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NEW SOLUTIONS TO EINSTEIN’S EQUATIONS TO FIND WALKER

MANIFOLDS

SHAHROUD AZAM

Abstract. In this paper, we investigate the Einsteinian manifolds with parallel null distribution. For

this, we first obtain the equations that lead to finding the mentioned manifolds. These equations

are known as Einstein’s equations. Then we reduce these equations by using Lie symmetry method.

These equations are known as Einstein’s equations. In this method, we first obtain the generators

of the symmetry algebra and then calculate the differential invariants for each of the generators and

calculate the group invariant solutions of this equation. In addition to this, we also obtain the optimal

system of the one-dimensional sub-algebras of these equations. This optimal system helps us to have

a classification on group invariant solutions using conjugate mapping.

1. Introduction

Many physical phenomena around us are modeled based on a differential equation. The role of

differential equations, especially differential equations with partial derivatives, is very prominent in

various sciences, especially in physics and engineering sciences. Obtaining the solutions of such equa-

tions has been of interest to mathematicians for a long time, and so far various methods have been

presented to solve differential equations. One of the most powerful methods is Lie symmetry method,

which was first described by Sophus Lie in the late 19th century [9]. The main and fundamental
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concept in this method are Lie groups. With this method, the order of ordinary differential equations

can be reduced, differential equations with partial derivatives can also be reduced in special cases, the

solutions of equations can be classified and etc [4, 12]. In short, it can be said that the symmetric

group is a group of transformations that affects the independent and dependent variables of the equa-

tion and covert the solutions to solutions. Therefore, by having a symmetric group and a solution to

the equation, various solutions of that equation can be obtained. The important point is that in some

systems of partial differential equations, all symmetry reductions are not obtained from the classical

symmetry method. This caused many mathematicians to search for ways to generalize Lie’s method

so that with the help of these methods they can obtain more solutions of the equation. Ozyannikov in

[13, 15] generalized the concept of group invertible solutions and called this group of solutions partial

invertible solutions. The difference between these solutions and group invertible solutions is that their

graph is not completely invertible under the group of assumed transformations.

There are more recent generalizations of the concept of group irreducible solutions, which can be

referred to the method presented by Blueman and Cole [3], and it is called the non-classical method in

group irreducible solutions. In recent years, the solutions of many important and practical equations

in physics have been obtained by the partial invariant method, and this method has attracted the

attention of researchers in this field [1, 2, 11].

In this article, we are going to get the partial solutions of Einstein’s equations and compare them.

Einstein’s equations are equations whose solutions determine the metric of a special type of manifolds

called Walker manifolds. Walker manifolds are manifolds that have a null parallel distribution [5,

17, 18]. These manifolds play a very important role in modeling physical problems. In this, the

role of 4-dimensional Walker manifolds is very important. These models express the fact that matter

determines the geometry of space-time and opposite to the motion of matter, it is determined by the

space meter tensor [16, 19]. Einstein’s equation system for 4-dimensional Walker manifolds is:

(1.1)

c22 + a12 = 0, b22 − a11 = 0, c11 + b12 = 0,

2c23 − ac12 − 2a24 + ba22 + 2ca12 − c2
2 − a2c1 + a2b2 + a1c2 = 0,

c24 − bc22 − bc22 − cc12x− ac11 − b23 − a14 + ca11 − c1c2 + a2b1 = 0,

2c14 − bc12 − 2b13 + 2cb12 + ab11 − c1
2 + b2c1 − b1c2 + a1b1 = 0,

where a, b, and c are function with respect to (x, t, y, z) and the metric of 4-dimensional Walker

manifold is determined by

(1.2)


0 0 1 0
0 0 0 1
1 0 a c
0 1 c b

 .
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Due to the importance expressed about Einstein’s equations, many efforts have been made to solve

these equations in recent years. In some studies, solutions of this system of equations have been

presented in special cases. For example, if we assume that the functions a, b and c depend only on

y and z, we can define a hyper-para-Kaehler structure on the manifold which is Ricci flat. Some

other special cases have also been investigated, for instance, a = b = 0 and b = c = 0 [5]. Also, the

case where the functions a, b and c depend only on x and t has also been investigated [8]. Also, see

[6, 7, 10, 14].

2. Main Results

We prove any two-dimensional sub-algebra of the symmetric algebra of Einstein’s equations, with

exactly one of the following sub-algebras is conjugated

V1
1 : ⟨X1, X3 + αX6 + βX7⟩, V2

1 : ⟨X1, X2 + αX5 + βX7⟩, V3
1 : ⟨X1, X5 + αX7⟩,

V4
1 : ⟨X1, X3 +X6 + ϵX5 + αX7⟩, V5

1 : ⟨X1, X2 + αX3 + βX7⟩, V6
1 : ⟨X1, αX7 +X6⟩,

V7
1 : ⟨X1, X7⟩,

V1
2 : ⟨X2, βX7 + αX6 +X3⟩, V2

2 : ⟨X2, X1 + ϵX4 + βX7⟩, V3
2 : ⟨X2, X4 + αX7⟩,

V4
2 : ⟨X2, X3 + ϵX4 + αX7 +X6⟩, V5

2 : ⟨X2, X1 +X6 + αX7⟩, V6
2 : ⟨X2, αX7 +X6⟩,

V7
2 : ⟨X2, X7⟩,

V1
3 : ⟨X6, αX7+, X3⟩, V2

3 : ⟨X6, X4⟩, V3
3 : ⟨X6, X5⟩,

V4
3 : ⟨X6, X1 + αX7⟩, V5

3 : ⟨X6, X2⟩, V6
3 : ⟨X6, X7⟩,

V1
4 : ⟨εX1 +X6, X2⟩, V2

4 : ⟨εX1 +X6, X5⟩, V3
4 : ⟨εX1 +X6, X7⟩,

V1
5 : ⟨X5, X3 + αX6 + βX7⟩, V2

5 : ⟨X5, X1 + αX6 + βX7⟩, V3
5 : ⟨X5, X6 + αX7⟩,

V4
5 : ⟨X5, X7⟩,

V1
6 : ⟨εX2 +X5, X3 +

1
2X6 + αX7⟩, V2

6 : ⟨εX2 +X5, X1 + αX7⟩, V3
6 : ⟨εX2 +X5, X7⟩,

V1
7 : ⟨X4, X3 + αX6 + βX7⟩, V2

7 : ⟨X4, X2 + αX3 + βX7⟩, V3
7 : ⟨X4, X6 + αX7⟩,

V4
7 : ⟨X4, X7⟩,

V1
8 : ⟨X4 + εX1, αX7 + 2X6 +X3⟩, V2

8 : ⟨εX1 +X4, X2 + αX7⟩, V3
8 : ⟨εX1 +X4, X7⟩,

V1
9 : ⟨X3, αX7 +X2⟩, V2

9 : ⟨X3, X5⟩, V3
9 : ⟨X3, X1⟩,

V4
9 : ⟨X3, X6 + αX7⟩, V5

9 : ⟨X3, X7⟩, V6
9 : ⟨X3, X4⟩,

V1
10 : ⟨εX2 +X3, X1⟩, V2

10 : ⟨εX2 +X3, X4⟩, V3
10 : ⟨εX3 +X2, X7⟩,

V4
10 : ⟨X2, αX7 +X3⟩,

V1
11 : ⟨εX4 +X3,−2X7 +X6 + εX5⟩, V2

11 : ⟨X3 + εX4, X2 + αX7⟩, V3
11 : ⟨εX4 +X3, X7⟩,

V4
11 : ⟨εX4 +X3, X3 +X6 + αX7⟩, V5

11 : ⟨εX4 +X3, εX2 +X1⟩,

V1
12 : ⟨ε′X4 +X3 + εX2, ε

′X2 +X1⟩, V2
12 : ⟨ε′X4 +X3 + εX2, X7⟩,
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where α and β are constants, ε = ±1 and ε′ = ±1 and ϵ = ±1 or 0.

In the following, we calculate the partial invariant solutions of the Einstein equation system.

• For the subalgebra ⟨X1, X7⟩ the invariants are {t, b
a ,

c
a}, so the dependent variables are

(2.1) a = a(x, t), c = ag(t), b = af(t).

Then the corresponding partial invariants solutions are as

(2.2)

1)


a = c1

b = (c4 + c3t)c1

c = c2c1

2)


a = c2 + c1t

b = c5 + c23c1t

c = c4c1 + (c2 + c1t)c3

.

3)


a =

−ln(t+ c2)

c1
+ c3

b = c5(c2 + t)

c = c4

4)


a = c4 + tc3 + c1ln(c2 + t)

b =
c26(t+ c2)

c3

c = c5 + c6t

• For the subalgebra ⟨X2, X7⟩ the invariants are {x, b
a ,

c
a}, so the dependent variables are

c = ag(x), b = af(x), a = a(x, t).

Then the corresponding partial invariants solutions are as

a = c1x+ c2, b = c1c
2
3x+ (

c5
c1

− c23c2)ln(c1x+ c2) + c6, c = c3(c1x+ c2) + c1c4,

.

• For the subalgebra ⟨X5, X7⟩ the invariants are {t, c
2−ba
b2

, −ct+bx
b } so the dependent variables are

a = −bf(t) +
b(g(t)− x)2

t2
, b = b(x, t), c = (g(t)− x)

b

t
,

Then the corresponding partial invariants solutions are as

a =
(c1 + c2t

3)(x− c3)
2

t3
− (A), b =

c1 + c2t
3

t
, c =

(c1 + c2t
3)(x− c3)

t2
,

where

A = (c5 + c4)t(ln(t+ (
c1
c2
)(

1
3
))2 − ln(−t(

c1
c2
)(

1
3
) + t2 + (

c1
c2
)(

2
3
)) + 2

√
3tan−1(

2c2t√
3c1

(
c1
c2
)(

2
3
) − 1√

3
)).

• For the subalgebra ⟨X4, X7⟩ the invariants are {x, −at+cx
xa , at

2−2xtc+bx2

x2a
}so the dependent vari-

ables are

a = a(x, t), b = a(2
t

x
f(x) + g(x) +

t2

x2
), c = a(

t

x
+ f(x))

Then the corresponding partial invariants solutions are as

a =
c1 + c2x

3

x
, b =

(c1 + c2x
3)(t+ c3)

2

x3
+ (B), c =

(c1 + c2x
3)(t+ c3)

x2
,
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where

B = (c5 + c4)x(ln(x+ (
c1
c2
)(

1
3
))2 − ln(−x(

c1
c2
)(

1
3
) + x2 + (

c1
c2
)(

2
3
)) + 2

√
3tan−1(

2c2x√
3c1

(
c1
c2
)(

2
3
) − 1√

3
)).

• For the subalgebra ⟨X2, X6+X7⟩ the invariants are {x, b
a3
, c
a2
}, so the dependent variables are

c = a2g(x), b = a3f(x), a = a(x, t),

Then the corresponding partial invariants solutions are as

a =
4(t+ c1)

(c2x+ c3)2
, b =

4c22(t+ c1)
3

(c2x+ c3)4
, c =

4c2(t+ c1)
2

(c2x+ c3)3
,

where ci are constants.

3. Conclusions

In this article, after stating the definition and the method of obtaining the solutions of differential

invariants for an equation, we obtained the two-dimensional sub-algebras of the symmetric algebra

of Einstein’s equations. Then, using it, we calculated the solutions of the partial invariants of these

equations and proved that these solutions are different from the solutions obtained by the Lie symmetry

method. In fact, it was proved that these solutions are non-reduceing. Based on this, new and valuable

solutions were obtained from one of the famous and widely used equations in physics, Einstein’s

equations. These equations actually determine the metric of Walker manifolds, which play an essential

role in space-time modeling.

References

[1] A. M. Barlukova and A. P. Chupakhin, Partially invariant solutions in gas dynamics and implicit equations,

J. Appl. Mech. Tech. Phys., 53 no. 6 (2012) 812–824.

[2] V. B. Bekezhanova and O. N. Goncharova, Application of a partially invariant exact solution of the ther-

mosolutal convection equations for studying the instability of an evaporative flow in a channel heated from

above, Symmetry, 15 no. 7 (2023) p. 13.

[3] G. W. Bluman and J. D. Cole, The general similarity solution of the heat equation, J. Math. Mech., 18

(1968/69) 1025–1042.

[4] G. W. Bluman and S. Kumei, Symmetry and differential equations, Applied mathematical sciences, no. 81,

Spriger-Verlag, New York, 1989.
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