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SOME STRUCTURES OF THE CATALAN NUMBERS 1

DANIEL YAQUBI*™ AND MADJID MIRZAVAZIRI

ABSTRACT. The Catalan numbers are ubiquitous in counting problems, which is one of the primary
reasons for its popularity. From various sources like books and Wikipedia, we see that in combinatorial
mathematics. The Catalan numbers form a sequence of natural numbers that occur in various counting
problems, often involving recursively-defined objects such as polygon triangulation, balanced parentheses,
mountain ranges, diagonal avoiding paths and binary tree. Belgian mathematician Eugene Charles
Catalan discovered these numbers in 1838, while studying well-formed sequences of parentheses. They
are named after the Belgian mathematician Eugene Charles Catalan. Although they are named after
Catalan, they were not first discovered by him. These numbers appear in a variety of disguises, we are
so used to having them around, it is perhaps hard to imagine a time when they were either unknown, or
known but obscure and underappreciated. The organization of this paper is as follows. We first encounter
with a number of occurrences of the CBC and the Catalan numbers. Then, we study to understand the
connections between these numbers and well-known structures of Catalan numbers like dyck paths, binary
trees, permutations, partitions and etc. We also discuss some algebraic interpretations and additional

aspects of the Catalan numbers.

1. Introduction

For positive integers n > k, the Binomial coefficient (Z) = ﬁlk), appears in Khayyam Triangle

which is one of the most important object to solving and proposing combinatorics problems. Using
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properties of binomial coefficients, we can write
<2n) <2n - 1> <2n - 1>
= +
n n—1 n
<2n — 1) <2n — 1>
= +
n n
2n —1
(")
n

where shows these numbers are even. The CBC's (27?) are centrally located in even numbered rows in

Pascal’s triangle, as Figure 1 shows.

1 1
1 1
1 3 3 1
1 4 (6] 4 1
1 5 10 10 5 1
1 6 15 15 6 1

FiGure 1. Khayyam’s Triangular

It was conjectured by Paul Erdds that the CBC numbers are squarefree, for all n > 4. This conjecture
was proved for every sufficiently large n [4, 16].
These numbers appears in several importance sequences, like Catalan, Narayana, Motzikin and etc.
This is one of the reasons for researchers to having special attention to these numbers. The n-Catalan
L (2
n+l\n
have appeared on Catalan numbers. Richard P. Stanley of Massachusetts Institute of Technology, has

numbers defined as C, = ), with initial value Cy = 1. To date, nearly 400 articles and problems
listed over 270 occurrences of Catalan numbers in his Enumerative Combinatorics, vol. 2, and another
seventy on his Web site Catalan Addendum [17, 18]. The CBC numbers are given as sequence A000108
in the On-Line Encyclopedia of Integer Sequences [20].

To derive the generating function of the Catalan numbers, suppose that

C(x):chxn:C0+Clx+C2x2+...’

n=0
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is the requested generating function. Using some initial values of Catalan numbers, we can write
2C?(z) = (14 = + 2% + 52° + 142 + 4225 + ... )2
=1+42z¢+52% + 1423 +--- = C(x) — 1.
Then
(1.1) 42°C?(z) = 42C(z) — 4o + 1 — 1,

which gives C(z) = #.

In this paper, we introduce and prove some structures of the Catalan numbers. A family of sets
{8i}22 is called a structure of the Catalan numbers, if there existss a bijection F : S,, — C,, between
these family and the Catalan numbers. In section 1, we shall only study Dyck paths, and provide
several bijective proofs like polygon triangulation, balanced parentheses, mountain ranges, that they
are counted by the Catalan numbers. We first introduce Dyck and binary paths, and then state our
main theorem in section 2. In section 3, we discuss the relation between of the Catalan numbers and
Nonintersecting Chords. In particular, we show that, if we have 2n persons who labaled vy;vo;. .. ; vy,
and they are located at the boundary of a circle with equal distance between every two adjacent persons,
and if R, denotes the set of different ways to pair these persons with edges (as straight lines) that do
no intersect; then |R,| = |Cy|. In section 4, we find structures of the Catalan numbers and triangulated
polygons. Section 5 is devoted to structures of the Catalan numbers and words. In Section 6, we prove
that C,, counts the number of plane trees with n + 1 vertices and also, states several new structures of
the Catalan numbers and trees, we recall that a plane tree is a rooted tree with an ordering specified

for the children of each vertex . Sections 7 and 8 are devoted to study of the structures of the Catalan

numbers between permutations and partitions.

2. Main Results

There are many equivalent ways to define the Catalan numbers. The main results of this paper, focus
on combinatorial interpretations of the Catalan numbers. Some of structures of the Catalan numbers,

which is discuss in this paper, are:

1. Dyck paths of length n with two steps (0,1) and (1,0).

Binary parenthesizations of a string of n 4+ 1 letters.

The set of binary trees with n nodes.

Plane trees with n internal nodes, all of degree 2.

Paths from (0,0) to (2n,0) with steps (1,—1) and (1, 1), never falling below the z-axis.

Noncrossing pairs of sequences of n + 1 steps (1,0) and (0, 1), which only intersect at start and

o e W

end.
7. In Stanley, this is described as non-intersecting arcs joining n pairs of points in the plane. Our

preferred version of this representation is to think of it as partitions of 2n into blocks of size 2.
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10.
11.
12.
13.
14.

15.
16.

17.
18.
19.
20.

. n nonintersecting chords joining 2n points on a circle.

. Ways of drawing n + 1 points on a line with arcs connecting them such that the arcs do not pass

below the line, the arcs are noncrossing, all the arcs at a given node exit in the same direction
(left or right), and the graph thus formed is a tree.

Partitions of an (n + 2)-gon into triangles.

Noncrossing partitions of [n].

Noncrossing Murasaki diagrams with n vertical bars.

Nonnesting partitions of [n].

Permutations of the multiset {12,22,... n?} such that the first occurrences of each number
appear in increasing order, and there is no subsequence of the form abab.

321-avoiding permutations of [n].

Permutations w of [2n] with n cycles of length two such that the product (1,2,...,2n)w has n
cycles.

Permutations of [n] that can be stack sorted.

Binary parenthesizations of a string of n + 1 letters.

The numbers of the sequences (ay,...,a,) such that 1 <a; <--- < a, and a; <.

Standard Young Tableux of shape (n,n).

3. Conclusions

We have studied some nice structures of the Catalan numbers in this paper. We make frequent

references to Stanley’s list of Catalan representations [19]. These can be found in exercise 6.19, where

each of the representations discussed is given as a part of the exercise. We first encountered with a

number of occurrences of the CBC, (2:), and the Catalan numbers. Then, we studied to understand the

connections between these numbers and some well-known structures of the Catalan numbers, like dyck

paths, binary trees, permutations, partitions and etc. We also discussed some algebraic interpretations

and additional aspects of Catalan numbers. It might be interesting for readers to consider the results

on divisibility of CBC and Catalan numbers, and also to explore similar techniques for Structures of

Motzkin numbers, Delannoy numbers, Narayana Numbers and etc.
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Figure 1: Khayyam’s Triangular
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Figure 9: Corresponding between Dyck paths of length 8 and the handshaking problem
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Figure 10: The number of Triangulated of pentagons
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Figure 11: Partitions of n 4+ 2 regular polygon
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Figure 12: Bijection with Rg
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Figure 14: 3-ary tree, Full binary tree and binary tree
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Figure 15: Split of a binary tree
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Figure 16: Bijection between binary tree and triangulated of n polygon
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Figure 18: Bijection between full binary tree and lattice paths of length 2n
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bewsl b bl .Y

iy 51 ams izl il e Lol b gl syl (VB slael ol o 55 S0leuisls 51 o i ol wls
L Sn oolite 558 el i e e Sn p~5 o2 ‘wsw ok b %:is“ S el sy5e dalsl sy S
Dot w € Sp 3l b el G euSe s [n] = )Y ) degeme iSOl wee 51 i
2 2Kl o) 28813 (5 e il w 58 Ll B CiKle s il w = w(V)w(Y) - w(n)
bol 6,55 sl @l s a3l &Il 0T WS bl s 58 S mngma b w € S, sl ol gl
2300 Gioled Sp() sl b | widls o 58] qu Slcul wn s bli-a
Jolis w ST eacal €l s w(k) < w(i) < w(j) o5 bi < j < koslael o8 (sl 50 5-YY) w W
il bl aitl e 50 YPY cw = PYIOF € S il (Jlo sl oS Jalao Y | T wsl ob 4w s 5 o)

3 a-Avoiding Permutations **Pattern

oy http://dx.doi.org/10.22108/msci.2023.137667.1574


http://dx.doi.org/10.22108/msci.2023.137667.1574

VoYY (Vo) Foled A alx fasals 5 5L 4555 (gnishime ¢ 5 (i o>

sl sl b s, 5SS w(Y) < w(Y) < w(t) Ly wdle Y9 S Jolis w = O¥FNY € S,
(YO Jiﬁ:) .\.&Lw Lbu.g‘l:- g‘;éuuﬁaﬁ\.@ )‘ sslas! cJ':.mJ,}—O[

w
&

F——— o — — —

Sl 2l aals

Figure 25: 231 pattern of permutation w = 53412

"""‘J“’d‘):’ JSR (VYY) = Cp S sls lis [/\] ui..g\.".fﬁ ARRTA) ‘_JL&’J.)JL”ML;‘J:’ WQ}.@D&J.&JL&\ 2
ASa (M) = Cpsls oles [£] 55 ™S cany) g cam 03 o Lo om0 asle s

ISR (PN = Co S35o i) 55 52\ 520011 GBS a5 saza (V1Y) 28 (2 p -\ 4o

W € Su(TF) Sl 8 0 oo ¥ 22l 55 R ponsion 0L R =[S0 (TP canse 15 -l
‘e Bp 2 Cogon |
w=39\)IY) - Onv(\)v(Y)---v(in—\ —1i),

n—\

Z §Rié}?nfif\ < §Rn

v=w(i+)w(i+¥) - wn) s gg Cuw i s 0 =w(M)w(Y) - wi) wii+\) =n ez l3 SSos b b 5l
S gl ST 15 s 50 =YY v 5 0 Ctlls 55 » Sl =218 peraon 1B sse Cul) o 5
o285 ol S s o w 2K s S Y LSis anf g S SE asl 851 S a Sl B ev sy a el

olnle Wil w I L

n—\
> RiRn—ioy > Ran

i=o

O

% Percy Alexander MacMahon *"Donald Ervin Knuth

http://dx.doi.org/10.22108/msci.2023.137667.1574 OA


http://dx.doi.org/10.22108/msci.2023.137667.1574

VootV (1FoX) ¥uyled A als famals 5 il 4,3 oI VOIS slasl sloylsle 51 >

» k}aﬁ.éqﬁm\ C:b\) s e g\ w' =v(n)--v(\) s\ w=v(\)--v(n) S\ oo S Y oaml
SR\ o\ ok ) e G SN S B S s g Pl il R SN plen s e Sae s S

W € wﬁ.suajb -53\3 35> 9 @5535u&éj\g%ﬁj\aﬁe.)é\ﬁwjbj\ﬁwgg\? w@yﬂgbék\;’: Y‘VDJ..G.J
V) di s g S S5 23 -yi::gg_s" 53 (29395 Tus aday Olgea Vs Wi S0\ w B8N\ s (aS) gas o 585
<@ € [n] p &y cwi oy pen Gl T (Whepys s wn ) o Vs adiyy sy Ssms Sopn 39 T(wh, oo wiy) s
Cams LS 33 % 53 X3, 63\5 Cpad 981 > ) 6\)3 Wi > Wi—\ ;\ S T(wy, ..., wg_y) o0y 55 3,0 6\)\5
(} SRS e\gj.h g.».i; VA;‘)j\:;.A é‘:.gi\? \) w (\‘5’ JS\.}\ 1< nd\ﬁ W; > Wit S\ AJL\:GA T(wkH,. . .wn) C,....:\)
.x.:\;b_n QA\S S99 S \S\i T s e\f&\ c.&..'“»\g 3,9 4l 8 3\ gg\’..h u"“zg‘i\’ w;\ .>...:a\> éjj 9 653’“‘/\33\3‘
‘,’.'5)}3 I/u:\);‘:q:- Cans &> 33 P ez g BV S Tfe 6\J’. u\gov\ c.\fl:\g J':"ﬁ—\v*\k"“ C&lgxib xS\iw‘S\ d\:-
AL 1 ey sy T T3 53 23 53 ez 2 )

i gl o sl 51 (el id i VB shasl 5 LSl 53b3 pss b ,bls oSG
.)‘J.C‘Qéc.An Li ‘) L&QT.)‘.\;G) A, l.: \)TIJJL)‘ UJL‘@&LQC«JSJ/“b € om0 WY < Wy > Wy < - a@ﬁ M“;
Ve Xy u:"il"" Wyls O el M‘ffbig slael b LSJLiJ‘

L1 bapl sl 5 aals a1 Jols s ailion b pmar Oslite C2Kle G w oS w € Ay 2 sl
Sl w3503 ST T s pain 55 oLy sl Gt Sle s e slasSl slass ol addlln - case b An(a)
shel b cwd ol ol slacall s =YY sla Sl sluas ols olas Wae @\3 Soay leslat bl {Ve]
n=YslpJdb olgea - Arp (\YY) = Ay, (VYY) =G, (25 olas Y.V auad 55 WA, (WWY) =Cp sx YL
rJ“J‘J

As(\YY) = {FEY0VF, YOTF\S, FOTS\Y, OFYFV Y, 05TV Y],
Ay(\YY) = {FOYPYVYY, OPYFYVY, OFFYYYY, SYYEYON, ZYFOYY |

VB slael b wezien ) wiosls plas J.i:)fua.é«.&.o ool L;\.m&.i.ijt? 03 4w 45,0 5 6L“}§‘H rLoS u:li:" [FYe
oo 4l ol S 51 b £V aeds s [VY]
.Am+\(w) = .Am(w) =Cy ?.3_)\: w € Sy (\43 6\;: £y 4:&53

¥ J;L )‘\ .s,é &:)jto.:.n e 6\.@;“«2.{3\? \a K d}b j\ ey Ls\.:aca..ifq“\? r»"“"s“' QL&J c\‘.\/j\ sslasl L QU‘
22l ol b blae Sos T(w) V1V 2l 5 w € Sy(WWY) (oS (28 calis oS 51 0t (S g bl blits

o Sn(\YY) = Ay (VYY)
HSin S 3 Dot |
Balternating permutation *zigzag numbers **Toufik Mansoure

04 http://dx.doi.org/10.22108/msci.2023.137667.1574


http://dx.doi.org/10.22108/msci.2023.137667.1574

VoYY (Vo) Foled A alx fasals 5 5L 4555 (gnishime ¢ 5 (i o>

ul.ws.\” gZ)(w)J: )JS le.mbn‘)b &.9.\7 Lﬁ T(qb(w))p L‘ij &.9.&.7- ‘JiJ C»...:‘ uﬂﬁ*’ﬁ qbg:a.&& r:..sso 6)‘.&?%..3-‘)4 b)\g})
ans oo 4 el aBlioe Avny (VYY) L3 (D(w)y, G(w)y, . .) Sygots (6354 pamin Sl w opl by il
O (Y5 JS2) asbie S 0T gl 58 T(w) BT sl pasle o1 Jols w 818

— — —
1
i o(T)

=YY GOl gud Jols 5w = SYOATATYY 5o \YY Cilo 6 ogugs 035 Joo V5 JS2
Y

6

(@2

T(2341)

T(p(2341))

Figure 26: 132 avoiding pattern of permutation w = 675849231
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Figure 29: Bijection between 132 avoiding of permutation w = 675849231

ol sl gl o331 (S5 B S 5 eiSim sslil ¥ 285 ol 31 el sl
NC. =\ b3l .BF = 0N} o8yl sl k=Y 3l r:‘xgu“)b)-’ B*}.é.cwjfj)g Iy kosae g cul ) sue
QL NCoy b ol ol slas ST{Y, Y, ... n} 4 az0 31 ablials 5181 o ppinan 5 uBlige | sus 5l ablinels )8
Low iy cbl.ub sl Al ol slass s o JSSas N, Y, 0] cbl.ub 58 G B = {\} acgeme b
NC.NC,,
slass 9 NCroy bl ol {V Y, 0k =\ acgen clpl.ub sl sl N < k< nr.”...Suojs Ju
55 P sln cunSon A5 5o b P asgome adlioe NCopl ol {E+ 0, E Y, 0} desamme ablinel slasl )
B ool pls s 513 cailoe ) e Jole & Sob s 1y ks ol S8 ol P e NCioy ) sjls 5559 S
oot (P ENCy) asly sblice 5130 S P S (28 aslion {0, 1,0 k= Vb as e 51 ablinals 51,80 S
V<a<b<cysr  Jb pa BEB 3b,keB*ya,ceBSssba 5l a<b<ce<kash gl
L paslen ool Sl {V,Y, .k — \}@w)-\chm@\;wu}w B # B 5a,ceBs\,beB;,
o) S s sl LS Sob 5l s < b <t Sgusba 5,8 asle gyole L wlg o b aS s .col P ol
\Jchmbj\;\bgﬁ)mbwd,mdjlg@&b)g S,t 9\, k€B* sz N <s<k<tr3\>.m@@w\
Loasb {VY, ..., n} acseme 31 P € NCy, Clgli:.ob;\)é\)\ B* LSS 580 51y n r:.S‘_;A bt Ll
Lold ool b 31 Sew sl Comses LY, = V] aesems 31 oab il 5180 (B* as same 3l 0osae i
3\,%\9\Jn.P’GNCn_\rgSué}@gcr:ﬁtjﬁ {0V Y o n =\ e gema 3 PP asle ablial g5080 50
il e S e (VYo nd s geme 3 P54 Lo ‘F:;SLS» Blol il ) ous Joli & ablisls
Ssb 3 bn s LS LSL S psa,csa<b<e<naSgshbosylsseyabenasb gslel b ask Kl
BLSs S o @, 5 B a5l S0 b SSob Ko 1, b St ) <0< b < 330 ks sl 515 a b S
Vb Jole & o8 bl (a8las {0, 1, m =V aesaze 5P S8 03 ablials (28 b ol aidlge 6 50

http://dx.doi.org/10.22108/msci.2023.137667.1574 7Y


http://dx.doi.org/10.22108/msci.2023.137667.1574

VootV (1FoX) ¥uyled A als famals 5 il 4,3 oI VOIS slasl sloylsle 51 >

NCh =) NCi \NCy_i.

1=\
O
3\ s\ \.s \aag d\...\ 3 d\:.A (_;\3;&4% -.\0\5 599 Q\S\B\g s\ 9 és\?&a\.s 6\&3\}\ O 65\:’.3 6\&}5\'.3 YA oJ..a.y"
9 pSgyba Shn+ Ve )Y, ..k} as e és\il»\s G\ )3\ shaad s\s s O NS U J\VIFR\PW 6\“: S8
s 3 el B 1= ¥ g S 6y a8l g VS S S iy ¥ N (Gs S s i e
b Avh AL {oy O shA{vhAYh{o}}
{hOLAvoh{vH (%L {hh v oh {YH{¥}}
{0V oh {YE {h{¥}})
) oﬁb\g sas) O G uS\i KV Q\..’.L.: aa(_)j:&\:».w\ 035‘5 g..ﬁ.“) 30\1}93/& 4..35.}5 .\3\33) \AVY d\...a BERRTC SN
3579 i\s MNgw pas o Mol S = Sy Shn+ Vo ), Y,...,\n+\} é\i:.n\} RS\ A PEIVERN

6\f K‘&J‘.‘s"fjb")= &Sﬁ&J “S“.‘.\J ui\b )\ t’\ﬁ » be\}&éj)ﬁ é\:é:m\a 6\&)\‘,3\ &\u 3 C,...»\ @\S\ [\‘ﬂ] :)\b
) sl 3\ p\a3 Yo WS s =Y 6\, c\a\i.“..n\l S\ 3\ s\ Y

17-26-35—-4  17-246-3-5 137-2-46—-5 157—-24—-3-6 1357—2—4—6
=Y gl bl glasl3l Yo s

Figure 30: Non-crossing partitions of length n = 3
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Figure 31: Bijection between non-crossing matchings of a set with 18 elements and lattice paths
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Figure 32: Bijection between non-crossing matchings and non-crossing partitions of set with

18 elements
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Figure 33: Crossing and non-crossing matching
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Figure 34: The number of non-nesting partitions of the set {1,2,3,4}
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Figure 35: Bijections between non-crossing partitions and non-nesting partitions
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Figure 36: Bijection between young diagram and lattice paths
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Figure 37: Murasaki Partition of length 3
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Figure 38: The number of Murasaki Partition for n=3
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