’::{ueSS : {u}xschMmsp},

and R is chosen so that supp(p1) C Bg(0).
One can see that for any s < R and for p >> 1, we have

S\/ImCM

Also one verifies the asymptotic estimates

v1(w)2(n — Dwp—1m — cpl(u)/ Iy(x) dS | <6
Sz

2 _ 2
Vs
p
for s < R and ¢ sufficiently small and p sufficiently large.

and

<e€

Hence, we have

3.2 lim ds = lim I z)dS, =2(n — Dwp_1ma g).
2 im0 dS = i [ 1) 45, =20 = Denamap(s)
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Now using the above equation and using Fatou’s lemma twice we can compute as follows

\/p - 82
m = lim / / I,(x)dS dSs ds
mapnr(9 B 5 o o() dS sa—5s
R /3 2
> lim ugpl(u) I,(x)dS /4= dSsds
g VP —s
0 p—ooJA” P Sm

N/
/ /S plggo 1(u)/5 Iy(x) dSm dSs ds

2_ g2

pe—s

R
= w1(u) im I,(x)dS dSs ds
A <>msp2_52 () dS s

R
= / / w1(u)2(n — Vwp—1mapr(g) dSs ds
0 Ss
R
=2(n— 1)wn_1mADM(g)/0 / v1(u) dSs ds

=2(n— 1)wn—1mADM(g)/ ©1(u) du.
Br(0)

This key inequality in conjunction with the classical positive mass theorem applied to (M, g) gives

the conclusion.
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