Journal of Mathematics and Society
ISSN (print): 2345-6493, ISSN (on-line): 2345-6507
Vol. 10 No. 4 (2025), pp. 105-131.

Mathematics
and Society

University of Isfahan

http://math-sci.ui.ac.ir © 2025 The Author(s)

http://www.ui.ac.ir

NEW RESULTS ON WOLSTENHOLMES THEOREM AND ITS APPLICATIONS

DANIEL YAQUBI * AND MADJID MIRZAVAZIRI

ABSTRACT. In 1862, Wolstenholme proved that for primes p > 5, (2”:11) =1 (mod p?). This theorem
P
is equivalent to the divisibility of the coefficients of the harmonic series

U
2 p—1
by p?. The far-reaching implications of Wolstenholme’s theorem ignited the curiosity of mathematicians
in the 19th century, leading to a surge of investigations into the divisibility properties of coefficients
in rational fractions and binomial coefficients involving powers of primes. The emergence of Bernoulli
numbers in this theorem and their intricate connection to binomial coefficients firmly established the
roots of this mathematical domain in analytic number theory. In this paper, we embark on a jour-
ney to explore Wolstenholme’s theorem for higher powers of primes and delve into the intricacies of
these diverse proofs. The converse of Wolstenholme’s theorem, first proposed by Jones, asserts that

e 2n—1
a natural number n satisfying the congruence (:71

) =1 (mod p®) must be prime. We conclude our
exploration by examining the conditions of the converse of Wolstenholme’s theorem and presenting

several intriguing problems that beckon further investigation.

1. Introduction

Number theory is one of the oldest branches of mathematics. The earliest records of number theory
can be traced back to the Babylonians in the mid-third millennium BC, where lists of Pythagorean

triples have been found. This branch of mathematics is dedicated to the study of the properties of
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numbers. One of the most significant concepts in number theory is the divisibility of binomial coeffi-
cients, a subject that has fascinated many renowned mathematicians, including Joseph Wolstenholme,

born in Eccles, England in 1829. Wolstenholme is known for the following theorem:

Theorem 1.1 (Wolstenholme’s Theorem). Let p > 5 be a prime number. The numerator of the

harmonic sum

is divisible by p>.

Since the 19th century, eminent mathematicians such as Babbage, Cauchy, Cayley, Gauss, Kum-
mer, and Lucas have extensively studied the divisibility properties of coefficients of rational fractions
and binomial coefficients to powers of primes. The primary focus of this paper is to present and prove
Wolstenholme’s theorem and its generalizations. The second section introduces the necessary defini-
tions and preliminaries. We will prove the Wolstenholme’s theorem is equivalence with the congruence
(21;":11) =1 (mod p?). It is straightforward to show that the congruence (2;’:11) =1 (mod p) holds for
all primes p. In 1819, Babbage proved the congruence (2;’__11) =1 (mod p?) for all p > 2 [2].

Section three delves into the generalization of Wolstenholme’s theorem to higher powers of the prime
p. In the fourth section, we explore the converse of Wolstenholme’s theorem and investigate specific
cases.

Finally, we conclude by presenting several conjectures and open problems that arise from our in-

vestigation.

2. Main Results

Definition 2.1. Let p be a prime number. For any positive integer 1 < n < p — 1, we define the

generalized harmonic number Hy,(p—1) and the generalized Riemann zeta function Ry, (p—1) as follows:

1

i1i2~--z’n'

and H,(p—1)= Z

k=1 1<i1 <2< <tnp<p—1

Theorem 2.2 (Wolstenholme’s Theorem). Let p > 5 be a prime number. The numerator of the

harmonic sum

is divisible by p>.

Proof.
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First proof [3]. We can rewrite the given sum as follows:

Lty =(1+ ! )+(1+ ! )+ +(1 + 1)
2 p—1 p—1 2 p—2 el el
1 1 1 A
i)t et ) TP

It suffices to show that

& (p- 1)
A_;i(p—i)

is divisible by the prime p. Consider the multiplicative group Z,, consisting of all non-zero elements

modulo p. Let 7 be the element corresponding to EI();;—lz))' for each 1 <1¢ < %, ie.,r Eéf;—lz))' (mod p).
Using Wilson’s theorem, for each 1 < i < % we have —ri? = —1 (mod p). Thus, i2 is the inverse
of the element 7. Since, there is a bijection between the squares in Z, and the set {1,2,..., p%l}

Therefore, we can rewrite A as

A=12422 g (B o 222D,

0 (mod p).

2 2 2 6
Second Proof (By the Author). Using elementary properties of congruences modulo a prime p, we
can write
p—1 1 p—1 1 p—1 1 p—1 1 p—1 1
22;2 _; i +;p—i _p;i(p—i) _p;ﬂ'

It suffices to show that Zf;ll %2 = 0 (mod p). By the previous proof, the elements of the set
{1%, 2%, A ﬁ} have the same residues modulo p as the elements of the set {12,22, ..., (p — 1)2}.
Therefore, it is sufficient to show that

p—1

ZiZ =0 (mod p).

i=1

Let p > 5 and let a be a natural number such that p{ a?. The set {1,2,...,p—1} is a reduced residue
system modulo p, and hence the set {1a,2a,...,(p — 1)a} is also a reduced residue system modulo p.

Therefore, we have
p—1 p—1 p—1
> it = (ai)*=d®) i
i=1 i=1 i=1

Since p 1 a?, it follows that Zf;ll i? =0 (mod p).
Third Proof Inspired by Theorem 5.25 on page 116 of Apostol’s book [1], we consider the polynomial

Fa) = (@ =)= 2) (= p+ 1)~ (@ 1),
Since the degree of f(x) is at most p — 2, we can write it as

f(z) = ap_gacp*Q + ap_ga:p*“?’ + - +aiz + agp.
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We will now show that all coefficients of f(z) are divisible by the prime p. Let
gz)=(x—-1)(z—2)---(x—p+1) and h(z)=2""1-1.

The roots of the polynomial g(x) are the numbers 1,2,...,p — 1, and hence g(z) = 0 (mod p). By
Fermat’s little theorem, these numbers are also roots of the polynomial h(z), i.e., h(z) =0 (mod p).
The polynomial f(z) = g(z) — h(x) has degree p — 2 but the congruence f(x) =0 (mod p) has p — 1
roots: 1,2,...,p — 1. Hence, by Lagrange’s theorem, each coefficient of f(z) is divisible by p.

Note that by setting x = 0, we easily obtain Wilson’s theorem , since

f0)= (=D -1 +1=ao.

Since ap =0 (mod p), we have (p — 1)! = —1 (mod p).
Now, by setting x = p, we compute the value of f(p). Thus,

F) == =p" 1l =apop’ Pt apgp” P+ Fap+ (p— D!+ 1
Therefore,
PP+ apap” P+ ap_sp” P+ +aip = 0.
Dividing both sides by the prime number p, we get
PP+ apop? P+ apgp? T+ +ap+ a1 =0.

Since p? | (PP72 + ap—2pP 3 + ap_3pP 4 + -+ + azp?) and p? | agp, it follows that p? | a;.
By the definition of the polynomial f(x), we have a; = f/(0). Taking the logarithm of the function
g(z) and differentiating, we get

oy @ _[a=D@=2) @ —p+1)) = 1
o) = ) = e Da-2)w-p+l) Lok
Thus, by substitution, we have
p—1
F(@) = d@) - W) = (o= Da—2)- @ —p+1) 3 —— — (p— Da?>.
k=1
Setting z = 0, we get
p—1 1
a1 = F10) = (-1 p - 11>
k=1

Since p? | a; and, by Wilson’s theorem, p{ (p — 1)!, it follows that

1 1 1
1+-+-+-F—= d p?).
+2+3+ +p—1 0 (mod p*)
This completes the proof of Wolstenholme’s theorem.
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Fourth Proof In this approach, we utilize the relationship between Stirling numbers of the first kind,
denoted by m, which count the number of permutations of n elements with k cycles, and harmonic

numbers. It can be easily shown that Stirling numbers of the first kind satisfy the recurrence relation

- Rl R

with the initial conditions [g] =0 and [8] = 1. Applying this recurrence for the special case k = 2,

we obtain

n+1 1 1 1
2.2 =nlH =nl{14+ =4+ 4+...40 2.
(2.2) [ 5 ] n!H,, n<+2+3+ +n>

Carlitz [5] investigated congruence properties of these numbers and showed that [g] =0 (mod p).

n

Signed Stirling numbers of the first kind are defined as [Z] = (1) [k] and satisfy the relation

Z [Z]xk =z(x—1)(x—2)---(x—n+1).
k=0
(See Theorem A, page 213 of [6]). Setting n = x = p in the above equation yields
= 7 kK _
HEE
k=0
Expanding the series, we have
p p - p p
pl=p|, | =0 |+ P! -’
1 2 p—1 p

Since p[}] = p(p — 1)!, dividing both sides by p?® gives

e o)

Carlitz’s congruence implies that p[g] = 0 (mod p?). Thus, all terms on the right-hand side of the

above equation are congruent to zero modulo p?. Therefore,

Hy_y = (p—ll)! m =0 (mod p?).

3. Summary of Proofs/Conclusions

In [16], the author proposed the following conjectures, which we prove in [19].

Conjecture 3.1 ([16, Conjecture 1]). Let p > 3 be a prime. Then, for any positive integer n, we have
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Conjecture 3.2 ([16, Conjecture 2]). For positive integers n, £, and k = 0,1 (mod 3), we have

<yﬁ;%>55{3%§_kJ (mod 32),

The second conjecture can be easily generalized as follows.

Conjecture 3.3 ([16, Conjecture 3]). For positive integers n, £, and k = 0,1 (mod p), we have

()= ]

We prove the second and third conjectures, which are consequences of

(0)=L] min

This result can be easily proved using Lucas’ theorem. Alternatively, we can provide an elementary

proof. Let n = pq + r where 0 < r < p. Then {%J = q. Thus,
<n) _ (pg+r)
p/)  ppg+r—p)

15
== [Iwa+r—1)
P

_Pra

‘ (pg+r —1t)
P o<y
t#r
q
P2 0Zi<p
t#£r

The set {pg+7r—i|0<i<p;i#r} forms a complete residue system modulo p. Therefore,

H (pg+r—t)=(p—-1)! (mod p).
0<t<p
t#r
By Wilson’s theorem |, (Z) =q(-1)(—-1) =¢q (mod p).
The second conjecture, Conjecture 3.2, can be easily proved by a simple calculation:
n3* —k\  (n3°—k)(n3* —k —1)(n3" — k — 2)
3 - 1x2x3

(3.1) <”3£ )f: i3 — k) H(2)

3n — k
3

J (mod 3%).
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In [19], the authors have investigated Conjecture 3.3 for the case p* using Mathematica but have not
been able to find a general formula. For example, for p = 7,/ = 3, and k = 14, we have

l 0 _
(”p k) - {MJ = 1715 (mod p?).
p P

Apparently, the value of the above expression depends on the prime factorization of n. This question
can be extended to higher powers of p.

The Stirling numbers of the second kind {Z} represent the number of partitions of an n-set into k
non-empty subsets. Investigating Conjecture 3.3 for Stirling numbers of the second and first kind is
an interesting research problem:

{Z} =? (mod p) and m =7 (mod p).

A general form of Wolstenholme’s theorem can be stated as follows:

Conjecture 3.4. For which values of m and n does the congruence

(3.2) (np 1) =1 (mod p®)

mp — 1
hold?

Although a complete solution to this problem is not straightforward, investigating specific cases for

n and m may be more tractable.

Conjecture 3.5. Let n be a natural number and p be a prime number. Then,

<(”p_ ! ) 1 (mod p?).

n—1)p
Moreover, for any 1 < i < p*2, we have
4
np* —1 :
= d p').
< b1 ) (mod p')
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