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SHAPE OPERATOR OF AN (N − 1)-DIMENSIONAL DISTRIBUTION ON AN

N-DIMENSIONAL MANIFOLD AND THEIR CLASSIFICATION

MEHRAN AMINIAN∗ AND MEHRAN NAMJOO

Abstract. This paper aims to study of shape operator of an (n− 1)-dimensional distribution on an

n-dimensional smooth manifold. In this study firstly we state formulae for the shape operator and its

symmetric and anti-symmetric components and in continuation we show their relationships with some

notions such as integrability, totally umbilic and totally geodesic. Finally, by considering at most two

eigenvalues for the shape operator, we classify this distribution and their foliations in simply connected

space forms.

1. Introduction

The study of surfaces in ordinary three-dimensional space was expanded by Gauss in the early

19th century by introducing the concepts of first and second fundamental forms and curvature. This

approach was generalized by studying the submanifolds of a Riemannian manifold. Details of this

matter in [10, 7, 11] have been studied. But other aspects need to be studied and in this paper, we

intend to examine them.

In differential geometry, a distribution on a manifold is an association of vector subspaces that have

special properties, and often this distribution is a subbundle of a tangent bundle. The distributions

that have the integrability condition create a foliation on the manifold, that is, they separate the
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manifold into smaller submanifolds. These concepts have many applications in different fields of

mathematics, such as integrable systems, Poisson geometry, differential topology, etc [17, 2, 6].

The study of the geometry of regular distributions is a natural extension of the study of the geometry

of submanifolds. The mode of integrable distributions is in accordance with the study of foliations.

For more details we refer the reader to [16].

If the distribution is not integrable, then the tensor field of its shape operator, it is not symmetrical

and its decomposition into symmetric and antisymmetric parts is related to the geometric properties

of the distribution. The second fundamental form as well as the shape operator, is the main and basic

tool which this research aims to study. We prove different properties of symmetric and antisymmetric

components. Finally, by considering at most two eigenvalues for the shape operator, we classify the

distribution and its foliations in simply connected space forms.

2. Main Results

Suppose (Mn, g) be a Riemannian manifold, H an (n − 1)-dimensional regular distribution (hor-

izontal distribution) on M and V the distribution of its orthogonal complement to the Riemannian

metric g (vertical distribution). So TM = H ⊕ V. Let H and V be smooth (1, 1)-tensor fields that

attribute to a vector field (to a vector) its horizontal and vertical parts, i.e. H(E) = E − ⟨E,N⟩N
and V (E) = ⟨E,N⟩N , where N is an unit vector field may be locally defined and it is perpendicular

to the horizontal distribution. Here the symbol ⟨, ⟩ stands for the inner multiplication of the metric

g, and the second fundamental form of H is defined in the following form

BH(E,F ) = V (∇H(E)H(F )),

where ∇ denotes the Levi-Civita connection of metric g and E,F ∈ X (M).

Definition 2.1. [12] Suppose N be an unit vertical vector field. The shape operator S obtained from

N , is given by the following relation

⟨SX, Y ⟩ =
〈
BH(X,Y ), N

〉
,

where X, and Y , are horizontal vector fields.

The following proposition is similar to that in [12].

Proposition 2.2. Shape operator specifies a linear operator S : Hp → Hp, at any point p ∈ M and

for each v ∈ Hp, Sv = −∇vN .

Remark 2.3. If the vertical vector field N (which may be locally defined) is replaced with −N , then

the sign of S changes. So even if M lacks a vector field that is vertical throughout, then the shape

operator S is defined globally up to sign. The sign of ambiguity should be removed from the inherent

formulas.
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Symmetric and antisymmetric components of BH which is denoted by BH
s and BH

a , respectively

are defined as follows:

BH
s (E,F ) =

1

2

(
BH(E,F ) +BH(F,E)

)
,

BH
a (E,F ) =

1

2

(
BH(E,F )−BH(F,E)

)
,

where E,F ∈ X (M). Therefore BH = BH
s +BH

a . Motivated by this, we offer the following definition.

Definition 2.4. Symmetric and antisymmetric components of S, which is denoted by Ss and Sa,

respectively are defined by

⟨SsX,Y ⟩ =
〈
BH

s (X,Y ), N
〉
,

⟨SaX,Y ⟩ =
〈
BH

a (X,Y ), N
〉
,

where X and Y , are horizontal vector fields. As a result S = Ss + Sa, where

Ss =
1

2

(
S + St

)
,

Sa =
1

2

(
S − St

)
,

and St denotes the transpose of S.

Proposition 2.5. For each v ∈ Hp, the following relationships are established:

Ssv =− 1

2

(
∇vN +H((∇N)tv)

)
=− 1

2

(
∇vN + (∇N)tv − ⟨v,∇NN⟩N

)
,

and

Sav =− 1

2

(
∇vN −H((∇N)tv)

)
=− 1

2

(
∇vN − (∇N)tv + ⟨v,∇NN⟩N

)
.

Similar to what was stated in [3, 12], we arrive at the following proposition.

Proposition 2.6. For any horizontal vector field X,Y , we have

⟨SsX,Y ⟩ =
〈
BH

s (X,Y ), N
〉

= −1

2
(LNg)(X,Y ).
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Definition 2.7. We call µH mean curvature and it is defined in the following form

µH =
1

n− 1
trBH

=
1

n− 1
trBH

s

=
1

n− 1

n−1∑
i=1

BH
s (ei, ei),

where {ei}n−1
i=1 is a local orthogonal frame for H .

Corollary 2.8. Thee mean curvature µH has the following properties

(a)

µH =
1

n− 1
(trS)N

= − 1

2(n− 1)
(trLNg)N.

(b) µH = 0, if and only if trS = 0, also trS = 0 if and only if trLNg = 0.

The following definition is similar to the definition which was stated in [3]

Definition 2.9. Let H be an (n− 1)-dimensional distribution.

(a) We call H totally umbilic if for all horizontal vector fields X,Y ,

BH
s (X,Y ) = ⟨X,Y ⟩µH.

(b) We call H totally geodesic if for all horizontal vector fields X,Y ,

BH
s (X,Y ) = 0.

(c) We call H minimal if

µH = 0.

Based on the above definition, we conclude the following propositions.

Proposition 2.10. The distribution H is totally geodesic, if and only if it is totally umbilic and

minimal.

Proposition 2.11. The distribution H is totally umbilic, if and only if for each selection N , tensor

Ss be a scalar. Especially H it is totally geodesic If and only if for each selection N , Ss = 0.

Proposition 2.12. Let W be a nowhere zero Killing vector field. Then the distribution H = ⟨W ⟩⊥ is

totally geodesic and its symmetric shape operator is zero.
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A discussion similar to the proposition 2.11 and knowing that the integrability of a distribution is

equivalent to the symmetry of its second fundamental form (see [12] for more details), will lead to the

following proposition.

Proposition 2.13. Let H be an (n− 1)-dimensional distribution.

(a) The distribution H is integrable if and only if distribution shape operator, for each selection N , be

symmetrical. Hence Ss = S and Sa = 0.

(b) The distribution H is totally umbilic and integrable if and only if the distribution shape operator, for

each choice N , be a scalar and therefore each leaf of its foliation is a totally umbilic hypersurface.

In the following, we assume that the vertical vector field N , be defined throughout manifold and

therefore the shape operator obtained from N , without sign of ambiguously defined throughout man-

ifold. Let Rn(c) be a simply connected Riemannian space form with fixed sectional curvature c which

is the Euclidean space Rn for c = 0, is the Euclidean sphere Sn for c = 1, and is the Hyperbolic

space Hn for c = −1. A hypersurface in Rn(c) is called an isoparametric if its principal curvatures are

constant everywhere, counting multiplicities. In this case, we have the following proposition.

Proposition 2.14. Let H be an (n − 1)-dimensional distribution on Rn(c) and S = αI, where α is

an arbitrary constant. Then either c = 0 or c = −1 and H is totally umbilic and integrable. If c = 0,

then α = 0, the distribution is totally geodesic, and each leaf of its foliation is a hyperplane. If c = −1,

then α = ±1, the distribution is non-minimal and each leaf of its foliation is a parabolic hypersurface.

Corollary 2.15. There is no (n− 1)-dimensional distribution which is integrable and totally geodesic

on Sn or Hn.

Proposition 2.16. Let H be an (n− 1)-dimensional distribution on Rn(c), with n > 2, and S = fI,

in which f is a smooth function on Rn(c). Then either c = 0 or c = −1, and H is totally umbilic

and integrable. If c = 0, then the distribution is totally geodesic and all leaves are hyperplanes and the

function f is zero. If c = −1, then the distribution is non-minimal and each leaf is a hyperbolic or

parabolic hypersurface. Also for all x ∈ Hn, non-zero vector a ∈ Rn+1
1 , it is found that ⟨a, a⟩ ∈ {0, 1},

and f(x) = − ⟨a,x⟩√
⟨a,a⟩+⟨a,x⟩2

.

Corollary 2.17. There is no (n− 1)-dimensional distribution which is integrable and totally umbilic

on Sn, n > 2.

Proposition 2.18. There is no (n− 1)-dimensional distribution which is integrable on Rn(c) that its

shape operator has only two distinct constant eigenvalues.

Isoparameter hypersurfaces of Rn and Hn have at most two constant principal curvatures, and so,

according to the propositions 2.14–2.18, we obtain the following result.
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Corollary 2.19. The only (n− 1)-dimensional distribution on Rn, which is integrable and all eigen-

values of its shape operator are constant, is generated by n − 1 linearly independent constant vector

fields and so the distribution is totally geodesic and every leaf of its foliation is a hyperplane and the

distribution shape operator is zero.

Corollary 2.20. There is no (n − 1)-dimensional distribution on Hn, which is integrable and all

eigenvalues of its shape operator be constant and has at least two eigenvalues.

3. Conclusion

In this paper, we studied the shape operator of a distribution and its properties, especially its

decomposition into symmetric and antisymmetric parts. We showed that a distribution is totally

umbilic if and only if the symmetric component of its shape operator is scalar, we also proved that

it is totally geodesic if and only if the symmetric component of its form operator is zero. Finally, we

considered the classification of (n− 1)-dimensional distributions and studied simply connected space

forms with a shape operator having at most two eigenvalues.
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