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GEODESIC VECTORS OF SQUARE METRICS ON 5- DIMENSIONAL

GENERALIZED SYMMETRIC SPACES

DARIUSH LATIFI ∗ AND MILAD L. ZEINALI

Abstract. In this paper, we consider the (α, β)-metric F = (α+β)2

α
along with the function ϕ with

the definition of ϕ(s) = 1 + 2s + s2, which is known as a square metric, on 5-dimensional generalized

symmetric spaces. Then we investigate and study the homogeneous geodesics of 5-dimensional gener-

alized symmetric spaces equipped with a left invariant square metric. We also obtain and categorize

the homogeneous geodesics of these spaces in some special cases, which are of type (2), (3) and (7).

Also we show that for a 5-dimensional generalized symmetric space of type (2) and (7) equipped with

a left invariant square metric, the geodesic vectors of (M,F ) are the same as the geodesic vectors of

(M, ã) and vice versa.

1. Introduction

Let M be a smooth n-dimensional C∞ manifold and TM be its tangent bundle. A Finsler metric

on M is a non-negative function F : TM → R with the following properties [2]:

(1) F is smooth on the slit tangent bundle TM0 := TM\{0}.
(2) F (x, λy) = λF (x, y) for any x ∈ M , y ∈ TxM and λ > 0.
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(3) The following bilinear symmetric form gy : TxM × TxM −→ R is positive definite

gy(u, v) =
1

2

∂2

∂s∂t
F 2(x, y + su+ tv)|s=t=0.

The (α, β)-metrics form an important class of Finsler metrics appearing iteratively in formulating

physics, mechanics, seismology, biology, control theory, etc (see [1]). For the first time, in 1972,

Matsumoto had introduced the concept of (α, β)-metric in Finsler geometry [14]. (α, β)-metrics are

the generalizations of the Randers metric, introduced by G. Randers [16]. An (α, β)-metric is a Finsler

metric of the form F = αφ(s), s = β
α where α =

√
ãij(x)yiyj is induced by a Riemannian metric

ã = ãijdx
i ⊗ dxj on a connected smooth n-dimensional manifold M and β = bi(x)y

i is a 1-form on

M . The important types of (α, β)-metrics happen when we have

φ(s) = 1 + 2s+ s2.

In this case we have

F =
(α+ β)2

α
,

which called a square space.

The Riemannian metric ã induces an inner product on any cotangent space T ∗
xM such that

⟨dxi(x), dxj(x)⟩ = ãij(x).

The induced inner product on T ∗
xM induced a linear isomorphism between T ∗

xM and TxM . Then the

1-form β corresponds to a vector field X̃ on M such that

ã
(
y, X̃ (x)

)
= β (x, y) .

Also, we have

∥β(x)∥α = ∥X̃(x)∥α.

Therefore we can write (α, β)-metrics as follows:

(1.1) F (x, y) = α (x, y)φ

(
ã(X̃ (x) , y)

α(x, y)

)
,

where for any x ∈ M , √
ã
(
X̃ (x) , X̃ (x)

)
= ∥X̃(x)∥α < b0.

So any square metrics can be written as

F (x, y) =

(
α(x, y) + ã(X̃(x), y)

)2
α(x, y)

.

Let π∗TM be the pull-back of the tangent bundle TM by π : TM0 → M . Unlike the Levi-Civita

connection in Riemannian geometry, there is no unique natural connection in the Finsler case. Among
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these connections on π∗TM , we choose the Chern connection whose coefficients are denoted by Γi
jk [2].

This connection is almost g-compatible and has no torsion. Since, in general, the Chern connection

coefficients Γi
jk in natural coordinates have a directional dependence, we must define a fixed reference

vector.

Let σ(t) be a smooth regular curve in M , with velocity field T . Let W (t) := W i(t) ∂
∂xi be a vector

field along σ. The expression

[dW i

dt
+W jT k(Γi

jk)(σ,T )

] ∂

∂xi
|σ(t),

would have defined the covariant derivative DTW with reference vector T . A curve σ(t), with velocity

T = σ̇(t) is a Finslerian geodesic if

DT

[ T

F (T )

]
= 0, with reference vector T,

that the constant speed geodesics are precisely the solution of

DTT = 0, with reference vector T.

Definition 1.1. A Finsler space (M,F ) is called a homogeneous Finsler space if the group of isome-

tries of (M,F ), I(M,F ) acts transitively on M .

Definition 1.2. Let (G/H,F ) be a homogeneous Finsler space and e be the identity of G. A non-zero

vector X ∈ g is called a geodesic vector if the curve exp(tX).eH is a geodesic of (G/H,F ).

Definition 1.3. A geodesic σ(t) through the o ∈ M is called a homogeneous geodesic if it is an orbit

of a one-parameter subgroup of G, that is

σ(t) = exp(tZ)(o), t ∈ R,

where Z is a nonzero vector of g.

In 1965, Hermann showed that homogeneous geodesics which are orbits of a given one-parameter

group of isometries A(t) correspond to the critical points of the norm of Killing vector field X which

generates A(t). Kostant, Vinberg, Kowalski and Vanhecke found a simple condition that the orbit

σ(t) = A(t)(eH),

of an one-parameter subgroup A(t) = exp(tX) ⊂ G of the isometry group G of a homogeneous

Riemannian manifold M = G/H, is a geodesic [6, 8, 18].

Let G be a connected Lie group with Lie algebra g and let ã be a left invariant Riemannian metric

on G. In [8], the author proved that the following result for Riemannian metrics.
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Lemma 1.4. a vector Y ∈ g is a geodesic vector if and only if

(1.2) ã(Y, [Y,Z]) = 0, ∀Z ∈ g.

In [10], Latifi proved the following result that gives a criterion for a non-zero vector to be a geodesic

vector in a homogeneous Finsler space.

Lemma 1.5. A non-zero vector Y ∈ g is a geodesic vector if and only if

(1.3) gYm(Ym, [Y,Z]m) = 0, ∀Z ∈ g.

We now recall some basic facts about generalized symmetric spaces. A generalized symmetric space

is a connected Riemannian manifold (M, ã) admitting a regular s-structure, that is, a family

{sx : x ∈ M},

of symmetries on M, such that

sx ◦ sy = sz ◦ sx, z = sx(y),

for every points x, y,∈ M . As it is well-known, every generalized symmetric space is a homogeneous

Riemannian space G/H. An s-structure {sx : x ∈ M} is said to be of order k ≥ 2 if (sx)
k = id for all

x ∈ M and (sx)
i ̸= id for i < k. A Riemannian manifold (M, ã) is said to be k-symmetric if it admits

a regular s-structure of order k. Each generalized symmetric space is k-symmetric for some k. The

order of a generalized symmetric space is the least integer k such that (M, ã) is k-symmetric. Low

dimensional generalized symmetric spaces have been classified in [7].

2. Main Results

A five-dimensional generalized symmetric space M of type (2) is R5(x, y, z, w, t), equipped with the

Riemannian metric

ã = e−2λ1qdx2 + e2λ1qdy2 + e−2λ2qdz2 + e2λ2qdw2 + dq2

+ 2α[e−(λ1+λ2)qdxdz + e(λ1+λ2)qdydw]

+ 2β[e(λ1−λ2)qdydz − e(λ2−λ1)qdxdw],

where either (2a)λ1 > λ2 > 0, α2 + β2 < 1, or (2b)λ1 = λ2 > 0, α = 0 and 0 ≤ β < 1, or

(2c)λ1 < 0, λ2 = 0, α = 0 and 0 < β < 1. As homogeneous space, M = G/H, where G is the group of

all matrices of the form
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

eλ1q 0 0 0 x

0 e−λ1q 0 0 y

0 0 eλ2q 0 z

0 0 0 e−λ2q w

0 0 0 0 1


.

For type (2) of these spaces we prove that the following Theorem for types (2a), (2b) and (2c):

Theorem 2.1. Let (M,F ) be a 5-dimensional generalized symmetric space of type (2a) equipped with

a left invariant square metric defined by the Riemannian metric ã and vector field X = x5e5. Then

Y ∈ g is a geodesic vector of (M,F ) if and only if Y is a geodesic vector of (M, ã).

Theorem 2.2. Let (M,F ) be a 5-dimensional generalized symmetric space of type (2b) equipped with

a left invariant square metric defined by the Riemannian metric ã and vector field X = x5e5. Then

Y ∈ g is a geodesic vector of (M,F ) if and only if Y is a geodesic vector of (M, ã).

Theorem 2.3. Let (M,F ) be a 5-dimensional generalized symmetric space of type (2c) equipped with

a left invariant square metric defined by the Riemannian metric ã and vector field X = x5e5. Then

Y ∈ g is a geodesic vector of (M,F ) if and only if Y is a geodesic vector of (M, ã).

As homogeneous spaces, five-dimensional generalized symmetric spaces M of type (7) are real

matrix groups 

eλt 0 0 0 x

0 e−λt 0 0 y

teλt 0 eλt 0 u

0 −te−λt 0 e−λt v

0 0 0 0 1


.

M is also R5(x, y, u, v, t), equipped with a Riemannian metric

ã = dt2 + e−2λt(tdx− du)2 + e2λt(tdy + dv)2 + a2(e−2λtdx2 + e2λtdy2) + 2γ(dydu− dxdv),

where a > 0, λ ≥ 0, λ, a, γ ∈ R and γ2 < a2. We have two case for type (7) as follows:

• (7a) λ ̸= 0,

• (7b) λ = 0.

For type (7) of these spaces we prove that the following Theorem for types (7a) and (7b):

Theorem 2.4. Let (M,F ) be a 5-dimensional generalized symmetric space of type (7a) equipped with

a left invariant square metric defined by the Riemannian metric ã and vector field X = x5e5. Then

Y ∈ g is a geodesic vector of (M,F ) if and only if Y is a geodesic vector of (M, ã).
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Theorem 2.5. Let (M,F ) be a 5-dimensional generalized symmetric space of type (7b) equipped with

a left invariant square metric defined by the Riemannian metric ã and vector field X = x5e5. Then

Y ∈ g is a geodesic vector of (M,F ) if and only if Y is a geodesic vector of (M, ã).

Also we have the following corollary for type (3):

Corollary 2.6. Let (M,F ) be a five-dimensional generalized symmetric spaces of type 3 equipped

with a left invariant square metric defined by the Riemannian metric ã and the vector field X. Then

geodesic vectors depending only on x1, x2, x3, x4, x5, t and y5.

We also categorize the geodesic vectors of these spaces. For example, we show that Y is a geodesic

vector of a generalized symmetric space of type (2a) equipped with a left invariant square metric

defined by the Riemannian metric ã and vector field X if and only if

Y = − 1

A

4∑
i=1

xiei + y5e5, A ̸= 0,

or Y =
∑4

i=1 yiei, A ̸= 0, and the following equation is hold:

y1
(
− λ1y1

)
+ y2

(
− λ2y2 +

α(λ1 − λ2)√
1− α2

y1

)
+ y3

(
λ1y3 +

β√
1− α2 − β2

(
(λ1 + λ2)y2 +

α(λ2 − λ1)√
1− α2

y1

))

+ y4

(
λ2y4 −

β(λ1 + λ2)√
1− α2 − β2

y1 −
α(λ1 − λ2)√

1− α2
y3 −

αβ(λ1 − λ2)√
1− α2

√
1− α2 − β2

y2

)
= 0.

Also we show that Y is a geodesic vector of a generalized symmetric space of type (2b) equipped

with a left invariant square metric defined by the Riemannian metric ã and vector field X if and only

if

Y = − 1

A

4∑
i=1

xiEi + y5E5 or Y =

4∑
i=1

yiEi + tT, A ̸= 0,

or Y =
∑4

i=1 yiei, A ̸= 0, and the following equation is hold:

y21 + y22 = y3(y3 +
2β√
1− β2

y2) + y4(y4 −
2β√
1− β2

y1).

3. Summary of Proofs/Conclusions

Conclusion of this article: In this paper, we consider five dimensional generalized symmetric spaces

equipped with an invariant square metric. Square metrics are the important types of (α, β)-metrics.

For a square metric we have φ(s) = 1 + 2s + s2. In this case we have F = (α+β)2

α . The study
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of homogeneous geodesics in these homogeneous spaces is of particular interest. For 5-dimensional

generalized symmetric space of type (2) and (7) equipped with an invariant square metric, the geodesic

vectors of (M,F ) are the same as the geodesic vectors of (M, ã) and vice versa and the geodesic vectors

of type (3) of these spaces depending only on x1, x2, x3, x4, x5, t and y5.
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