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EQUALIZING IDEAL FOR INTEGER-VALUED POLYNOMIALS OVER THE

UPPER TRIANGULAR MATRIX RING

ALI REZA NAGHIPOUR

Abstract. Let D be an integral domain and I be an ideal of the upper trangular matrix ring Tn(D).

In this paper, we study the equalizing ideal

qI = {A ∈ Tn(D)|f(A)− f(0) ∈ I, ∀f ∈ Int(Tn(D))}.

of the integer-valued polynomials over Tn(D).

1. Introduction

Let Z and Q denote the set of integer and rational numbers, respectively. The classical ring of the

integer-valued polynomials (over Z) is defined by

Int(Z) := {f ∈ Q[x]|f(Z) ⊆ Z}.

This ring has many interesting properties and has been extensively investigated. For a generalization,

let D be an integral domain and let K be the field of fractions of D. Then, the ring of integer-valued

polynomials over D is defined by

Int(D) := {f ∈ K[X]|f(D) ⊆ D}.
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The first systematic study of the algebraic properties of Int(D) was done in consecutive 1919 papers

of Ostrowski [8] and Polya [9] of the same title.

Let R be a ring and f(x) and g(x) be two elements of R[x]. Then (fg)(x) denotes the product

of f(x) and g(x) in R[x]. If R is not a commutative ring and α ∈ R, then (fg)(α) need not equal

f(α)g(α). In this case if f(x) =
∑n

i=1 aix
i, then we may express

(*) (fg)(X) =
n∑

i=1

aig(X)Xi.

Let S be a non empty set and let Mn(S) and Tn(S) denote the set of n × n matrices and upper

triangular matrices with entries from the set S, respectively. Let D be an integral domain. In 2012,

Werner showed that the set

Int(Mn(D)) := {f ∈ Mn(K)[X]|f(Mn(D)) ⊆ Mn(D)}

with ordinary addition and multiplication (∗) is a ring [12, Corollary 1.3]. In 2017, Frisch proved that

Int(Tn(D)) := {f ∈ Tn(K)[X]|f(Tn(D)) ⊆ Tn(D)}

is a ring [3, Theorem 5.4]. Recently, integer-valued polynomials have been considered over some

noncommutative rings (see for examples [3, 5, 6, 10]).

In [1], Cahen and Chabert introduced the notion of equalizing ideal for a maximal ideal of D. In

2015, Cahen and Rissner [2] generalized this notion for an arbitrary ideal of the domain D. The

authors in [5], introduced and studied the equalizing ideal of every ideal Mn(a) in Int(Mn(D)), where

a is an ideal of D.

We generalize the notion of equalizing ideal in the integer-valued polynomial ring Int(Tn(D)). In

fact, for an arbitrary ideal I of Tn(D), we define

qI = {A ∈ Tn(D)|f(A)− f(0) ∈ I, ∀f ∈ Int(Tn(D))}.

If I is an ideal of Tn(D) and A ∈ Tn(D), we set

JI,A := {f ∈ Int(Tn(D))|f(A) ∈ I}.

In this paper, we study the equaizing ideal qI and find some relations between qI and JI,A.

2. Main Results

The main results of this paper are stated as follows:

Theorem 2.1. Let I be an ideal of Tn(D) and let A1, A2 ∈ Tn(D). Then the following statments hold.

(1) qI is an ideal of Tn(D).

(2) qI ⊆ I.
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(3) If A1 −A2 ∈ qI , then JI,A1 = JI,A2.

Theorem 2.2. Let n > 1 and let f(X) = BkX
k + · · ·+B1X +B0 ∈ Int(Tn(D)). Then, the following

statments hold.

(1) B0 ∈ Tn(D).

(2) (B1)ij ∈ D for all 1 ≤ i ≤ j ≤ n− 1.

The following corollary, which is one of the mail results of this paper, immediatelly follows.

Corollary 2.3. Let a be an ideal of D. Then, we have

Tn(qa) ⊆ qTn(a).

Let R be a commutative ring with identity and let I be an ideal of Tn(R). By [4], there are ideals

Iij (i ≤ j) of R such that

I =


I11 I12 . . . I1n

0 I22 . . . I2n
...

...
. . .

...

0 . . . 0 Inn

,
where Iii ⊆ Ii(i+1) ⊆ · · · ⊆ Iin and Iii ⊆ I(i−1)i ⊆ · · · ⊆ I1i for all 1 ≤ i ≤ n. By this notation, we have

the following theorem.

Theorem 2.4. Let I be an ideal of Tn(D). Then, we have

qI =


qI11 I12 . . . I1n

0 qI22 . . . I2n
...

...
. . .

...

0 . . . 0 qInn

.

Another main result of this paper is the following corollary.

Corollary 2.5. Let I be a nonzero ideal of ideal of Tn(D). Then qI ̸= 0.

3. Conclusions

Let a be an ideal of D. It is not always easy to compute the equalizing ideal qTn(a)) (or qa). However,

it is known that, for every nonzero ideal a of a one-dimensional, Noetherian, local domain D with

finite residue field, the residue ring D
a is finite. In this paper, we prove that the set of distinct ideals

of the form JTn(a),A is finite for one-dimensional, Noetherian, local domain D with finite residue field

(A ∈ Tn(D) and a be an ideal of D). Let D be a local domain with maximal ideal m and a ∈ D. As
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a consequence, we have that, if D is a Noetherian local one-dimensional domain with finite residue

field, which is not unibranched, then the set of distinct ideals Jm,a of Int(D) above the maximal ideal

m of D is finite (see [1, Proposition V.3.10]).
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[9] G. Pólya, Über ganzwertige Polynome in algebraischen Zahlkörpen, J. Reine Angew. Math., 149 (1919)

97–116.

[10] J. Sedighi Hafshejani and A. R. Naghipour, Integer-valued polynomials over matrix rings of number fields,

Bull. Iranian Math. Soc., 47 (2021) 2005–2013.

[11] T. Skolem, Ein Satz über ganzwetige polynome, Det Kongelige Norske Videnskabers Selskab (Trondheim),

9 (1936) 111–113.

[12] N. J. Werner, Integer-valued polynomials over matrix rings, Comm. Algebra, 40 (2012) 4717–4726.

[13] A. Kochakpour and M. Motamedi,The fundamental theorem of arithmetic uniqueness of factorization,

Mathematical Culture and Thought, 48 (1390) 47–59. [In Persian]

Ali Reza Naghipour

Department of Pure Mathematics, Faculty of Mathematical Sciences, Shahrekord University, P. O. Box 115, Shahrekord,

Iran

Email: naghipour@sku.ac.ir

36 http://dx.doi.org/10.22108/msci.2023.137741.1576

http://dx.doi.org/10.22108/msci.2023.137741.1576

	1. Introduction
	2. Main Results
	3. Conclusions
	References

