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ABSTRACT. Non-stationary data are often created when the observations of a study are collected
sequentially in a time-dependent structure. In such a case, there will usually be a time trend with
abrupt changes in the average or/and variance of the observations, which indicates that the data is
non-stationary. To describe such data using statistical distributions and fitting parameters, time-
varying models are suitable. The aim of this study is to introduce and apply time-varying models in
which parameters are considered as time-varying in both marginal distributions and copula models.
According to the monthly collection of rainfall and groundwater level data, the nature of these data
is time-varying and the trend changes in these data shows that the average of data changes abruptly
over time. To describe the correlation structure between these data, marginal distributions and then
time-varying copulas have been used, so that the parameter of these models is considered to be vary

over time as a function of time in the form of polynomial or exponential regression functions.

1. Introduction

Data stationary is an essential prerequisite in frequency analysis. But, in practice, in various field

specially in economic due to collecting data sequentially in a reqular time or in hydrology, due to
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climate changes, droughts, geological features, or human activities data often are non-stationarity in
time series [13]. Any statistical frequency analysis based on the assumption of stationarity will be
invalid if non-stationarity is not investigated in the hydrological time series[7]. Groundwater level
is one of the hydrological variables that has suffered a significant drop due to over-extraction and
decreased rainfall in most parts of the world [17]. Therefore, frequency analysis of this non-stationary
series seems necessary.

The copula theory with its multivariate nature, provides great flexibility for modeling bivariate or
multivariate data. In recent years, the use of copula functions in multivariate hydrological analysis
has increased significantly. Copula functions have been widely used by different researchers for
multivariate analysis of hydrological, hydrogeological and hydrometeorological data in recent years.
for instance, several researchers [1, 2, 3, 5, 8, 12, 14, 18, 19] performed their multivariate analysis
based on copula functions although the data were time dependent with time varying structure.
Groundwater is one of the sources of fresh water in arid and semi-arid regions, which provides
resilience against the lack of rainfall. But in the past few decades, due to population growth and
agricultural and industrial development, there is an irreparable pressure on it which has caused a
drop in the underground water level in most parts of the world, especially in Iran. Rainfall is one of
the variables whose changes are effective on groundwater fluctuations, but the effects of increasing or
decreasing rainfall on the groundwater level are always delayed due to several factors involving aquifer
characteristics. Therefore, the aim of the current research is to investigate how the groundwater level
has changed and most importantly, how the rainfall changes have been effective on the correlation

structure of the rainfall with the groundwater changes.

2. Main Results

In statistical literature, the maximum likelihood method is a well-known approach for estimation
the parameters of the models. To perform this, it is assumed that the observations are independent
and identically distributed with a distribution that contains one or several parameters that are
taken to be constant [?]. In some situations, however, the data are collected sequentially in a time
dependent manner. In this case, a serial dependence is observed among the data which leads to a
non-stationary distribution with non-constant parameters. Copula theory provides a theoretical basis
for constructing multivariate models [6, 15]. The copula applies the marginal distribution functions
to construct the joint distribution of random variables in order to describe the correlation between
the random variables, and reflect the dependence structure. Suppose Y{,Yd,..., V! is a sequence
of time dependent random variables that follows a distribution function F! = F(.,0") with a non-

stationary mean and a non-constant variance. In the other word, ©f = (6%,...,6}) contains one or
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more non-constant parameters which is a function of time ¢ (¢t = 1,2,...,n) . Various researches
considered different approach to handle the time-varying parameters in the model.For instance the
CAS [1, 20], SCAR [20, 14],ARIMA [16], DCC [10] methods were used by authors for handling time-
varying parameters.In this study, we incorporated the time as explanatory variable in the model

through two polynomial regression models as below,

q
(2.1) 0F = p;(t) = Bo+ Y _ Biut"
k=1
(2.2) 05 = ¢;(t) = exp(;(t))

depends on whether there is a constrains on parameters to be positive or not. In equation (2.1) and
(2.2), ¢;(.) and ¢;(.) are the link functions and 8; = (Bo, Bj1,- - . ,qu)T are the regression parameters.
In order to detect whether there is a variation in the mean and variance of the data through the
time and select the degree of polynomial regression in the marginal model, the time series plot of
the observation is investigated. In this study we applied Generalized gamma, Weibull, Log-normal
and Gumbel probability distributions [9] for modeling the rainfall and groundwater series. These
probability distributions are widely used in many studies specially in the hydrological studies. In
this paper we applied special functional forms of the abovementioned models which was developed
by Rigby and Stasinopoulos [19] as a generalized regression of univariate models called Generalized
Addictive Models in Location, Scale and Shape (GAMLSS) with parameters m = (i, 0, v)T . Herein,
the parameters p,o,v are the location, scale, and shape parameters respectively. Based on the

definition of the copula [18, 8], the time-varying copula can be expressed as

(2:3) Hy yvi(yi,93) = C [Fi(11071), Fa(ys]©9)[€'] = C(uf, up|€")

5
pendent marginal cumulative distribution functions and &' is the time-varying copula parameters.

Where C(.) represents the copula function and Fj(.|0%) = uf, (j = 1,2) represents the time de-
Generally, a simple liner model &' = §y + 61t , or its exponential form &' = exp(dg + d1t) is suitable

to describe the time-varying copula models.

3. Summary of Proofs

To investigate the proposed method practically, we conducted this study on the rainfall and ground-
water level data which was collected during 1990 to 2023 from the Shamil basin in Hormozgan
province. Figure 1 represents the time series plot of the rainfall and groundwater data during the
study period. This figure shows that the rainfall series data changes in a quadratic form with a

relatively high fluctuation around the mean. Therefore, it can be concluded that the mean of the
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FIGURE 1. Rainfall (left) and Groundwater (right)

rainfall is a quadratic function of the time and its non-constant variance that can be considered as
a linear function of the time. Moreover, as figure shows, the groundwater level changes in a cubic
trend form whereas no fluctuation around the mean is observed. So that, we consider the mean of the
groundwater to be a cubic function of the time with a constant dispersion parameter. Therefore, in
both cases the time-varying distributions are distinguished to be appropriate models for fitting rain-
fall and groundwater series and obtaining the marginal cumulative distribution functions. Results of
fitting marginal distributions to the rainfall and groundwater series with constant and time-varying
parameters indicate that considering time varying parameters using appropriate polynomial regres-
sion according to Figure 1, significantly improves the results of AIC criterion. For instance, in fitting
groundwater level using the fixed parameters Log-normal model the AIC=1927.44 while using the
time-varying Log-normal model the AIC=187.96 which a reduction of 1739.48 has been achieved in
the AIC.

The diagnostic plots of fitting time-varying Log-normal including the Q-Q plot and the Worm plot
are illustrated in Figure 2. Both plots confirm the suitability of fitting time-varying Log-normal on
rainfall and groundwater level series.

Figure 3 dsiplays fitting the fix parameter and the time-varying parameter copulas to the rainfall
and groundwater data. As figure shows, the plot of time-varying copulas changes over time while
the plot of fix copulas are constant. Generally, results of the study indicated that applying time-
varying models, for both of marginal and copula functions, significantly decreas the AIC of the
models. Therefore, this approach is useful when there exists autocorrelation among the data and the

presumption of the MLE estimation is violated.
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FIGURE 2. Q-Q plot and worm plot of fitting time-varying lognormal to Rainfall (left) and

Sample Quantiles

Normal Q-Q Plot

-3 -1 0

|
1

|
2

|
&

Theoretical Quantiles

Unit normal quantile

Groundwater (right)

Sample Quantiles

Deviation

04 02 00 02 04 06

-0.8

Normal Q-Q Plot

Unit normal quantile

https://dx.doi.org/10.22108/msci.2024.140292.1637

27


https://dx.doi.org/10.22108/msci.2024.140292.1637

£o

E

H. Zamani, Z. Pakdaman and M. Shekari, Journal of Mathematics and Society/ 9 no. 4 (2024) 23-43

Frank copula Gumbel copula Clayton copula

pdﬂ'raf\ pdfgum% pdfﬂay‘f\

Time-varying Frank copula Time-varying Gumbel copula Time-varying Clayton copula

R

Groundwater

Groundwater Groundwater

Groundwater Groundwater

Groundwater

FIGURE 3. Wireframe plot of fitting fix parameters (top) and time-varying parameters (bot-

tom) copulas to the rainfall and groundwater data

4. Conclusions

In this psper, we presented a method for fitting distributions in the case that the data are collected
in a regular time structure and have autocorrelation. In such a case, the assumption of independence
and identical distribution of the data is violated, and therefore it is incorrect to apply the maximum
likelihood method to the data considering a fixed and identical parameter. In such a case, the time
should also be considered and entered into the model through a regression function. Such models are
called time-varying models. In this paper, polynomial regression and exponential function are used

to enter the time factor into the model
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